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A NOTE ON SUBOBJECTS DEFINED BY LIMIT CONSTRUCTION X’

NGUYEN MANH QUY, Praha

Abstract: In this paper we shall show that a defini-
tion of subobjects based on a limit construction cannot gi-
ve anything else than the well-known notion of simultaneous

equalizers.

Key words: Simultaneous equalizer, monomorphism having
L-property.

ANS: 18A20 Ref. Z. 2.726.1

The equalizer and the simultaneous equalizer are morp-

hisms occurring in a limit of diagrams
]AL

A~ ) - and A/.......
(More exactly, a simultaneous equalizer of a family of pairs
of morphisms f£;, ¢9;:A—> B;, 4+ el is a morphism a:
: X —> A such that

a) f,u =gu for every L eI,

x) The results in this paper are a part of my thesis.
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b) if £.u' wqyu' for every i gl , then there is
a unique O such that &' = w® .

A morphism is said to be a simultaneous equalizer if it is
a simultaneous equalizer of a family of pairs.

An equalizer is clearly a simultaneous equalizer. On
the other hand, a simultaneous equalizer in a category with
equalizers is an intersection of a family of equalisers.
Adding to the observation that in a category with products,
equalizers are closed under intersections, we see that in

a complete category, simultaneous equalizers coincide with
equalizers.)

This suggests an obvious generalization of the limit
approach for the notion of equalizers.

First, observe that it would, however, not make sense
to define subobjects quite generally as monomorphiesms occu-

rring smong A™ ‘s in limits (a®; 2 —& DNy it ¢

Roslly_, the pullback diagram

oC

Jr 3 Y

shows that such is any nononorphiai.
Hence, let us confine ourselves to those A in1i-

mits (N®:1 £ — D(MNy w1 Which necessarily have

to be monomorphisms by the nature of the underlying catego-

‘ry X of the diagram. Let us start with the following au- .
xiliary '



Definjtion. Let X be a small category. An object M,
is said to be at a monomorphism inducing position in K
(abbreviated: " M, is MIP in X ") if, for each limit
(4™ L —> Dl  of & diagram DiX —= A, A™
is a monomorphism.

The notion we are going to study is given in the fol-
lowing )

Definition. A monomorphism @ in A is eaid to have
the L-property if it occurs as a“" in a limit

o
(A7 : L —> D(b))b‘““

where %, is MIP in X and K is a emall category.

Iheorem. A monomorphism @ in A has L-property if
and only if it is a simultaneous equalizer.

For proving the theorem, at first let us list some for-
mally less general properties (which are closer to the de-

finition of simultaneous equalizer we started with).

Definition. A monomorphism @ in R is said to have
the L4 -property (i =4,2,3) if it occurs as a."" in
a limit '

~ ‘
(A7 : 4 —> D(b))“.m
where

(L1) for every e lXl, Xk,, h) + 4

(L2) for every ke lKl , X(h,, M) % g

K(ho,h,)-ﬂd‘} and for Mg k,, Kk, b,) = ')

(L3) KCiw,8) % §§ ifandonlyif M = &, ,
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The theorem will be gradually proved by the following
implicetions on properties indicated in brackets:
(L) === (I1) == (L2)==) (L3)

> (Simultaneous equalizer).
The first implication is a direct consequence of the
following »

Llemme. Let &gy, A6 lKl be such that X(ke,, R)=g .
Then kg isnot MIP in K

Proof. Let SRy, R € \K 1 be such that Kk, R)=4 .
Take a categoxry A with products and such that there are
<, Bia—>l , < 3 .

Let A be the singleton(the product of the void system)
of A . Let

A=1{helX |X(h,, R)%01

and

B= IXINA .

B +/ by the assumption. Define a relation R between

the menbers of B @
KRR (= I —> &' in X

Let ~  be the equivalence generated by R . Let M=B/~ .

Define a diagram D :K —> A as follows

h for S e A
nm.,{
X for KR el

and for © o — R

- 22 -



dd, for e, R'eA
D(w)= 'id'lr for Ak, R'&B
6 for R €B, R'eA .

(Note that, by the definition of A and B there
does not occur the case where &k e A, k'eB and & in

the third case is the unique morphism of & to A .)

Let ,QrM be a product with projections JTM:,QrM——b 2.
For # € B we will denote L& 1 the equivalence class in

M  represented by % .

Define a family (€ SR D(%))p qikl @s follows:

for % e A, .Z.h: B D(R)=4 is just the uni-

que morphism to 4 , designated by @ ,

and for % € B , abaar”u:,ﬂrM———»D(k)=,Qr,

We will prove that the family (.&h) is just a limit
for the diagrem D .

