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Commentationes Mathematicae Universitatis Carolinae

11,2 (1970)
WHEN THE PRODUCT-PRESERVING FUNCTORS PRESERVE LIMITS
Véra TRNKOVA, Praha

Let & be a product-preserving functor from a,
category K with products. It is weli- known ((11, [3])
that @ preserves all limits exisﬁng in K whenever

it preserves a pull-back-diagram

/ [

\ B’
for every pair of morphisms f8 s B! , for which it ex-
ists, or whenever ¢ preserves an equalizer of every
pair of morphisms, for which it exists. But the latter
property may be satisfied by all product-preserving func-
tors for some categories K . The aim of the present
note is to study such categories K ., A characteriza-
tion of them by vearious equivalent assertions is given
in Theorem 1. One simple necessary and one simple suffi-
cient condition are shown. They make it possible to de-
cide in many concrete cases whether every product-pre-
serving functor from K preserve 1limits or not. Some
examples of categories with a different behavicur in pre-

servative properties are given.
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I.

Conventions. A class of all objects (or a class of
all morphiems) of a category K by X% (or K™ ,
respectively) will be denoted. As usual, the fact ot to
be a morphiem of K from a to & by o« € K(a, &)
will be written. The identity morphism from K (a,a)
by 4d,  will be denoted. If «'e K (a,&) ,
fe K(& a), foxmid ,then a is called to be

a retract of £ , B is called a retraction (of o« ),
o& is called a coretraction (of /3 ). (This is shorter

than the expression "splitting monomorphism".) An equali-
zer of morphisms o , 3’ by eq (9, #’) is deno-
ted. Sets denotes the category of all sets and all their
mappings. If X is a category, @ € K9 , then

K (a,, ~ ) means the covariant hom-functor from K to
Sets.

Let D be a small category, V: D—> K bea
diagram in K (no matter in the present note whether the
void index category ‘D is or is not included), & : K-
— H be a functor. We recall that @ preserves a
limit of &  if, whenever & hes a limit in K , na-
mely (Ia,-,-(.ﬂ.d ; d € D71 (where a ¢ K7 |
A,€eKCa,Dd),...), then d ¢ D hasa
limit in H and ( P(a); {d(Ay) ; d € DI is
this limit. A functor @ + K — Sets is said to
be product-covering if, whenever {a ; {9, ; L € Ji)
is a product of a collection {a ; L € J} in K ,

(
then for every collection {xL s L e J? , Where
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x € é (a," ) , there exists at least one X €
e d(a) with [P (M I (X)= X for all L € J,
Lemma 1. Let @ : K —> Sets be a functor,
R=4{R, 3 te K3 be a collection of binary
relations, every R, be a relationon & (t) .
Then there exists a functor ¢/R : K—> Sets and
an epitransformation » : & — ¢/R such that
1) A (x) = %(ry.) whenever xR, 4 ;
2) every trensformation (& : d— V¥ with
by (X) = (s (n4) whenever xR, factorizes
uniquely through » .
Proof. Denote by .‘.5:t the smallest equivalence
on the set $(t) such that [P(FINX)IS [P (FII(y)
whenever xR, 4 , §€ K(n,t). Put (PR ) ()=

= 45“)/5* ) let », 3 (E)—> °‘*’/5* be the fac-
tor-mapping. Then » = {3, ; ¢t € K73 and é/R
have the required properties.

Convention. Let K Dbe a category, 7, 7” €
€ K(s,s). Then by K(b’-)/f- g7 Will be deno-

ted the functor K (%45 ')/R , where R={R ;teK’}
is the collection such that R = (<7, o’> 3 ,
R*t =g for t o n .

