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g - MONOMORPHISMS x)

NGUYEN MANH QUY, Praha

Abstract: The aim of this paper is to propose a "good"
definition of subobjects.

Key words: Subobject, g-monomorphism, concrete category.
AMS: 18A20 Ref. 2. 2.726.1

A categorial definition of subobjects should be satis-
factory from two points of view: First, in categories indu-
ced by current structures it should characterize (some of)
the structurally defined subobjects. Second, it should sa-
tisfy some natural requirements such as preservation under
compositions, intersections, pullbacks etc.

In some categories, e.g. primitive classes of algebras,
category of sets, category of compact Hausdorff spaceés, one
can represent subobjects simply by all monomorphisms. In ge-
neral, giving a definition of subobjects means to determine
some particular ones among the monomorphisms.

There have been many concepts proposed, e.g. equalizer,
extremal monomorphism [ 8], strong monomorphism [6] . These
already represent e.g. subspaces in the category of topolo-

- - - -

x) This is a part of my thesis.
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gical spaces, full subgraphs in the category of graphs etc.
On the other hand, in the category of Hausdorff spaces it
characterizes the closed subspaces. The first two are not

closed under compositions even in a category with somewhat

x)

"nice" properties « The copure monomorphisms [5] charac-

terize all subspaces in the category of Hausdorff spaces;

they sometimes fail to compose XX).

In this paper we present a definition of g-monomorph-
isms and study their properties and then describe them in
concrete categories, especially in the categories structu-
rally defined. We show that this notion suits well for des-
cribing subobjects.

I am indebted to A. Pultr and M. Hu3ek for valuable

advice and particularly for guiding in my study.

x) For the extremal monomorphisms, see the example in [1]
(in the section 8,  Appendix). For the equalizers, at first
see the example in § 2 of [6] which shows that a composition
of two regular monomorphisms may not be a regular monomorph-
ism even in a category complete, cocomplete ané additive.
Then, observe that in a complete category a regular monomor-
phism is nothing other than an equalizer of a pair. For this,
prove at first that

1) Equalizers in a category having products are closed
under compositions.

2) The simultaneous equalizer of a family of pairs
£, g3 :A—> By, (see § 1 [6]) is, in a category ha-

ving equalizers, the intersection of the family of the equa-
lizers of the pairs fi, g4+ s + € 1.

Consequently, in a complete category simultaneous equa-
lizers and equalizers coincide. At last, observe that the
simultaneous equalizers and the regular monomorphisms are the
same.

xx) In [1] P. Arduini has given an example which shows that

a composition of two extremal monomorphisms may not be an ex-
tremal monomorphism even in a canonicel category. This is the
same example for copure monomorphisms.
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§ 1. Definitions
Definition 1. A monomorphism w:A—>X in a catego-

ry A 1is called a g-monomorphism if for every morphism
@: B—> X  the following implication holds:

if there is a generator G of A such that for every
3:6—>3B there is an x: G —> A with =g,
then there is a morphism € : B —>» A  such that yz(«..O -~

A @ X
(Y
\
. \
\
=< \9 @
\
\
\
G. 27 B
A

Definition 2. Let G be a generator of A . A mono-

morphism w : A—> X in A 1is called a G -injection
if for every morphism @ : B —> X the following implica-
tion holds:

if for every morphism @:G —> B  there is an
x:@—> A with @wo =¢ B , then there is a morph-
ism O:B—>A with 9= «.0 .

Thus, @ is a g-monomorrhism if and only if it is

a G-injection for any generator G .
Definition 3. A generator G in a category A is said
to be gbsolute if it is a retract of any generator of A .
For example, a single-point set is an absolute genera-
tor in the category of sets, a single-point space is an ab-

solute generator in the category of topological spaces. Mo-
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re generally, we have the following proposition.

Proposition 1. Let A be a category which is not thin *

Let G be a generator of A such that A(G,G)={4,} .Then
G is an absolute generator.

Proof. Let G' be a generator of A . Since A is not
thin there is X and a pair of distinct morphisms w«, 2 :
: G—>» X . Since G’ is a generator there is a @:6— G

such that w @ = 2@ . Similarly, there is a w : 6—> G’

such that woEw # v@w .Since A(G,G)= 11}, pu = 1g ,i.e.

G is a retract of G' .

Remark. Less trival examples of absolute generators are
e.g. the free algebras with one generator in some primitive

classes of algebras (not in all, though). E.g., in the pri-

)

mitive classes of groups, abelian groups, semigroups, monoids,

rings with or without units, lattices.

Proposition 2. Let G be an absolute generator of A .
Then @ is a g-monomorphism if and only if it is a G-in-
Jection.

