Commentationes Mathematicae Universitatis Carolinae

Bretislav Novak
Remark on periodic solutions of a linear wave equation in one dimension

Commentationes Mathematicae Universitatis Carolinae, Vol. 15 (1974), No. 3, 513--519

Persistent URL: http://dml.cz/dmlcz/105574

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1974

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/105574
http://project.dml.cz

COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE

15,3 (1974)

REMARK ON PERIODIC SOLUTIONS OF A LINEAR WAVE EQUATION IN
ONE DIMENSION

Bretislav NOVAK, Praha
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We consider the problem.

W Mgy = Mg = £(£,%), ts(—oo,.ao)s-.li, xe(0,m)

M,('E,O)=u.(‘t,s'r)=0, teX ,
where £ and &4 - are periodic in t with the same period
@ > 0, £ is supposed ta be measurable in Xx(0,0r) .
We recall (see [3), Theorem 1.1, p. 155) that our problem
has the generalized solution (for the definition see [31, p.

152) if and only if the following conditions hold:
a) - f,,=0 for every couple Ao, L witt
22-— 302 «? = ;

1) % and £  mean integers, £=>10.
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b)
£2

@ A,Z,c (22 - %2 oc?)

< +o00 ,

where the summation runs over all &, £, £%- R o .0 .

Here, f£g p are the Fourier coefficients of £ (t,x),
i.e.
et |
£(t,%x) = kazef pim Lx
de, 2
20
&« = —— . By H,  denote the set of all £ , whose

w
derivative (with respect to + ) of the order m is fi-

nite and of class L2(T) , T=(0,)=(0,or) . In other

words, H_,, is exactly the set of all £ with

2 2m
(3) S £, Rl <+ co
Be R

Usually continued fractions cecnnique now gives easi-

ly the following

Theorem 1. Let 2 = o (ec) be the supremum of all
s for which the inequality lqe-ml< g-f has in-
finitely many solutions in positive integers g, m . Let
m, be a poaitive number. Then

a) for every £, f e H,, there is a generalized

solution of (1) provided o < m+ 1 ;
b) there exists a function £ of class H,, such

that (1) does not admit the generalized solution provided
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7’>m+4-

Proof. a) Let y‘<m+4 . Then, for 0<e<m+

+4- and every % and £ it is

. 4_8—
122 32| = 121+ heloc) | 12]1- 1Rl Z e 1ol 57

with a suitable positive constant ¢=c¢(€,cc) , i.e.
122 < 2 ¢ [%1™™
and thus (3) implies (2).

b) Let m+d<p<+00, m+l<erm+l< 3.
Let 'r“"’/gw‘ be the convergents of = , i.e. if
(ay 3 @y,2q,... ) is the continued fraction expansion
of = , 94=0,0,=1, 1, = a, ’ Q=1 , then
Ponea = OmPan* Pm_q »
Qnea = %m Bt Lmoq > m=0,1,2,.. -

It is well known (see [1]) that

(4) —:j:<lq’me¢-4z@ <_§'_c:1: ,
(5) ¢ n < Pm<%%%m >

(6) % 2 %5

D) tim supy —FEns1 _ o ,



where ¢4, Cg,...,Cs &re positive constants, ¢, > 1.
Put

fg W Q:n-: ’ €02 =0 otherwise.
(. d
Thus
2 2m [ 4
LU G SR

(see (6) ) and the corresponding function £(t,x) is of

class M, . Further, by (4) - (6)

lpl - g i =( 1 | -
Py~ A *! = Qonu""@n) %n“"@wacsgwgmq-'t ?

fgm. 4"@ z Q«ﬂ\-d-'f

C,
2 ¥ me4iel
I - 62, c® L

with suitable positive constants ¢ and ey . Thus by (7)
£
2w rupy --—%"—"—@;”L—,— =+ @

and the condition (2) does not hold.

For o= + c0 we choose a sequence of indices
m, <My < ... such that
om i
i+ g 1
>
and put
£ —;—-4 £ 0
~, = ) = otherwise.
Then
o £ G, Mom.;

————1——1—-—.=+w

T+ 2 2 2
© l‘f“w‘-"' an,_; & !

-)16-



and for every m

[ Qam

2 2m ”ns
h}ﬂgszlhl =2 g <o

“

Remark. If o= mm+4  then the existence of the ge-
neralized solution depends on the choice of o« with
y(x)=m+ 4 . Examples can be easily constructed by

means of continued fractions.

0. Vejvoda in the paper [4] (se2 p.347) proved that the
necessary and sufficient condition for the existence of clas-
‘'sical solution of Problem (1) is the existence of the func-

tion A (x) of class (* such that

IR

(2)
(8) Ax+w)-nlx)=- £v, x+w-w)dr = F(x) .
[

(Here we suppose that £(t,X) is of class ¢’ in ¢ ,

x e [0,m] , of class ¢? in x,te<0,+e0), £(t,0) =

=£(t,or) = 0 .) Let, in the sequel, e be an irrational
number. By comparing the Fourier coefficients of »'(x) and

P(x) we cbtain from (8) the relations

c
oy m —B
erRa 4

where
B T -ifm;'c Pt
°h’2:rr£ §le 8 0=0 14, G £
Because of

1 * g2 iminar< XLy 12 4 22
2o 2
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where < %) means the distance of t "from the nearest
integer, it is easy to see that the sufficient condition
for the existence of classical solution of the problem (1)
is the convergence of the series

0 lc&.‘

=1 (kx>

Now, using continued fractions (see [11) one can prove

that the series

(9) E /

k1 5Plhecd
converges for ®> % and diverges for =<7 2). (1f
=9 the series (9) can either converge or diverge

depending on the specific value of o¢ .) Applying this as-

sertion one can prove easily the following

Theorem 2. Let the notation introduced above be obse:

ved. Then the problem (1) has a classical solution if

Co = O(b:?), ®> 7 . Conversely, for 1£p<g, ¢, = =€

the classical solution of (1) does not exist.

Remark. 1) For general @ , tne conditions for the so!

vability of (1) in the terms of £ it seems to be difficu
to formulate.

2) If £C(t,x) is of class C¥ in x , then
Ce= 0C%™) and thus the problem (1) has the classical so-

lution provided < xn .,

2) A very short Droof is published in [2], p. 770.
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