Lemma 2. Let @ : K—> Sets be a product-
covering functor. Then there exists a product-preser-
ving functor Q. K —> Sets and an epitrans-
formation ¢ : $ — ¢.n. such thet every transfor-
mation o~ d — ¥, where ¥ is a product-pre-
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serving functor, factorizes uniquely through ¢ .
Proof. We shall prove it only for K not
small, Let < be a well-order for the class K9
such that every K: ={&eK7; & 2al isa
set. Denote by Ko' the full subcategory of K such
that K: is its class of all objects. Let a € K&
and let a collection RY = {R:' ;y c€ Kg 1 be de-

fined for all & e K¢

b R: being a binary rela-

tionon $(c) . We define the collection R*= {R7 ;
ceKJ 1 as follows: put x SJny if and only
if either X = ay or a collection Jw{a ;L6 J 7
of objects of X exists such that cad Y €

$ card K: , for every L € J  there exists
2{‘4’@ with a,‘,sl(;b and [P (ar )] (x)
Re LOCm )] () , where (csim ;e >
is a product of II in K , now, let R: be the
smallest equivalence on ¢ (¢ ) , for which
[(O(EIIGIRY [H(F)I ()  whenever x S o,
reK?7 , feK(t,c) .

Put R, = L RE,R=(R5a €K1, 9, = 9%

let £¢: § — Qn- be the factor-transformation.

Then Q. and € have the required properties.
1I.

Lemna 3. Let X be a category, 7, 716 K(s,t ),
let eq (9, 7’) exist. If either KU’;-’/”. 7’ or
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(¢ Kn, -)/’r- 7’ ) preserves g (77, 2’) , then
eg (77, 7’ ) 1is a coretraction.
Proof: Put either & = K(b’-)/f-?’ or O =
= (KA =)/ o) Let »: K(h, =) —
be the factor-transformation. Put o" = e (o=, 2o’),
e K(p,»). 1t £, f’ e K(46,q) are morph-
isms such that ¥, (f) =3 (£?)
ly § ¢ o = £ o o (it follows from the construc-

then necessari-

tion of @ ). If @ preserves ez(y, 7 ’), then
Y, (e, )= (e =) for some © € K(4,0). Thus
d"= 070 x 0, consequently T o O = id, .

Proposition 1. Let K be a category, 3, 7€
e K(n,t),1et eq (y~, 2’) exist.

1r K@s, ")/’,- y? preserves é¢ (2, 27’) , then
every functor from K to any category preserves it.
e ( K(é,-’/f. y?)y preserves eq (7, 7’), then

every product-preserving functor from K to any cate-
gory preserves it.

Proof. We shall prove the second assertion only.
Put d = (KCAy=D)/0p _r) let »: K (s, =)

—> @ be the factor-transformation. Let ¥: K —> H
be a product-preserving functor. If preserves

e (,7’) = &, then O is a coretraction, conse-
‘quently ¥ (0") is a monomorphism. If § € H( g ,
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Y(nm)) is a morphism such that ¥ (o)  § =
=Y (y?)eo § , then consider the transformation «:
:d—> H(g , ¥(-)) with @, (2, ({d, )) = § .
Since there exists < such that » (e Y= 3, ({d),
‘then §  factorizes through ¥ (o”) .

Corollary. Let K be a category with products,
D a diagram in K ,If every product-preserving func-
tor from K to Sets preserves a limit of 2 5 then e-
very product-preserving functor from X to any catego-
Ty preserves it.

Convention. For the sake of shortness

P lways denotes a diagram of the following form and

description

end- (¢ ; {7, sr’3 Y is reserved for a product of the

collection f{a ,a’i in the rest of the present note.
Proposition 2. Let K be a category, J° be a

pull-back and let there exist a product of the collection

{fa,a’1. 1f ( K(c’-)/ﬂ"r_ﬂ).”))“. preserves P°,

then every product-preserving functor from X to any
category preserves @ .
Proof. It follows immediately from Proposition 1.
Lemma 4. Let K be a category with finite pro-
ducts, let '{’ 7’; »—> t and ¢" Dbe morphisms of
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~9

K . Then there exist coretractions 3‘, 7 with a com-

mon retraction and such that the following assertions

are equivalent:
(i) d = eq(y,y);
(ii) d = eg(?,?{’)

N
(iii) is a pull-back-diagram.
a\ /5‘4’ '

