Commentationes Mathematicae Universitatis Carolinae

Charles R. Diminnie; Albert G. White
2-innerproduct spaces and Gateaux partial derivatives

Commentationes Mathematicae Universitatis Carolinae, Vol. 16 (1975), No. 1, 115--119

Persistent URL: http://dml.cz/dmlcz/105609

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1975

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/105609
http://project.dml.cz

COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE

16,1 (1975)

2-INNER PRODUCT SPACES AND GKTEAUX PARTIAL DERIVATIVES

Charles R. DIMINNIE and albert G. WHITE Jr.,St.Bonaventure

Abstract: The purpose of this paper is to characte~
rize 2-inner product spaces by means of partial derivatives
of bifunctionals. If (L,(e , s+ le¢)) is a 2-inper product

space with 2-norm defined by llx,y | = (x,x y)Z , then
la+ tl,ell? - la,c 2

2t

(a,ble) = 1lim
t-> 0+
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In [41, R.A. Tapia discusses a characterization of in-
ner-product spaces which involves the GAteaux derivative of
a certain functional. Several of the results of that paper
are useful in studying 2-inner-product spaces as well. For
definitions and basic results in 2-inner-product spaces and

2-normed spaces, see [2] and [3].
Let (L, !l +,+-H) be a 2-normed space of dimension

> 1, If F(x,y) is a real bifunctional on L , then the
right partisl derivative of F with respect to x at (x,y)
in the direction of h , Fy (x,y)(h) , is defined by

. 1
Fi.(x,y)(n) = t{iPo* T F(x + th,y) - F(x,y)
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Similar definitions are used for Fio s Fou y Fol

The partial derivative of F with respect to x in the di-
rection of h , F,(x,y)(h) , is defined by:

Fl,(x,3) (B) = F(x,3)(h) = F)_(x,y)(n) ,

whenever the .one-sided partials agree.
Fz(x,y)(h) is defined similarly.

The following two results are easily proved from the

above definitions.

Theorem 1. Let x,y , he L and F be a real bifunc-
tional on L .
l. If F is linear in its first variable, then

Fy(x,y)(h) = F(h,y) .

2., If F is linear in its second variable, then

Fo(x,y)(h) = F(x,h) .

3. If F is bilinear, then F;(x,y)(h) = F(h,y) end
Fz(x,y)(h) = F(x,h) .

Theorem 2. If F is a symmetric bifunctional and
Fy(x,y)(h) exists, then F,(y,x)(h) exists also and
F,(y,x)(h) = Fy(x,y)(h) .

For the topics to follow, it is useful to consider a
certain class of rormed spaces associated with (L, N-,s 1 ).
If ¢4 0, let L, be the quotient space L/V(c) , where

V(c) is the subspace of L generated by c . For ae Ll ,
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let a, denote the element of L, determined by a . L,

is a vector space under the operations a, + b, = (a + b)c

and o«a, = (eca) . Define [« llg on L, by lla ll, =
= lla,c I . By using the properties of I+, Il , parti-
cularly llla,c I - 1l b,ec l\l lla-b,cll ,itis
easily shown that Il + ll, is a norm on Lc. (see [11).

The remainder of the discussion will be devoted to }:he

bifunctional

(1) Flx,y) = —:12- | %,y “2 .

If c¢40, F generates a functional F, on L, defined

by

1 1 2
(2) F.(a,) = F(a,c) = ry I a,e 12 = 7 Na lly .
If FL , Fi_ , and F<1: denote the GAteaux derivatives of

F, , then it is easily seen that Fh(x,c)(h) =

Fo{x,)(hy) , Fy_(x,e)(h) = F_(x)(h) , and Fy(x,c)(n) =

Fi(x(}(hc) , whenever these derivatives exist.

For a, b, c e L , define

(3) » La, blecd = F,,(a,c)(b) .

Theorem 3. [+, +|+) has the following properties:
1, [a,blc 1 is defined for every a, b, ce L .

2. llapl =Ca,albl™ .
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3. |lablcl] & laell Ubcl .
4. If L is a 2-inner-product space, with 2-inner-product
(.’.[-),then [B,bch =(a;blc)o

Proof. Properties 2 and 4 follow by direct computation.

1.4 2 1 2
1. = — — - — =
[a,b]l 0] tl%lg_z[zlla*tb,ol 2||a,0“ 0.

If c4 O, then Fi_._(ac)(bc) exists for every a, b e
& L by Proposition 1 of [4]. Therefore, [a,bl c]=
= F,,(a,c)(b) exists, too. Hence, [a,b|c] exists for eve-
ry a, b, ce€elL.

3. If c =0, the result is obvious since [a,bl0)= © .

If c% 0, then by Proposition 1 of [4] ,

l[a,blc]l [F1+(a,c)(b)l

| Bl ag)(b,) |

IN

I aghy b g
= | a,ell No,ell

The last theorem is a direct result of Theorem 1 of

{4) and Theorem 6 or [2].

Theorem 4. The following are equivalent.

1. (L, heyel) is a 2-inner-product space.
2. [a,blc] is linear in a .

3¢ [a, blclis symmetric in a and b .
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Remark. By Theorem 2, [+, ¢« |+ 1 could also have
been defined by [a,blcl = F,.(c,a)(b) .
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