At first, (a™®) isa compatible family. Really, let

“: o — &' (consequently Jjo ~ &' if %, %k'eB ), we
have

o . '
if %, R'eA, DA = o, cp=@ = 2

. R . L
if S, R eB, D@ =dd, MM, = =2

Tenen
R &'
if % eB, ReA, DWW = G, =9 =2
M
(because @ is the unique morphism 3 e—n ).

Now let (2™ : X —= D(RI g o1k be a compa-
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tible family. Observe that if %k, #’e B, @: & —> R’ ,
then 2™ = D(w).w™ = idy v™ = ™ . Consequently,
if A ~ &' ,then ™= ¢®  and we denote the common va-
lue by @rpy . From which we see. that the family (1"‘),"|K|,
more exactly, (e"‘)m, B induces a family C‘cm)m, M .
By the definition of the product JJ'M s there is a unique

morphisnd 4 1x——>,,{rM such that o, & = Ym -

¥ is Jjust the required morphism in the definition of
limit. Really, observing that for &k e A, ™ x —> D)= A
is just the unique morphism from x to 4 , designated by

§°‘ , We have

for ReA, ?Ln’f=9?'=§°’=”‘~ ’
and for % e B, ﬁk?"‘-‘“;u]f’ Fema = LA

The uniqueness of 9 follows by the uniqueness in the

definition of the product RrM .

At last it suffices to show that ¢ 1is not a monomor-
phism. Let A: &r —> IrM be the diagonal map. Recollect
that A is a coretraction and « % 8,80 A % AB ,
while ?(Agc)g?(A@) because there is only a unique morp-
hism from @ to A .It finishes the proof of the lemma.

The last implicat.ion is easily proved as follows:

Let @ be a monomorphism having L3-property. If
(D(M)) e <lap, k> Tor every % eX has only two members,

there is nothing to prove. To simplify the notation in the
further proof, let us assume that there is only one &k, & X1

such that <k, , & 7 ' has two members. The proof of the
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general case follows the same line.
Teke 7, € {Akgy,%, ) , then it is clear that & is a
simultaneous equalizer of the diagram

D(k)ﬂ D(k,)
AN

D)
where & # 4k, and every me<{fk,, ky> , m ¥4, corres-
ponds a pair (D(m,),D(n)) .

Now we prove the implications in the middle.

(L1) === (L2)

A
Let w be a monomorphism occurring as A ° in a li-

mit (a®: —> D(#))g ¢\ 5 where for Ak & 1Kl ,
Xy, ) % g

~
Construct a category X as follows:
Xl=1Xludm3 , m & X

for

oy’ e X, Xk, &) = X, &)
f(m,,h)zi(ma,uo)loc:bo—-’bi
Xie,m)=p

% tn,m) = 44,3

o m

and

The new morphisms are composed by the formula
B.m,x)=(n,B .cc) .

Clearly f has the property in (L2).

For the diagram D :; X —> A  we construct a dia-
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gram
7:¥— &
as follows
By =1, Fim)=Ds,)

and Dm,x) = D) .

‘Now it suffices to show that the family

ok
(A7 : & ——,D(k’))helm

defined by

-.1"' for M %= m

. ~
igs a limit of D &
R .
At first (3% )ks X1 is compatible because:

for Q:b——»}p’ where jv/,h’*m. we have
~ -~ 3 ~h‘
Fem) Z%< dqra®= 2™ = 1
and
~ RS
Dilm,wNEA™ =D °= A = A* |
The second condition of limit is clear.

(L2) ===> (L3).

A
Let © be a monomorphism occurring as ) % 3ina li-

mit ¢a® 3L —‘*D(k’))helm where

X Uy, Joy) = {icka 3
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K(ﬂoa,h) = g for every % e IX|
and  X(k,k,) = J/] for every R # %, -
Construct a category X' as follows:

KL = 1K|

X'y, ) = X (R, , &)
X' (&, k)= for every &' A,

and the composition is defined as in X

.

Clearly X' has the property in (L3).

For the diagram D3 X —> A  we construct a diagram

~

X' —s A defined by D' = Dll&' .

Now we show that the family (.a,g"; L2 —>D(%) = :D‘(,%))*’em

is a limit of D if and only if it is a limit of D'

It suffices to prove only one implication.

Let (9\.'“': L ——> DR g ek be @ limit £ D as we

started. Then (A®™) 1is clearly compatible relative to D' .

Now let (x®) be compatible relative to D , then, for
m: % —> R’ in X'

\ %, fo. &'
Dn) o D)D) T = D(q)(ec)fc%_—_ D) Dlec) e °= .

Now, the statement readily follows.

I am indebted to A. Pultr for valuable advices.
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