Proof. It suffices to show that @ is a G-injection
if and only if it is a G’ -injection for any generator G'®
of A . Yet, it suffices to show only one of these implice-
tions. '

Assume that @ s G—> X is a G-injection and G’
is a generator of A . Since G is an absolute generator,
there are morphisms @: G—> G', 0': 6'—> G with

x) A category A is said to be thin if for every pair A ,
Be A there is at most one morphism A—» B ; 80 that A
is not thin if and only if there are A,B¢.A with dis-
tinct morphisms from A into B .
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0’0 = id; .Let @ be 2 morphism : B—> X , and for
every morphism G'—s B there be a morphism G’—> A
such that

¢—sA-L2X = —3-Z>x .

Now let @8 : G—> B . Choosing 3’ = 36': ¢’—> B ,
by the above assumption, there is an o' : G’—>» A with

wox'=gpR . Taking e« = «’@: G—> A , we have
@ =ux’0=9pp' =930 =93 .

Since w is a G-injection, there is a morphism % : B —

~ A such that ¢ = @y . Thus, w is a G’-injection,

§ 2. Properties and relations to the other definitions.

Proposition 1, g-monomorphisms are preserved under
compositions, intersections, pullbacks and under left divi-
sions in the weak sense ).

All these statements are easily verified, we will pro-
ve only one e.g. for pullbecks.

Let £’, %' be a pullback of £, h , where £ is a g-
monomorphism. Let ¢ be a morphism and let there be a gene-

rator G  such that for every 8 there is an o« withfx=gB.
1)

£

"x) i.e. the dividing factor is required to be a monomorphism.
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Then
()= n(@Pl)= f’c = £h'x = £(h'x) .

Since £ is a g-monomorphism, there is a 6 such that
£0 = A @ . Since the square is a pullback, there is a ¥
such that f£'y = @ . It finishes the proof.

Since g-monomorphisms coincide with general subspaces
in the category of Hausdorff spaces (see § 5), the epimor-
phism assumption does not suffice to make a g-monomorphism
an isomorphism. Instead of the epimorphisms it is necessary

to put a stronger assumption.

Definition. A morphism ¢ : X —> Y is said to be
g -gnto if there is a generator G such that for every
B:G—>Y  there isan o : G—> X such that 8 =
= Qo .

It is easy to see that every ¢. -onto morphism is an

epimorphism,

Proposition 2. If fd is a g-monomorphism and g -on-
to, then @ is an isomorphism.

Proof. Let @ : A—> B be a g -onto morphism, then
there is a generator G such that for every B8: G—> B
there is an ¢ : G—> A with (3 = we , consequently
1.8 =@.x , and, since @ 1is a g-monomorphism, there
isa ¥ :B—» A such that wyg =4 .

Thus, @ is a monomorphism and & retraction, so that
it is an isomorphism,

About the relations of g-monomorphisms with the well-

known definitions, at first we have the following hierarchy
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that is shown in [6] :
equalizer === regular monomorphism=——= strong monomorp-

hism=—=——=% extremal monomorphism.

Proposition 3. In a category having coproducts, every
strong monomorphism is a g-monomorphism. Consequently in a
category having colimits, every extremal monomorphism is a
g-monomorphism.

Proof. Let « : A—>»X be a strong monomorphism,
®: B—> X a morphism and there be a generator @ such
that for every (3: G—> B there is an o«,: G—> A with
@eop= @B . Let ©.B>g
tions g -

be a coproduct with the injec-

Then, for the family {313 € < G,B>3 , there is a
A «;’B)G-—» B such that .a,;),, =3 for every 3 .

A is an epimorphism because, if £A = gA , then
fAVp = gAVg , ie. £3 = g3 for every (3 , consequent-
ly, since G is a generator, f = ¢ .

Moreover, for the family {ccﬁ} induced from g ,
there is a 6 ! <G’B)G —> A such that 8Yp = xXp

for every (3. It is clear that w6 = @A  because
(u,ev,, = @weoc, =g = @iy, for every f3 .

Since w is a strong monomorphism, there isa s B—A
such that w9y = @ . So that W is a g—monomorphigm.
The consequence follows from the fact that, in & gate-

gory with pushouts, strong monomorphism and extremal mono-

- 675 -



morphism coincide x).

A similar proposition ‘or regular monomorphisms may be
proved without any assumption of the category in the ques-

tion.

Proposition 4. Every'reguler monomorphism is a g-mo-
nomorphism.

Proof. Let w:A—X be a regular monomorphism,
® be amorphism : B—+X . Let G Dbe a generator sa-
tisfying the condition in the definition of g-monomorphism.

