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NOTE ON THE FREDHOLM ALTERNATIVE FOR NONLINEAR OPERATCRS

Svatopluk FULIK, Praha

1_. Introduction. This note deals with the s;)lving of

nonlinear operators’ equations ATX - Sx = f in de-
pendence on the real parameter A , where T and S are
nonlinear operators defined on a real Banach space X
with values in a real Banach space Y . Similar results in
linear functional analysis are well-~known and they are so-
metimes called Fredholm theorems. We shall suppose that S
is a completely continuous operator and. T works as "the
identity operator".

This problem was studied in [8J,(51,[4] and [1, 1 a) .
S.I. Pochofajev supposed in [8] that ¥ = X* ( X* is
the dual space), T and & are the odd and a -homogene-
ous operators and X has a Schauder basis.

J. NeZas [5] proved an analogous theorem for the ope-
rators T and § which are "near to homogeneous" and
Y= X#,6 X is a complex Banach spéce. A similar result
was proved by M. Kudera in [4] for a feal Banach space.
The conditions on "near to homogeneity" are stronger than

the analogous ones in [5].

AMS,Primary 47H15 Ref.2. 7.978.4 ,
Secondary 35J60, 45399 7.955.81 , 7.948.33
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In [1,1 al, there is established "Fredholm alterna-
tive" for the odd operators which are "near to homogene-
ous" in the sense of [5] whose domain is a real Banach
space X and the range is a subset of a real Banach spa-
ce Y. Both X and Y are supposed to be separable Ba-
nach spaces with some special properties, for instance
the Banach spaces with the Schauder bases. After the ma-
nuscript of this note was sent for printing, the author
learned that the same result for the odd and homogeneous
operators (and Banach spaces are supposed with the same
special properties) had independently been obtained by
W.V. Petryshyn [7].

In Section 2, a generalization of results from
[1,1 al is given. The spaces X and Y are not supposed
to be separable. The case when T and S are homogene-
ous operators with different degrees is solved in this
section, too.

The main theorems of this note are applied both to
the boundary value problem for partial differential equa-

tions and the integral equations in Section 3.

2. Main theorems

Unless otherwise stated, we shall suppose that X and
Y are real Banach spaces witﬁ the norms I . 'X and
1. Iy , Tespectively. We shall use the symbols " —> " ,
" —> " to denote the strong and weak convergences, res-
pectively.
Definition 1. Let T be a mapping defined on X
with values in Y (T: X —> Y). T is said to be
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a (K ,L,a)-homeomorphism of X onto Y if
(1) T is a homeomorphism of X onto Y,

(2) there exist real numbers X > 0, @ >0, L 20

such that
Y @
Lixl, £ IIT.xIY 6lelx

for each x e X . _
Lemma. Let T: X —> Y bea (K,L,a)-homeo-

morphism of X onto Y with L = 0, §: X — Y and
A =% 0 a real number.

a) If Lm JATx - Exl, = o0 , then

l'x"x-raa
- ¥
m Mo - ST o .

lyﬁ:’:‘w ¥ T A y =

b) If 4 - ST ¢( % ) is a mapping of Y onto
Y, then AT - S is a mapping of X onto Y .

Proof. a) Suppose that there exist a sequence
{nypd,n, Y, Iy, I, —> co and a real number A > 0
such that '

-1, Y
Inhw-ST ‘a)ly'éA

for each positive integer m .
It is obvious that there exists x, € X such that
A = ATx, . The inequality

lypdy, = 1AL ITx, 0, & KIALHxy 1Y
gives Ix, 0 —> oo and IATx, -~ Sxﬂly‘A , a

contradiction with BATx, - 5-"»»-", —> 00 .,
b) Let x, € Y . According to the assumptions the-

re exist g, € Y such that ¥, - S’I’"(-‘%’-)- z, and

X, 6 X such that ATx, = 4, . Then
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ATx, ~ Sx, = z, and AT -8 is onto Y.
Theorem 1. Let T be an odd (X, L, a) -homeomorph-
iem of X onto ¥ with L =0 and §: X — Y an
odd completely continuous operator (i.e. 8§ is continu~
ous and it transforms every bounded subset of X on a
compact subset of ¥ ). Let A & 0 be a real number.
Suppose that
Um N Tx - 8xl, = oo.

lex-tao
Then AT - S mapa X onto Y .
Proof. It is obvious that ST-1; Y — ¥ is an

odd completely continuous operator. The lemma implies

. _ ST %y -
u.‘,ll‘:-?wh" ST (), o .

Let =z, € Y . There exists R > 0 such that
Wy -S'I"‘(':%-)ly >z, I, 2 0 for each
yeY, Iyl =R .

According to the properties of the Leray-Schauder de-

gree and the Borsuk-Ulam theorem we have that

R ey 1 is an odd number (i.e.

-1
ALy -sT'E) x
different from zero), where d [y - ST"(% ), Kg, 6,3
is the Leray-Schauder degree of the mapping 4 - STJ('})

on the open ball K, = {yeR, I,ytly < R # with respect
to the zero point 8, . Foreach 4 e Y, My I, = R
and all t € < 0,1 > there is

Ny - ST (E) —tz 1 21y - 5T (EIN, - Iz 1, > 0
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and thus from the homotopy property of degree we have
-1
dily - 8T (E) K, 2,1 =

=daly -ST'(%), K, ,01+0 .

