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SOME MAPPING THEOREMS AND SOLVABILITY OF NONLINEAR
EQUATIONS IN BANACH SPACE

(Preliminary communication)

Josef KOLOMY, Praha

In this note we are concerned with some mapping
theorems and solvability of nonlinear operator equations
in Banach spaces. For the recent results in these topics
see for instance Browder [1), Brezis [2], Petryshyn [3]
and others.

Let X,Y be normea linear spaces. We use " —» ",
" L " to denote strong and weak convergence , res-
pectively. A mapping F : X — Y is . said to be

weakly continuous if
dy, , 46 X, ity 2> 4 wmp F(u,) %5 F(u) ,

demicontinuoua if
My o € X, iy —+ it wed Flat, )2 F(a) 5

p-positively homogeneous if F(tu) = t™ F(u)
for each u e X, t & 0, where o > 0.

We shall say that a functional @ ia quaai-convex
onaconvexset M c X ,if w, e M, A€ [0,1] =
=@ (Au+ (1-2)v) €& mac (@(w),p@)).By B, (u),
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OB, («) we denote an open ball centered about .« and

with the radius J° > 0 , its boundary, respectively.
Theorem 1. Let X be a reflexive Banach space,

Fs X~> X a weakly continuous mapping so that

P(O) =0, Assume E(a)m {uwueX:IF(u)l £a } is

bounded for each a > 0 . Let for aome A > 0, «,ve X,

o > - r-A(F()-Fr)l < A -ar 1 .

Then P(X) = X ; i.e. for each 4 6 X  there ex-
ists at least one w € X 80 that F(w) = 4 .

Remgrk. The condition that E (a) is bounded for
each @ > 0 is satisfied for instance when F is s -
positively homogeneous operator on X and AF (&)l 2
8 m >0 foreach w € X, lul=xr (K positive
and fixed).

Theorem 2. Let X,Y Dbe normed linear spaces, X
reflexive, Fs X—Y a weakly continuoua mapping,
F(O0) = 0 and so that E(a)m fu e X:IP ()N & o}
is bounded for each @ > 0. Let H: X—Y bea p-
positively homogeneous mapping of X onto Y , Suppose
that for each point & € X there exist constants «, ,

d, (0fx, <1, 0<4d) and a mapping
G+ XY sotht v e 3,-“(40)—> IF(v)-Flu) -
-G (w-ulg o, FH(#r-w)l . Assume there ex-

iste R>0 and €, > 0 oo that 2 e B, (0) ==

wp G, (v)~-Hw)l& e, I1Hol for each we X .
i e, +x, < 1 for each & € X , then F(X)« Y.
Corollgry 1. Let X, Y  be normed linear spaces,




F: X— Y a weakly continuous mapping so that
E(a) = fueX:sIF(u)l & a } is bounded for
each o > 0 and F(0)= 0, Let G be .n -positi-
vely homogeneous mapping of X onto Y . Assume that
for each point « € X there exist the constants , ,
J, (0 6§ <, < 41,d, > 0) 8o that » &
€ 3%(40) wp IF(v)-F(w)~Clor-ull & <, 10(vr-ull.
Then F(X)= Y .

Theorem 3. Let X ,Y be normed linear spaces, X
reflexive, M ¢ X open, Fs M— Y a weakly conti-
nuous map on M, G: X —> Y fo -positively homoge-
neous mapping onte Y so that for each by &) & M =
-9!?(41.1)-}"(442)- G(%-u‘)l -2 lG(u.1- w1,
where 0 & o« < 41 , Suppose that for each point “«, €
6 M there exist the numbers %y > 0, ay, > 0 so
that B (w,) €M and w e 33% (w,) ==

°

=P (u,) = F ()l Za,lu-w=a, d, . Then F(M)

is open.

Let X,Y be normed linear apaces. Following [4]
a mapping X s+ X— Y is said to be relatively open.
if for each open E c¢ X  the set K(E) is open in
KC(X), A linear (i.e. additive and homogeneous) map-
ping Ks X—> Y is relatively open Gemmd if the-
re exists a constant M > 0 eo that for each 44 €
¢ K(X) there exists x € X such that
(1) 4 =Kx and Ixl € M lgl .

A mapping G BT(O) -, b’,(O) c X , s
said to be closed on B, (0) if «,, « & B, (0),
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adyy, =+ s, GCup) s nr =w v+ = G(u), The following
theorem generalizes the results of Graves [ 5] and Bart-
le L61.

Theorem 4. Let X be a Banach space, ¥ a normed
linear space, G : B, (0) — Y  a closed mapping
of B’.(O)CX into Y 8o that G (0) ~ 0 .
‘Assume X : X~ Y  is linear and relatively open so
that IG(w)=-G(w)-K(u-wil -k, (<« > 0) ,

for each 4, o~ e B, (0) , where M < 1 (here
M is a constant from (1)). Then the equation G(w)=
= a4 has a solution « in 3’,(0) provided
Ipl<po=9g(1-Mx)/M .
in comparison with Craves and Bartle we need not as-

sume that Y is complete, G, X are continuous (or

G  is Fréchet differentiable) and that K is onto Y,
Theorems 3,4 are connected with openness of nonlinear ope-

rators.

Some other and rather general results concerning
this matter will be published in [7] .

The following theorems are related to those of Bel-
luce-Kirk [8], Kirk (9] and Danes (10].

Theorem 5. Let X be a normed linear space, M c X
a convex subset of X containing 0, F: M— M
a mapping so that 4,y e M, « & v = IF(u)-Flr)f<
< la -l | Assume that for some ¢ > O the set

{fu e Mslu-F(u)ll & ¢ 3 is non-void and weakly com-
pact and that @ (u) = lu -F(u)l is quasi-convex
on M . Then there exists a unique point «w* ¢ M o

~ 416 -



that F(u*) = u* .

Theorem 6. Let X, Y be normed linear spaces,
M c X a convex open subset of X, 0eM, Fs M-
—> Y amop such that E(ec)m fu e Ms APl & ¢ }
is non-void and weakly compact for some ¢ > (0 . Sup-
pose G: X— Y is . -positively homogeneocus
mapping of X onto Y , Let for each point «w e M
there exist constants o, , o, (0 & o, < 1, d, > 0)

8o thatZBd-(u.)cM and v € Bd; (w) ==
“w

= NF(v)=-F(w) = Glr-u)l & o 16 (r-wu)l, If either
a) F is weakly continuous on M , or b) F is de-
micontinuous on M , and ¥ («w) = NF (u)ll is qua-
si-convex on M , then there exists u*e€ M so that
PcCu*) = 0 . .
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