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Abstract: Some relations between the higher order
connections on a Lie groupoid and the first order connec-

tions on the higher order prolongations of this groupoid
are studied.
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We present an abstract of the main results of a paper
under the same title which will be published in Czechoslo-

vak Mathematical Journal.

1. Let  be a Lie groupoid over B . The partial
composition law in & as well as the prolongations of this
law will be denoted by a dot. If @ is a groupoid of
operators on a fibred manifold (E, nn,B) ,then the x -th
non-holonomic prolongation 3"’ of & 1is a groupoid of
operators on the s -th non-~holonomic prolongation 3""3
of £, C[1]. In the semi-holonomic case, the same holds for
i and J”E . Let K“CQ) or 8%(d) be the fib-

red manifold of all non-holonomic or semi-holonomic elements
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of connection of order 0 on § respectively. If C :
:B— Q‘(Q) is a first order connection, then its

% -th prolongation in the sense of Ehresmann is a cross
section C™® :B—> 8%*'(®) , [2].As usual,
ﬁ”(B) or TI”(B) will mean the groupoid of all inver-
tible non-holonomic or semi-~holonomic s-=jets of B into
B . Further, j.: will denote the canonical projection

of n -jets onto A -jets, L < x .

2. Let X e'd;""'(g) , X= 3'.1» and let Y €
e &' ) ,Y=517L . We define a mapping e, ., ¢
: 0@ @ AT EN 61 F*) vy we,,, (X,Y) =

= 9,1 (»(gy)A (9.).2"'4(.!)) , provided denotes the

fibre product over B .

Proposition 1 . The mepping (e, ., Fp.s) ¢
;A3 B 41T BN — 0'F* B §*d), (e, ,, 55, 05D
= (94 (X,Y), 46, ,X) ie a B -isomorphism.

In the special case ® = TW'(B) , we introduce a map-
ping
®, : QM (B —> 87 (TT*(B)) by the following
induction:

a) @, is the identity of &'(TW'(B)) ,

B) @ (X) = s (X, @, ((Gr X)), Xe@*T* (B .

Proposition 2. The mapping @, is a B -isomorphism.
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If a connection C: B —> @(d) and a linear connec-
tion on the base manifold L : B —> @(TT1(B)) are given,
then we define the prolongation ££(C,L) of C with res-
pect to L by n(C,L)=o,(C,L): B— a'd") ,
where C’ = CY, The x -th prolongation £*(C,L) of C
with respect to L is defined by the iteration p*(C,L)=

-1
= p(p*"CC, L), L),p%C,L) = C . This is a cross
section of @1(P”%) . The relation of £*CC,L) to the
prolongations of C and L in the sense of Ehresmann is

described by

Proposition 3. The connections c™; B—*ﬁ“‘(@ ), 7.
:B—> Q"(T'(B)) anda £*C,L):B—> Q3™ satisfy

n

e, ,(C ),p,‘(L

m-n)
44

)= p¥CC,L) .

3. We shall give a comparison of the absolute diffe-
rentiation with respect to the connections of Proposition 3.

According to [2), every X e a"‘(Q) determines a mapping
- ™ -4 . . .

X 'z 9, E—*ﬁ;(B,E“), Wi X" .Y , which is said to

be the absolute differential with respect to X . Since

[~ : ~
Q"' is a groupoid of operators on I*E , the absolute

~
differential with respect to an element Z € @4 (%) is
~4 arnsed 4
a mapping Z :J:.'E—-)J“(B, 3:3) . Let Z, €
1 ,%x-
e Q.,CQ" 4) be the element of connection derived from Z

~ o -
by means of the functor 5; 1 & — o~ 1 . The map-

- 763 -



~¢-

ping Z J *E —> 3 (B,J, E) is extended to a
mapping Za: I (B, I*E)— 3}¢B, 3B, 'EN,
o 3z @@ .

Then

(1) z;: o2t I E—>3' 3,908, 5 EN .

4 1
Define by induction N (B,E,) = J(B,E), Ny (B,E ) =
= 3;(3,!(:(3,5“)) . By iterating (1), we obtain a mapping
t(zh: IHE—> N (8,E,)

’ which will be

called the full absolute differential with respect to Z .
Analogously to the concept of a semi-holonomic jet, we de-
fine a subspace Sy (B,E,) c N¥ (B,Ey) by the follo-

wing induction:

1 4
a) S,(B,E) = II(B,E) ,

b) an element 516’ € N:(B; E,) belongs to
S,LCB sEy) if & is a local mapping of B into
""(B E,) satisfying 6(x) = 3—1 [REe(y)T .
Propogition 4. If Z € Q:‘ 3*) and ¥ € J'“4E s
then t(Z-" W) € SF*B,E) .

In particular, let C:B—> Q1 ¢F*) be a con-
nection on E"‘ and let 6: B—F be a cross section.

Then the cross section
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=1 x+1 el
t(C )CG’J:B—’thJBSX (B,Ex):-.-s (E) 5
x>t (C-1(x)) (3E16)
will be said to be the full absolute differential of €

with respect to C .
On the other hand, every Ye al(ﬁ”'(B)), Y= aﬁiﬂ. R

determines a mapping w(Y): 5:'4(3,Ex)-—)J;(B,s':(B,E“)),

éiq(@)l—» g’{i(¢(@) A(4)) . Consider the element
Y e Q';‘(T‘T'”A(B)) derived from Y by means of the func-
tor 1 W4B)—> T*(B) . e mepping @ (Y;) is
extended to a mapping & (¥,), : J)(B,T¥(B,E ) —
— 2} ¢B, 34 (B, I UBEM, oy 51 @ X)(g (g

and one can construct w(Y), o« (Y): 5:+4(B, E)—

1 A ~vi-A
— Jy (B,JX(B,D‘* (B,E,))) . By iteration, we obtain a
mapping = (Y): 5;’”(3,Ex)——> N:M(B,E‘x) . In parti-
cular, if Ye &y (T*C¢B) and W e TSC(B,E,) , then

n+t
T (Y)(W) e Sx (B’Ea) .

Propogition 5. In the situation of Proposition 3,

(L CC,L)(x)3") is the composition of £c™x>1-"

x=4)

and (@, (L (x))), xeB .

The groupoid & = TI'(B) operates on S"™1C¢EY in

a natural way. This action can be used for a simple step by



atep construction of the full absolute differential of a
cross section 6:3— E with respect to #£“C(C,L) by

means of ¢ and I, only.

Proposition 6. The full absolute differential of &
with respect to p*C(C,L) coincides with the absolute dif-
ferential with respect to the coni:action C x L on
® < TW'(B)Y  of the full absolute differential of 6 with
respect to 4»""4( c,L) .

Proposition 6 gives an interesting consequence for the
special case of connections on vector bundles. In the vec-
tor bundle case, our prolongation of a connection with res-
pect to a linear connection on the base manifold coincides

with the operation treated by Pohl, (3] .
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