Let xw = yw , we shall show that x¢ =4 g . Sup-
pose that x¢ #% 4 ¢ . Since G is a generator, there is
a 8 such that x@ (3 % 4 9B . Then we have an o such
that w@ec = @B . Thus, X oc 3= gp@ec which is a cont-
radiction.

Now, since the definition of regular monomorphism, the-
re is a ¥ such that wy = @ , which shows that w is

a g-monomorphism.

§ 3. Subobjects in concrete categories.

A concrete category (A, U) is a category A  to-
gether with a faithful functor U of A into the category
of sets. The functor U is often referred to as its forget-
ful functor. On the other hand, considering U as a functor
naturally equivalent with the functor A(G,-) for a ge-

nerator & it looks to be useful to find the relation of

x) This is directly verified or dually follows from a simi-
lar ctatement formulated for strong and extremal epimorph-
isms that is found in [6].
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U -subobjects defined below with g-monomorphisms. In so-
me cases shown below (see the proposition 2, § 4), these

two considerations of U are the same.

Definition l. A monomorphism @ :A—> B in a con-
crete category (R., U) is called a U -subobject if
U(w) is one-to-one and if for every £:UC) —> UCA)
such that there isa @: C—3B with UW(g) = U(w) . £,
there isa #: C— A such that £ = UCy) .

This concept is given in [4] in a form more general and
under another name.

The monomorphism requirement of @ in the definition
actually follows by the assumption that U is faithful and
U(w) is one-to-one. Moreover, the faithfulness implies:
@ = @y . It is also easy to show that U -subcbjects are
determined up to a naturally equivalence X).

In the relatic.: to g-monomorphism we have

Propogition 1. Let U : A—> Set  be neturally equi-
valent to < G,~> for a generator @ of A . Then U -sub-
objects are exactly the G-injections. Consequently, if, mo-
reover, G is an absolute generator, then the U -subobjects
coincide with the g-monomorphisms.

The proposition follows immediately comparing the detfi-
nitions together with these observations:

- The correspondence of 3: 6 —» C to x: G—> A
in the definition of G-injections interchanges with a con-

x) That is: if U is naturally equivalent to U’ , then the
U -subobjects coincide with the U’ -aubobjects.
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struction of the function £f:<G,C)—> <G,A> in the
definition of U -subobjects.

- The equality e = @ f3 is equivalent to the e-
quality U(w).f = UCP) .

Let (A,U) be a concrete category. A concrete ca-
tegory (#B, V) 1is called a full concrete subcategory of
(A,U) if B is a full subcategory of A andV=1UIRB.
It is evident that every U -subobject in B is a V -subob-
ject. The converse is true only with some assumptions add-

ing to the categories A and B .

Definition 2. A concrete category (A, U) is called
a category with nice decompositions if every morphism of A
may be written a8 @ = @ .7 with «w a 1 -subobject
and U(9) onto.

Proposjtion 2, Let (A,U) be a category with nice
decompositions. Let (A,Y) be a full concrete subcatego-
ry of (A,U) containing with each object all its U -
subobjects. Then w is a V -subobject if and only if w
is a U -subobject and “weld .

Proof. It suffices to prove that if w: A—> B is
a Y -subobject, it is a U -subobject. We have U(w) =
= V(@) one-to-one.

Let £:UW(C) —> U(A) be such that there is a
gHC——-;B with U(@)=U(Ww).£ .Since (4,U) has
nice decompositions, we have @ = c2>»c' -2+ B with
U(n) onto and » a U -subobject. Consequently, C’ is
in B3 . '

On the other hand, we can write £f =« m.e with m
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one-to-one and e onto. Comparing the two decompositions

of U(@):

UM) . U(p) and (U(w).md.e ,

we see that there is a one-to-one and onto mapping 4 :

tUCC)—> X such that

UC).m . I =U») and .U(g)=e .

The first of these equations may be rewritten as
V(w).m.h = V(»), so that there is a x: C—» A
such that V(x) = U(x)=m .k . Put 4 = x7 , we ob-
tain U(g)=U(X) . U () =m. h.U(p)=m.e =f .

At last, let us notice that regular monomorphisms are
stronger than 1 -subobjects with only an assumption for U

more general than the one in the proposition 1.

Propogition 3. Let (A,U) Dbe a concrete category.
Then every regular monomorphism @ with U( @.) one-to-
one is a U -subobject.

 Proof. Let @:A—s B and £:UCC)—> U(A)
be such that there isa ¢ : C —>B with UC@w).€ =
= Ulg) .