Proof, Let (A xt; {a,, a, 3> be a product

e

of { A/, t § . Itis sufficient to consider the morph-
isms ?,g”":b——-) Axt with 7r;,oa'7‘=
=M ¥ =l Mo F =y, M F =y
Lemma 5. Let K be a category with products, let
®: K —> H be a product-preserving functor. Then
the following assertions are equivalent:
(i) ¢ preserves equalizers of pairs of coretractions
(with a common retraction);
(ii) ¢ preserves limits;
(iii) ¢ preserves all pull-backs J° whenever /3,
[3’ are coretractions (with a common retraction).
Proof. Use the well-known construction of limits
from products and equalizers ([1],[2]) and then use Lem-
ma 4.
Theorem 1. Let X be a category with products.
Then the following assertions are equivalent:
(i) Every product-preserving functos from K to any

category preserves limits.
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(ii) Every product-preserving functor from K to Sets
preserves limits.
(iii) For every pair of coretractions ¥ ,9': » — ¢t

. ‘ (», -
with a common retraction the functor ( K (%, )/7' 7y

preserves eg (77, ’) .
(iv) For every pull-back 47 such that 3, 3’ are co-

retractions with a common retraction, the functor

( K (c, -)/ﬂ oarw 3oy’ )y Preserves P .

Proof. It follows easily from Lemma 4, Proposition
1l and 2.

1I1I.

Definition, We shall say that a pull-back # sa-
tisfies a condition N if oc is a coretraction whenever
[3? 1is a coretraction.

Proposition 3. Let # be a pull-back in a cate-
gory K . If every product-preserving functor from K
preserves .’f), then J° satisfies the condition N.

Proof. Consider the functor § : K~ Sets
which is a subfunctor of K (¢, =) and ye @ (x)
if and only if ¥y € K (e, x )  factorizes through cc .
Let 3’ be a coretraction. Then «’6¢ & (a’) and if
. preserves P, then id, € d(c) , i.e. it facto-
riges through o« .

- Examples.

1) If en intersection of two retracts is not a retract

again, then N is not satisfied in a category. This
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situation occurs in many familiar categories, even in
Seta (the intersection of non-empty sets may be empty).
2) The condition N is not sufficient for a preserva-

tion of P by all product-pi'eaerving functors. We gi-

ve an example now:
Let K be the category of all non-empty sets with

" an equivalence and all their compactible mappings. Then
every pull-back in K satisfies N .Let ¢ be the,
following pull-back in K: d = (D, Ry?>, a =
=<A,R,)>, @= (A", R,>, &=<B,R,>, B=10,1,2],
A=4{0,13, A'={0,23,D =« 01, Ry = {v0,00,<1,1),
<2,25,<1,25,¢2,4>3, Ry= Ry n(ExE) for
Ze{A,A’, D} .
Let &, 3,«’, 3’ be embeddings. Now, we shall prove
that the functor (K (€1=)/y o0 L 40 ps)p  does
not preserve 7, Let »: X (e,-) —> ¢ be a fac-
tor-transformation. One can see from the construction
of & if
» €K, n=(S, R, @,9°6 K(e,5), », (9)= 3, (p?) ,
then necessarily 9((4,2))]1‘ P’'(<1,2>),<¢1,2>€¢c .
But o« o > (<1,2>)R, m(<1,2)) forno T &
e K(e,d) .

Definjtion. We shall say that a pull-back £ ,
where (3, (3’ are coretractions, satisfies a copdition.
S if

either there exists 4 such that ‘o o3 = 4‘4‘ and
© (3 factorizes through o
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or there exists @’ such that @’ o B’=<d,, and
‘o’ e (3 factorizes through o’ .

Proposition 4. Let 7 be a pull-back in a cate-
gory K ,let 3, 3 be coretractions. If 7> satis-
fies S , then every functor from K preserves P .

Proof. For example, let there exist @ with
@eB=did, , @e B =oe 6  for some € .
Then oc ¢ 6 o <’ = @ ¢ 3’¢ ot’= P o (3 e x = cc conse-
quently c’coc’r.-éd“_. If p: X— H is a
functor, then ¢ (o?) is a monomorphism. Thus it is suf-
ficient to prove: if 9, 9’ ¢ H™ such that  (B)e
ey =&(B%) o p’, then there exists o€ H™ with
Plx)oe ' g, d(ax?)e o=y’ . 1f we put & =
= d(6) o ', then I has the required properties.

