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Commentationes Mathematicae Universitatis Carolinae

13,2 (1972)

PLANAR PERMUTATION GRAPHS OF PATHS
Ladislav NEBESKY, Praha

The present note gives the solution of the first of
three problems stated in Chartrand and Frechen [2]; former-
ly, this problem appéars in an impliqite form in Chartrand
and Harary [1]). (This problem has ‘a certain relation to the
question concerning mathematical linguisties discussed in

(31.)

Let m = .4, Conaider a path A, with the set of
vertices R = fu,,..., %,,, t and the set of ed-

ges Ep = K Ky yo00y Ay hmyy? - BY By we shall

denote a disjoint zcopy of the path-A, such that B, has
the set of vertices S m { i ,.009Ppyy % and the set
‘of edges Es = by, ey /b,,,‘/a,,‘,,,,,, ¥ ., Let e
be a permutation on the set A4y o0eym 4+ 13, By F (AL)
we denote the graph with the set of vertices R v S and
the set of eages By U Ey Uit A sy s Xmuq Paccmenr ¥ *
The graph P, CA,) is a special case of permuf;ation
graphs which were studied in [1] and [2].

Integers will be denoted by e, f, ¢, &, 4,7 and fe,
We shall write m&d.(f,qa,h) if either £ < ¢ < A
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or h<g<1£f.

Theorem. A necessary and sufficient condition for
P (An) to be planar, is that for any 4, 4,4 such that
1 <i <3<t <m+1,at most one of the following two
statements hold:
(1) mad (x (i), (3), ax(i-1)) ,

(2) mecl Coo (R), x(4), cx(h+1)) .

Proof. Necessity: Assume that P, (A, ) ig planar
and that there exist 4, 4, k  such that 1 < 4 < 3 <
< & % m and both (1) and (2) hold. Let e, £,g, ~ be
such that {e,2, ¢, h 3 m i, c-41, o, kb +47 and
x(e)< x(f)<ca(g)<x(g)<o (h). By G we dencte the
subgraph of Px (AL) consisting of the path between

ny, e@rd ng. . in A, , the pat.h between Ay ey
" end B cm) in B, , and the edges K Ay,

X Decery s ¥4 "’af:‘cp , Ib’_k‘,._, y K Pocny » Obviously,
G is homeomorphic to the complete bipartite graph x,,, :
the vertices "'a’- s Poccay « g
represent its two levels. Thus P“ (A,,b) is not planar,

) and l-“-', M‘V"’“‘;,
which is a contradiction.

Sufficiency: Consider a cartesian plane. For every g'-,
1% 4 € m +4, we define the points Y = (7, x(4),
wy = (0,3) and z; = (m+2,4).VWe shall say that =

?
poimt a2y is of the first or the second kind if there exist
h, 1 &M & m , such that the intervals V’ z,“i,
and "rb M"*‘ or the intervals fv" Wy, & and ”h LN

respectively, cross. It is readily seen that no point v
is .simtansously of the first and of the second kind. We
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shall say that a point 1:; is of the third kind if it is

neither of the first nor of the second kind. The graph
P (Am) can be embedded in the plane as follows: every

vertex % is drawn as the point 4, ; every vertex

e
g is drawn as the point v, ; every edge Ko Kg +4

as the interval Vg Vgeq 3 CVETY edge Ay by, 88 the

interval w, an, .. 3 every edge /ity b .4y as the in-

terval Y, Wery o when & is of the first or the

third kind and as a suitable arc passing through the point

xacc»t; , -when a7 is of the second kind. Obviously, the-
re are ares Ca:_ connecting W, with =%, such that no

two of them intersect and that Ca'_ meets the cblong
<0,...,m+2>x<4,,..,m+1) only in ay and z;.
Thus, it suffices to extend the int.rvals Xty for

o; of the second kind by Caccu .
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Pultr for his advice which improved the formulations in this

paper.
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