The equality o = B« implies the one xg =039 .
Really, we have U(cc @)= U(x) U(@) = Ulc@)f = U(Bu)f =
= UCB @) , and the fact follows from the faithfulness of
u.

Since F s is a regular monomorphism, there is a ¥
vith ay = @ . Then U(@). U(y)=U(p)= U(@w).£f ,
so that, since U (W) is one-to-one, £ = U(y) .~
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§ 4. Catesories S(CF, )1',:1) and concrete form of
Bsubobjectg.
The notion of S((F, )LeI) categories was introduced

in t3]o

Definition 1. Let (F;); o1 be a system of set
functors x) indexed by elements of a set I . The category
S((Py )3 e1) is defined as follows:

the objects are couples (X, (x;); 1) where X is

a set and (n;), ; & system of sets x, c Fy X,

the morphisms from (X, (nz); (1) into (Y, (an.); 1)
are triples ((X,(n,), 1) ,£,(Y,(n;); .1)) such that£
is a mapping X—> Y and for every 4 such that F; co-
varient, F, (f)(x;)c b; ,and for every 4 such that F; con-

travariant, Fy(f)(n;)cx,; .

Unless otherwise stated, S((F ); 1) will be an-
derstood as a concrete category.endcwed by the forgetful

functor U .

Definition 2. A morphism ((X,(x;);),£,(Y,(s;);))
in a S((F);) category is said to be an injection if:

1) £ is one-to-one.
2) For F; covariant, n, = F, ‘f’-ﬂ(%’ .
For F; contravarient, »x, = F,(£)(»,) .

The condition 2) means that if P‘-' is covariant (con-

x) This term is used to show covariant or contravariant func-
tors from the category of sats and mappings into itself.

- 68C ~



traveriant resp.) for 4 € I, x; is the largest (smal-
lest resp.) subset of F; (X)  such that ((X,(n;);), £,
(Y,(n;);)) is a morphism in S(CF )y ) . The definition
looks like a generalization of the notions usually under-

stood as subobjects in current concrete categories.
Proposition 1. @ = (CA,Ca;);),m , (B,(2;);)) is
an injection if and only if it is a U -subobject.
Proof. Let @ be an injection. Let £:C—> A  be
a wapping, (CC,(ey);), 9, (B,(#;);)) a morphism
such that g = m . £ . 1In order to prove that @« is a
U -subobject, we have to show that ((C,(c;).) £ (A ,(a;);))

is a morphism.

Let F; be covariant, we have
so that

-1
P&(f)(c‘-‘) cF,(m) (&)= a; -
If F; is contravariant, we have
R(£)a)=F(£)F, (m)(&) = F (g ¥)ce, .

On the other hand, let w be a 1U -suobject. Consider
the identity 4d : A—> A and the morphism ((A,(;);),
m,(B,(%;),)) where

o
<

= Fm)yey) o F(m)(#)

according to the variance of F; . Since w is a U -sub-
object, we have ((A, (&;);), <d,(A,(a;);)) a mor-
- phism. Hence, for covariant P, E‘-' ca; and since @«
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is a morphism, a; c @ so that a; = @; . Analogous-

ly, for contravariant F; , a; c a,

and since @ is a
morphism, @; > @; , soc that a; = @, . Thus, @ is an

injection.

Broposition 2. Let A be a full concrete subcategory

of S((C F,';)‘-"I) such that

1) whenever @ : A——> B is an injection and

BelAal then w is in R .

2) There is an object & = (1,(a;);) %) 50 1Al such
that for all (41,(x;);) in A, ({4, Cag)y),4d, (1,00
is a morphism, i.e. @; © x; for covariant, a; o> 1, for
contravariant P; .

Then
a) UlA is naturally equivalent to { G,-> -
b) g-monomorphisms in A are exactly the injections.

Proof. Let i-cx,c/a&);,) be in &, x 6 X . There
is exactly one morphism v(f, x)s G —> i sending
0 to x .(Really, there is otviously at most one. On the
other hand, denote by 4 the mapping 1 —> X sending 0
to X . We have, by 1), (4,(r;);)e A where ni-ﬁ(g',)"(b‘_)
for F; covariant and x;=F(3)(s;) for F; contravari-
ant. Hence, in the covariant case we have, by 2), a; ©
cF; ‘d')“(/%) yhence F; (3)(a ;) c A»; ; in the contra-

variant one directly F; (3)(sn))c a  .)