The previous fact implies the existence of Y; € KR for

which - ST"’(ﬁ’-) =z From this follows that
% 2 o °

oy - ST“'(-%’-) maps Y onto Y and the lemma proves
the theorem. (For the properties of the Leray-Schauder
degree used in this proof see [3].)

Theorem 2. Let T be anodd (X ,L ,a)-homeomorph-
ism of X onte Y with L > 0 and . S: X —7Y an

odd completely continuous operator. Suppose that

ISx1
_Y
1y +oo LXI:' =Ae E1 °
Then for |A| € (i 4 > u {0} the opera-
X 7 L

tor AT - 8§ maps X onto Y .
Proof. For proving the assertion it is sufficient to

show that
Lm BATx - Sxl, = oo .
Ix ll=> o0 y
Suppose that there exist‘a constant M > 0 and a

sequence {x_ f x € X, Ix, I, — oo  such that

IA.T.xm‘- S5x,, ly = M . From this
ATX,, Sx A U T, 4
- v, AT T Ay
T P i B Ty A

(. 6,, is the zero element of Y .)
But 1Al 2 A 21AlL

, a contradiction with
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A A
Ale <%, -

Corollary 1. Let the assumptions of the preceding the:
rem hold with A = (0.
Then for each A # 0 the operator AT - S maps X
onto Y.

Definition 2. Let X and Y be two Banach spaces,
T: X—=> Y, a >0.

a) T is said to be q -homogeneous if T (t«w) =
=t*Tu foreacht 2 0 andall w e X .

b) T is said to be @ -quasihomogeneous with res-
pect to T, , if there exists an operator T,: X — Y,
T, .ia @ -homogenecua and if
th,NO0,(t 2¢ 2,28 24, 2. >0 and t, —
—-0), «u, =« , t% T %‘:‘)—rg.eY,then
To“o.' % -

¢) T is said to be @ -atrongly quasihomogeneous
with respect to. 'I; ,

— Y, T, is a-homogeneaus and t, Vv 0, w«, — «,

if there exists an operator T,: X —

inply 45 T( %) —> TLa, -

Remark 1. (See [1,1 aJ.) If S: X —= Y ia a-

strongly quasihomogeneous with respect to &, , then §,

2
is strongly continuous (i.e..&, ~—> X, implies SD X, —>
— 8, X, )oIf T: X — Y ia a -homogeneous, then
T is Q.-‘quuihomogenoous with respect to T provided

that . T is strongly closed (i.e. Ky, = X, T.x“ — 3

Amply 'I'.xo =n )and T ia @ -atrongly quneihomogoneog{a
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with respect to T provided that T is strongly conti-
nuous.

Corollary 2. Let T be an odd (X,L ,a) -hameo-
morphism of X onto Y with L >0, S: X — ¥ an
odd completely continuous £ -strongly quasihoemogeneous
operator with respect to §, a > &, A % 0 and X a
reflexive Banach space.

Then AT — S mapsa X onto Y .

Proof. According to Corollary 1 it is sufficient to

prove that

15«1y
Ix b+ Ix l;"

Suppose that there exist €¢ > (0 and a sequence

{xp 3, X, € X, kX, Iy, = c0  such that

"
X 18x,,1
—il_—-m‘—l— == % — ,va and -—.-m‘—dl_ Z €
Am X "‘u'x
for each positive integer m .
Then
S(ix, Iy v, )
2 v xm s S
bxm My ¢ o
I, 1
and because —_—m X ) we have
I, Iy
1Sx 1 hx W 1Sx 1
0 <« & = oY - M X —_—
a o - 0 .
LW 1, Iy I, Ny

It is a contradiction.
Definition 3. Let X and Y be two Banach spaces,
a >0, T,: X— Y, 5 : X — Y a-homogeneous
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operators and A 2= 0 a real number.

A is said to be an eigenvalue for the couple
(L, S, if there exists 4, e,x ) My, # Bx ( ex
is the zero element of X ) such that A T,y =
- S° w, = Gy .

Theorem 3. Let T be an odd (X,L ,a)-homeomorph-
ism of X onto Y with [ > 0 and a-quasihomogeneous
operator with respect to T; , Let 8: X —> 7Y be an
0dd completely continuous a -strongly quasihomogeneous
operator with respect to S, .

If A % 0 is not an eigenvalue number for the
couple (T° , 50 ) and X 1is a reflexive Banach space,
then AT -~ § maps X onto Y .

Proof. It suffices to show that

m WIATXx -~ Sxl, = o
lxlx-oco 14

Suppose that there exist a sequence {x,3,x € X, Ix, 0, — co

and a constant M > 0 such that

X
—— =y, — 4 and I1ATx, - Sx, | £ M

for each positive integer m .

