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ON SKEW LATTICES I

Véclav SIAVIK, Praha

Abgtract: In this paper a method is given which enab-
les us %o transfer some theorems of lattice theory into theo-
remgs on skew lattices, The results are applied to the casge of
distributive and modular lattices.
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1. Introduction. In the present paper we shall prove the

theorems which generalize some results of the theory of lat-
tices, especially the properties of lattices which can be ex-
pressed by the lattice theoretical formulas. By an applica-
tion of these theorems we get a generalization of some re-
sults known in the theory of distributive and modular latti-
ces.

Algebras (skew lattices) will be denoted by German capital
letters and the base set by the corresponding Latin capital
letters. If M 1is a skew lattice and @ = congrience re-
lation on_ WL, we shall denote the factor skew lattice by
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m e and the base set by M/ . Let us fix an in-
finite countable set and denote it by X ; ita elements are
called variables. Let us denote by an absolutely free
algebra of type (2, 2) generated by X . The elements of
) are called terms., By a formula we mean a formula of the
language 4 A ,vi (in variabies from X ), by a theory an
arbitrary set of formulas is meant here., We shall denote the

class of all models of a theory T by Mod (T) .

2, Definition and basic properties.
2.,1. Definition. A skew lattice is an .algebra M =

=(M,A,v) where A and v are two binary operations on M,

called meet and join respectively, satisfying the following

laws for all a, #, c € M:

aA(Ac)=(aAallrc, avibve)=(avlive,
anlrval=a , (an¥lva=a,

anfavt)=a |, (rAna)va =a .

2,2, Definition. Let @ ©be a skew lattice, We define
binary relations € and = on M by the following:
1) as® 1ff Al =a;

(i1) a= L iff aAdr=a and LPAa= Lt .

2.3, Theorem, Let ML be a skew lattice and a,#; c,
d €M . Then the following conditions are satisfied:

1) aAn¥=(aablrha,  IFva=zavibva);

(i) arna=a, ava=a,;

(iii) a€ & iff o vl = & ;
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(Iv) o Alrs a and @ Alr=< At
V) agcavlbh adbzcavdl;

(vi) a < & and ¢ = d imply aAc ¢ &£ Ad

~e

(vii) o £ & and ¢ 2 4 imply ave £ ovd,;
(viii) =< is a quasi;ordering on M
(ix) = is a congruence relation on T .

The proof of 2.3 is not difficult (see [2]).

2.4. Theorem. Let ! be a skew lattice. Then W /=
is the modification of 2  in the variety of lattices.

Proof. It is clear that 2% /= is a lattice. Let &
be a lattice and @ a homomorphism of %%  into & . We
denote the natural homomorphism of 0 onto M /= by ».
For each @ = mvyeM/= we define a9y = my .
Obviously, 9 is a homomorphism of M/ = into & such
that Y¥ = @ .

2,5, Definition., Let ¢ be a skew lattice. A subset
T of the set M is called an ideal of Wt  iff
(1) a,&re I implies that a v & eI ;

(i) a € I &and Lr =< a imply L e I .

2.6, Theorem. The set of all ideals of a skew lattice
forms a complete lattice (with respect to the set-inclusion)
which is isomorphic to the lattice of all ideals of the lat-
tice W /= .

Proof. The first part of the theorem is trivial, Let
us denote »  the natural homomorphism of WL onto /= .
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It is easy to verify that a subset I of the set M is an
ideal of 2% if and only if the get I ={i»; 1+ € I}

is an ideal of the lattice 8t = . I£ KX,L .  are ideals
of M , then X @ L  is equivalent to K» < L» and
1f J is an ideal of M _/m  then the set J»~'=jfa e
€M;aveJt is an ideal of 3  such that (J»~T)» = J .
So we get that the mapping . I +—» I» ia a complete iso-
morphism of the lattice of all ideals of %L onto the lat-

tice of all ideals of M. "= .

Duality Principle. The dual term to & term t is defi-
ned by the following two rules:

1) For all variables X, D(x)=x .

2) If t,,t, are terms, then D(t,At,)=D(t)vD(t,)

end D(t, v i) = D(tz)AD(t1) .

For an arbitrary formula let D(g) denote the formula ob-
ta_ined from ¢ . in such a way that each term ococurring in ¢
is replaced by its dual term. The »fomuvla D (9) is said
to be dusl to @ . The dual theory D(T) of a theory T

is defined as the set of all D(@)  where ¢ is an ele-

ment of T . A theory T 1is said to be self-dual iff

~
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“ We shall denote the theory of skew lattices (i.e. the
set of its axioms) and the theory of lattices by Tg, and
TL respectively. It is clear that the theory TSL is

self-dual and so we have

2.7, Theorem., Let. T be a self-dual theory. Then a for
mula ¢ 1is a consequence of the theory TSJ.. v T if and

only if the formula D (¢g) is a conseguence of TSL vT.

