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Abstract: In this note we deal with a heat potential .
and its boundary behaviour in connectlon with the Fourier
problem for the heat equat:.on in X2 . For this purpose we
define the so-called parabolic varlatlon.
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Let I be the well-known kernel in R? defined by

1
7 e (L
/ +) (%> t >0,
\

t<0

T(x,t)=

H

and denote by J,T its partial derivative with res-
pect to the variable x . Fix a<At in R? and let
Co (<a, &>) stand for the space of all continuous
real-valued functions on <a, &> vanishing at a
Let @ be a fixed continuous function of bounded va-
riation on <a, &) and put

X=(lg(t),tl; ast< o} ,
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Dz-{(x,tl; a<t<tb,x>q@t), D=ilx,tlijact<O,x<g(t)i.

With each € e C,({a,&>) we shall associate the function
Tf on R*~X  defined by

&
TEX,t) = = [(£(2IT(x-g(e),t-v)dr ~
(-4

- [T (- g2, t - ) dgle)
-3

for t>a, TE(x,t) = 0 for t s a .
Investigation of T£(x,t) (which is a combination
of a double-layer and a single-layer heat potential) as
Lx,t] approaches X is of importance in connection
with the boundary value problems for the heat equation
(compare [71, § 4 in chap. VI; see also [1],(2),[6] for re-
ferences concerning heat potentials). Our purpose in this
note is to present a simple necessary and sufficient condi-

tion on X guaranteeing the existence of the finite li-
mits

1) um T£( )= T €£(t) Lom Tf(x,t)=T £(t)
¢ Lx,t1+Lx,,t,] X, )= T (), L, t15Cx,,t,] ’ 2" "o
[x,tl e p: Cx,t1— p;

at [x,,t,1] eX for any fe G (<a,t>) .

Given [x,,t,1 € R? and o« > 0  consider the
parabola

2 Xp = X |2
P o(x,,%,) = {0x,t1ek .'t°-t'(_°?) 3

and denote by my (e Xp,t,) the number of points in
(K=§Lxp,t513) A P (xy,t,)  (we put my (ec;%,,t,) = + 0
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if the last set is infinite). Then m . (ex;X,,t,) is a
Lebesgue measurable extended-real-.alied function of the

variable o« € (0,+ o) and we may form the quantity

Vi (xy,ty) = fo"’e*“’ my (o5 %,,t,)d @

to be termed the parabolic variation of X at [x,,t,].

In connection with Tf the parabolic variation plays
a role comparable with that of the so-called cyclic-varia-
tion ¥ as introduced in [3] in connection with the in-
vestigation of double-layer logarithmic potentials. The

following theorem holds.

Theorem. If at least one of the limits (1) exists for

every f e C,({a,&>) then thereis a d >0 such

that
(2) sup Y (@), £) <eco0 .
It-ty l< 0" K ¢
t € <a, &

Conversely, if (2) holds, then the finite limits (1) exist
for every bounded Baire function £ on <a,& ) that is

continuous at t, (and vanishes at a in case t, =a ).

Proof of this theorem is based on the Banach theorem
on variation of a continuous function and on ideas employed
in [4) in connection with double-layer logarithmic poten-
tials. The key part of the proof rests on the following

lemma whose role is similar to that of Theorem 1,11 in [4].

Lemma. If (2) holds then there is a neighborhood U
of Lp(ty),t,] in X2 such that
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sy V., (x,t) 0o .

txeren KIXEI=S

1

(3) rup Vi (p(t)t)< + @
becanty K P

then VY (-,-) is bounded on the whole of % .

Corollary. T€ is uniformly continuous on each of
the domains Dy » D for any fe C,(<a,&)) if and
only if (3) holds.

A modification of Yy permits to evaluate, in geo-
metric ferms, the Fredholm radius of the operators Ty +
+(=NVI (where I is the identity operator on
Co({a,£>) and T; are defined by (1)) and establish
a general theorem on representability of the solution of
the Fourier problem by means of Tf . The applied methods

have been worked up in {5]. The following assertion holds.

Theorem. Let the Fredholm radius of T, ~ 1 (which
we can express in geometric terms) be greater than 4., Put
B=XU4{[x,alyx 2 @(a)? and let F be a continu-
ous bounded function on B with F(@(a),a)= 0 . Then
there is a unique function fe C,( a,&>) such that

the function

(x =27
1 ® P (z,a) ~5iEay
TE(x,t) + — dz
Zﬁ—r gla) t-a
is a solution of the Fourier problem on D,‘t for the

boundary condition P .
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Analogical results may be obtained for the domain Dy
and for domains of the form {[x,t];te(a,&), @ t)cx<q, ()}
where @,, ¥, are some continuous functions of bounded
variation on <@,®» such that g,(t) <@,(t) for
each te<a,& > .

Complete proofs of these results together with furt-
her details and bibliography will be included in a paper
which will be published in the Czechoslovak Mathematical
Journal.

The following two assertions will be proved in a pa-
per which will be published in Casopis pro p&stovdni mate-
matiky.

Theorem. Let t € (a, &> and suppose that

(t)-9f
% Igt)gz)l<m.
Tat- V-2

Then there is a finite limit

m TE(x,t)
X+ L)+

(or a finite limit

m TEf(x,t))
X @ (t)-

for any function fe C (<a,&>) if and only if
V(@(t),t) < o .

Proposition. There is a continuous function ¢ of

bounded variation on <{a, ) such that

for almost every t e {a,Xl> (where X = fl@(t),t]}
teda,L>3) .
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