Then
AT, Ny vy ) Sx, Ny ,) 0
- ~+ ?
Nk, 1 I, I y
S x| v, )
m ! m 3 59'% s
Ix, 1Y
AT, Ny v) S
(X 1 T %% ., end
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AT,o; - 8w =6, .

Because JATxq ly 2 lall > 0 we have
Iy %
Sovv; + 6, and ;, % Ox . Thus A is the ei-

genvalue number for the couple ( T,, S, ) which is a

contradiction.
Remark 2. If A % 0 is an eigenvalue number for

the couple (T, 3° ) , then the aperator AT - S can
map X onto Y, Set X = ¥ = 51 (the real numbers

I
x| .3

with usual topology) and Tx = x’, SX = —m—
1+ lx|

Then T x = x3, S, x = «° and A =1 is the ei-
genvalue number for the couple ( ’I; , 50 ) . But

o 3 lxl 3
- — x| -}
Ixlvco 1+ l».xl =
and according to Theorem 1 the operator T ~ S maps E,
onto 31 .

Remark 3. Let. X and Y Dbe two finitedimensional
Banach spaces. Suppose that T is an odd (X,L ,a) -ho-
meomorphism of X onto Y with L >0 and Ss X— Y
is an 0dd continuous and & -strengly quasihomogeneous
operator with respect to S, . lat S5 v = 9, imply
v = ex . .

If o < &, A+ 0, then AT -~ S maps X onto
Y.

Proof. We shall prove

.xlfxn:”IATx - éu l, = c0 .

Suppose that there exist a constant M > 0 and a aequen-
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ce {x,1, x, € X, Vx, 0, — oo such that
- nd IAT Sx I, ¢ M
E_J -
T b, Vo, —> A a A Txy, xq Ay,
for each positive integer m .
Then
ATx, b, 2 ) SUix, N, u,)
m X - m m "X “m
— - —> 6
EY- T, 1y v
AT, ), v, )
MALRLL L SC Ay S
L 0
Q Q
But Kial Bald ATty »>pja IXaly
i, by Ix,, £y hx, By
IATx, |
—_—X 5 0 and S v = 6, .
Py, Ay ° 4
From our assumption w; = Qx and this is a contra-

diction with [a, Iy = 1.

3. Applications
Example 1. Let {1 be a bounded domain in E, with
a smooth boundary 81 . By ﬁ'fi‘" Q) we denote the

well-known Sobolev space.

Let fe (BP(AN*, » >0, A+ 0 . The weak

solution of a nonlinear boundary value problem

N 3% la 1%
. = 7\.£§1 ——“x‘ T4 T e < f

u,-Oona.ﬂ.

is @ function « € ﬂn"” () auch that for any
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¥ e Wz"’ (n) there is

Su av lal®
%{ZT d..x {M',"‘_,u_w-vdxz_{f—vd.x.

=1

Denoting by (wr*, 4 ) the pairing between
(-]
(ﬁzm (QN* and Wz“’ (Q) we can define the
operators T, 5, §, s W,”( Q) — (W, (a))*  putting

VN du v

(Tu, ) = L% ong By &%
lw |®
(Sua._,'zr)zn-fu.- W rdx ,

(S,u,v) = Su.vdx .
2

The assumptions of the theorem 3 are satisfied and
thus the boundary value problem (1) has a weak solution pro-
vided -1— ia not an eigenvalue number of the homogene-
ous Dirichlet problem for the Laplace operator.

Example 2. The boundary value problem

N
- rm-'!‘
(2) _14«=1 ax- ( d-’(' »? la | s = f

u =0 on SN
has for 1 € m < 3 the weak aolution « € W;’(.ﬁ.)

for each £ € cﬁf‘“’(a))* and A #£ 0 .

For m = 3 the same problem has a weak aolutlon

for arbitrary f e (W“” (fN))* provided
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N oo Ou 3
- — - 2
(2% 1;2'1 5 (T; ) law 2y = 0

“w =0 on 90
has a trivial solution only. (See Corollary 2 and Theorem

3.)
Example 3. The same result as in Example 2 takes place
for the problem

N 6 aM. 3 i
(3) { —.?t.éq-gx—‘(ja;:)—('ii-lul"" Juw = f

u = 0 on o0

Example 4. Let M be a compact set in E, ; > 1,
@21, A % 0 real numbers such that -% = 4. Let

K(x, @) be a continuous functionon M x M .

If m < % then for each F € L% there exists

Mm € L4» such that
(4) A.Iu.l.E-'w -A.‘/K(«,ry,) lw(:y.)l'"‘"u.(g,)d.@ = F
(see Theorem 2).

If m = % , then the equation (4) has for each Fe
€ Lg’ the solution « € L” provided the homogeneous

equation
. £ {-1
47) Alawl u.-{x(.x,g,)lu.(fy,)l “u(yldy = (4]

has the trivial solution only (see Theorem 3).
(To prove the validity of the assumptions in Theorems 2 and

3 we must use the results on the centinuity of the Némycki’
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operator and the complete continuity of the Hammerstein’s
operator - see [3] and [9]).)

Remark 4. Some other examples of the differential and
integral equations from [5),[6] and [1,1 a] can be solved
by this way.
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