A A
Since evidently, for ¢ : X —> Y in & ,

x) 4 , as usual, designates a set of one point.
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9.»X,x) = »(Y, UPI(x)) ,
we gsee easily that the system
0% ucky —s <6, %>
given by
Gg(x) = v(i,.x)
forms a natural equivalence € s U—»< G,-> .

b) The object G in 2) is obviously an absolute gene-
rator. Hence, by the proposition 1, § 3 adding to a) and
by the propositions 2, § 3 and 1, § 4, it suffices to show
that S((F;);) 1is a category with nice decompositions.

Take a morphism @ = ((X,(x;).), £,(Y, (Ky).)) .
Decompose £ into X —2—» Z-™»Y with m one-to-nne
and € onto. We see that

<(z,<t‘._>,_),m,(y,<b&)i)) X,y )y), e (T CE ), ))
with
-1
t; = F(m) (»5;) for covariant F, ,

t, = }1 (m) (b%) for contravariant F_‘.'

is the required decomposition.

Proposition 3. In S (( P&)‘;‘I) every U -subobject
is an equalizer.

Proof. Let w = ((A,(a;);),m,(B,(L);)) be a
U -subobject, hence, by the proposition 1, an injection,

<0 that
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ay =

v )
{fl(m) (&) for F; covariant,

F,(m) (&) for I-‘;J contravariant,

Put C=Bx2/~ where 2=40,41% and

(,3)~ (W3)) iff =& (4=3" or JaecAly=m@)).

Define £,,£4: B—> C by £5() = w,_}_) where
the bar designates the equivalence class. For covariant F;
put c;=F (£,0(#y) v Fy (£4)( %) , and for contra-
variant F; put ¢, = P_‘.'(fo)"‘(!q) n F; (£, )-4(.0;-)
We obtain morphisms @g4 = ((B,(#;);),£;,(C,(cy)y)) .
Obviously P = Q@ -

Now, let for 2: ((X,(n;);), ¢, (B,(L3);)) be
Po» = » . Hence f,9 =£,9 , so that for xe X ,
(@ (x),0)~ (g(x), 1) , i.e. there is a M (x)e A with
9 (X) mm(f1(x)).We obtain a mapping S :X—> A with
m.% = @ .Now it suffices to show that ((X,(x;};), %,

(A,(a;);)) is a morphism. Let F; be covariant, we have

F(m)(F,(0) () = Fy (@) (ny) e &y

hence
-1
F‘i(&»)(n&) c fl(m) (b;.’) =a_
Let P“-' be contravariant, we have

F, (M) (a) = (W) F (m) ()= Fy (g (&) e x; .

The proposition is proved,

It is easy to see that & (( P-t)-i-sl) is always co-
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complete. Thus, by this proposition adding to the relations
of the different types of monomorphisms which have been gi-

ven in this paper, we have

Conseggence. The notions of equalizer, regular mono=-
morphism, strong and extremal monomorphism, g-monomorphism,

U -subobject and injection coincide in S((EFy); 1) -

§ 5. Applications.

Many current categories may be considered as a full

concrete subcategory of a S((F; )‘;“I) category. Such as:

the category of topological spaces is a full concrete sub-
category of S(P~) with P~ the preimage power set func-
tor, the category of uniform spaces is of S(P~. Qz) where
Gy 1is the functor sending X into X=X and £ into

f »x £... . So that these following propositions are only

the direct consequence of the proposition 2, § 4.

Proposition 1. Let A be a category of topological spa-
ces which is closed with respect to subspaces. Then the g-
monomorphisms are exactly the homeomorphisms onto subspaces.

Thus, the definition of g-monomorphism is suitable
not only for the category of Hausdorff spaces, but also for
the category of regular T} -gpaces and 8o on.

A similer proposition is stated for the category of
uniform spaces.

For further examples let us recall a category which is

congtructed in [3]. Let M be a set. M -ary relation cn a
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set X is understood as a set x ¢ <M, X >, If n is an

M -ary relation on X and similarly 4 on Y, then nph -
homomorphism of (X, ) into (Y, ») is defined as & map-
ping £ : X—»Y such that for every cexn,f.x € 4 .
We see easily that the category of se*s with M -ary re-

lations and their homomorphisms coincides with SCQy)

where @y = <(M,-> . Similarly as above we have

Proposition 2. Let M be a set, A a category of
sets with M -ary relations and their homomorphisms. Let
A be closed with respect to subsets with full subrela-
tions. Then g-monomorphisms in A are exactly the isomor-
phisme onto subsets with full subrelations. In particular,
in any category of graphs (sets with binary relations) clo-
sed with respect to full subgraphs, the g-monomorphisms are
exactly the isomorphisms onto full subgr'aphs.

The consequence follows immediately by the observation

that in an object (4,%) here can be |kl only 0 ord.
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