Tet M =<NM, A,V be a skew lattice. If we define the ope-
rations n,uU on M by
antk=Uva auvdl=aAaa,

then the algebra D (W)= <M,n,uv) is again a skew lat-

tice and it is said to be the dual skew lattice of 9T

3e Main results. Let ¢ be a formula, The formula ob-
tained from ¢ in such a way that each equation fo = q oc~
curring in @ is replaced by the formula fr A @ = f &
&g Ap =q will be denoted by ¢™* . For a theory T , we
denote the set of all formulas ¢* where ¢ € T by T*.
The natural homomorphism of a skew lattice ¢ onto M. /=
will be denoted by »y . We shall suppose all classes of

lattices used below closed under isomorphic images. If X is
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a class of lattices, then the class of all skew lattices

MM  with 7 /=€ X will be denoted by ¥(X) .

301, Lemma., Let %1 be a skew lattice, let p,q
be terms and let « be a mapping of X into M . Let &
denote the homomorphism of 7% into M extending the map-
ping o« . Then the following statements are equivalent:

1) The formula (f = ¢)* 1is satisfied by « in
.

2) pX = & -

3) The formula fo = q 18 satisfied by »)y in
M/ .

3.2. Proposition., Let % be a skew lattice and let
® be a formula, Then the formula @* is satisfied by «:

: X—»>M in :Lf and only if the formula ¢  1ig satis-
fied by <Py in M= .

Proof, Let I' denote the set of all formulas ¢ having
the property that @* is satisfied by « in @  if and
only if the formula @ is satisfied by vy in W /= .
By 3.1 T contains all equations. It is clear that @, e T
and @, € ' imply ¢V Py, 1P, belong to I' . We shall

prove that ¢ € I implies (3Ax) @ e " ., Let (Ax)o*

be satisfied by < *n Wl ., Then there exists B:X—> M
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such that @* 1is satisfied by 8 in % and

.
ﬁix-{xl = |X-1x3.The formula e€l' and, thus, @

is satisfied.hy BPM in MM /= . Suppose that the for-
mula (3Ix) @ is satisfied by o« Py in M /= . Then
there exists 93+ X — M /=  such that the formula ¢
is satisfied by 9 in WL and T)x-ixt= CIX-4x? and
Roy = 7.
So we get that ¢* 1s satiafied by 8 in & and, hen-
ce, we can see that. (Ix) @* is satisfied by « .in 7.
Thus, I'' 1is the set of all formulas.

Since every mapping of X into M./= can be repre-
gented as a product of a mapping of X into M and of the

mapping »y , we have the following result:

3.3. Theorem, Let %! be a skew lattice and let ¢ be
a formula, Then the formula @* ig satisfied in M  if
and only if the formula ¢ 1is satisfied in /= .

3.4, Corollary. A formula @ 1is satisfied in a latti-
ce & if and only if the formula @* is satisfied in & .

3.5. Corollary. Let %  be a skew lattice and let 1,
Q be terms. Then the following statements are equivalent:
(1) The equations p A Q=a, QA o =q are satis;
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(2) For each homomorphism 2% of 9  into W

nd = qd .

(3) The equation p = q  is satisfied in W "= .

3.6, Lemma, Let K be a class of lattices and let @
be a formula, The following two statements are equivalent:
(1) If @ 1is setisfied in a lattice & , thenLe X .

(2) 1f @* is satisfied in a skew lattice @& , then

M e LX) .
3.7. Lemma. Let X be a class of lattices and let ¢

be a formula. The following two statements are equivalent:

(1) I & € X , then @ 1is satisfied in & .

(2) If W e S(X) , then 9* is satisfied in #t .

The proofs of 3,6 and 3,7 are straightforward, using
3.3 and 3.4.

3.8, Theorem, A class X _of lattices is axiomatic (ele-
mentary) if and only if the claas; S’( X) is axiomatic
(elementaz;y). Moreover, if X = Mod ¢ T, v T) where T
is an arbitrary theory, then P(X) = Mod (Tgy, v T*) .

3.9, Theorem. Let T4, T, .be theories. The following

statements are egquivalent:
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(2) -M-O'd(TsL v T.‘*) 1= Mo’d—(TSL UTz*) .

The proofs of 3.8 and 3.9 can be deduced immediately
from 3.6 and 3.7

Note. The inclusion in 3.9 can be replaced by the equa-
lity.

3,10. Theorem. Let X ©be a variety (quasi-variety) of
lattices. Then Y (XK) 1is a variety (quasi-variety) of skew
lattices.

Proof. We can assume that K = Mod (T, v .T) where
T is a set of equations (quasi-equations). By 3.8 ?(K)g
= Mool (Tgy, v T*) . Let T® denote the theory obtain-
ed from T Dby replacing each formula
P&k P ((9F&... kot > y*) = (PF &... & F >y & 4 )
from T by two equations (quasi-equations)

D1, P2 (QF & & QX 9, , OF&.. kP — 3y ) .

Thus we get a set T® of equations (quasi-equations) such

that Mod (Tgy v T°) = Moul (Tgy, u T*) ., Hence ¥(X)
is a variety (quasi~variety) of skew lattices.

3.11, Theorem, Let X be a class of lattices. The fol-
lowing two statements are equivalent: '
(1) A lattice & € X  if and only if the lattice of all
ideals of &  belongs to X .

(2) A skew lattice W € P(X) if and only if the lattice
of all ideals of W  belongs to K . ‘

Proof. By 2.6 the lattice of all ideals of W 1is iso~
morphic to t“- lattice of all ideals of M /= for every
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skew lattice WU . From this fact the theorem follows im-
mediately. '

It is easy to show that the lattices D (M ./“=) and
D(M)/= are isomorphic for every skew lattice #% . Thus

we have

3.12, Theorem, Let X be a class of lattices. Then the
class X contains with a lattice & its dual D (£) if

and only if the class ¥ (X) contains with a skew lattice
M its dual DC(WL) .

4, Weak distributive and modular skew lattices. The re-

sults obtained in the previous chapter will now be applied
to the case of distributive and modular lattices., In this
way we shall obtain generalizations of some results concern-
ing these lattices.

4,1, Definition. A skew lattice 27 is called weak
distributive iff for 2ll a,,ce€ M aA(ve) =

s(aAd)viaAce) .

4,2, Remark, A skew lattice 9%  is weak distributi-
ve if and only if for each homomorphism 2% of 7% into
M pd = S holds where p=Xxq4A(XyVXx,y) and g =
= (%4 A%V (X,A%,).BY 3.5 we get that u skew lattice W is
weak distributive if and only if the equations foAq =.n
and @ A 4 = q are satisfied in WL . Since the equa~-
tion 9 A = q 1is satisfied in every skew lattice, we
have that a skew lattice is weak distributive if and only
if for all a,,ce M
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(aA(ve)A (aal)viaAae))=aAlbve) .

Thus, the class of all weak distributive skew lattices
is equational and it can be characterized by one egquation.
From 3.5 it also follows that a skew lattice 7%  is weak
distributive if and only if the lattice % .= is distri-
butive., If we denote the class of all distributive lattices
by KZD , then the class of all weak distributive skew latti-

ces is equal to ¥(Xp) .

4,3, Theorem, Let W  be a skew lattice. The follow-
ing conditions are equivalent:
(1) M  is weak distributive.
(2) Por all a,¥,ceM aviac)s (avdianlave)
(3) For all a,#,ceM (antblviaac)vilac)=

Z=(avtIanlave)albrve) .

(4) If a,#r,c € M are such that aAn¥=aAc end avibs=
s=ave ., then ¥ = c .
(5) For all a,&,ce M (av&)a(avelalav(FAaci=

=(avr)anlave) .

(6) D () is distributive.
(7) The lattice of all ideals of %!  is distributive.

Proof. The equivalence of the conditions (1),(2),(3),
(4),(5) can be deduced from 3.9. The equivalence of the con-
ditions (1,(6) and the one of (1),(7) is a trivial consequen-
ce of 3,11 and 3.12 respectively.

4,4, Definition, A skew lattice 47 ig called weak
modular iff for all a, &,ce M
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~uvitanlave ) mlavIAlave) .

4.5. Remark. By considerations similar to the ones in
4,2 we can get that the class of all weak modular skew lat-
tices is equal to P (Xy) vhere Xy denotes the class
~ of all modular lattices and. it can be characterized by the
following equatior:

V(.x,‘ v'xn)/\ (x, v “3) A (X, v (X~ (x, v X4 M= (x7vx2)/\ (.x,vxs).

4,6, Theorem., Let 4 be a skew lattice. The following

conditions are equivalent:

(1) % is weak modular.

(2) For all a,&,ceM an(Fviaac)=(aablvianc).
(3) I£ a,,ce M are such that a8, anc=Ac and

avesm&ve, then a= & .

(4) If a,b,c € M are such that a < ¢ then

?

(avdhInlavedarvels(an)vane)v(trac).

(5). PC(AL) is wesk modular.
(6) The lattice of all ideals of WL is wodular,

The proof of 4.6 is similar to the one of 4.3.
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