E;amgl’e. The condition S is not necessary for a
preservation of & by all product-preserving functors.
We give an example now:

Let X Dbe the category of graphs, i.e. the category of
all sets with oné binary relation and all their compac-
tible mappings. Let P be the following pull-back in X:
d=<D,R)>,a=<A,R>, & =CA" R,,>, &=

= (B,R,),Bﬂ- {0,1,23, A=40,13, A’=1{0,23 ,
D=403, RB' £¢0,0>,¢1,1%,¢2,2%,<4,2>%3 ,
Ri=RB‘n(Zx z)

for Z e{A,A’",D}. Let «x,3, x?, 3’ be embed-
dings. It is easy to see that # does not satisfy the

condition S. Now, we shall prove that the functor @ =

= (K (c, - >//3 o= 3’5’ )y Preserves T , For every
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natural number m denote by @, .= <G, , T, > the
following object of X : G, = (0,1,2,..., 2m } ,

T, = £€i,4 33 & = 0,4,000, 2m }
v {<2i-1,2¢55 L =1,2,...,m }
u{<2i+4,2‘£>§ 4‘/34,2'011,“-4; -

Let (g {v, ; m natural number 3> be a product
of the collection {g,, s m 1, g =¢(G, T). Denote
RANE PR 2
Y%, )= 0, 4, (x )=, y, (x))= 2, y, (x) )= 2m-1, 4, (x] )= 2
for all m .

F) . :
Ky, Xy X the points of G  with

Let 9, v’ : & —> g Dbe the morphisme with 2 (0) =
=0 =X, ,y M= X (=X, P’ (N=X), ' (2)= x; .
Let »: K(e,~) —> @ be a factor-transformation.
Then Dg_(yoﬂ‘ﬂ‘) = 9’(70ﬂ’-ar’)= ﬁ’(?’oﬂ’O.ﬂ") -
-3 (y’e3esr), as it follows from the construction of
o . Since X and .x; belong to different components

of the graph T , then there exists a morphiemd g —> ¢
such that

d'(a(,\-d"(.x,,)=d'(x,_)=<0,0), o(xg) = Ilxy) = <1,25 .
Denote by 2 the morphism from ¢ to & . Then
ﬂsﬂcd’oa"oﬂo:‘r, Jr'-ﬂ'.d’:g”o/z.’a mw’ s
ﬂad‘og"ﬂﬂﬂﬂ=“0’5, ﬂ’OJOTO/Z:DJ’r,- x’e T ’
consequently ‘%'(Jr)- ”a,(x‘t): 25 (r?) = 2, (x’o ),
If pe dla), o’e $(a’) such that [P (B)I(P) =
=[P(R3°)I(@’) , then there exists 6 € XK (¢ ,¢) such

that
- 375 -



N (Te@)= @, 3,(s7% 6) =@’ and then
P alP)](n,(ved)), g m [§x)] (0, (2 o6)) .

Thus every product-preserving functor preserves P .
Theorem 2, Let KX be a category with products. If
every pull-back 5 , where 3, (3’ are coretractions,
satisfies the condition S, then every prcduct-preserving
functor from XK to any category preserves limits.

Proof. It follows from Theorem 1 and Proposition

4.

Exgmples. The condition S is satisfied for every
pull-back £ , where (3, 3’ are coretractions, in the
following categories:

A) the category of all non-empty sets and all their map-
pings;

B) the category of all pointed sets and all point-preser-
ving meppings;

C) the category of all sets and all inclusions;

D) the category of all vector spaces over a field and
all linear nappinés; »

E) the category of all non-empty (or pointed) topologi-
cal 'I",, -spaces and all their closed (or,moreover, point-
preserving, respectively) mappings;

F) the category of all (X, 1, R), where X is a
non-empty set, n € X ,R= (R _; ¢ ¢ Ji,neR c X,
and all point-preserving compactible mappings;

G) the category of all non-empty unary universal algeb-

ras, the (unary) operations 4, , 4«,, ... of which sa-
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tisfy the identity
My ity (x) = e (y) ,
and all homomorphisms.

Convention. Let J be a directed set, considered
as a thin category. If H is a category, then by H:’
the category of all functors from J to H and all their
transformations is denoted. If b : ¥ —> H is such a
functor, then by ah.’ is denoted the object-of H cor-
responding to L € J7; by h:’ is denoted the morph-
ism of H , corresponding to the couple <L, L’> when-
ever | £ (' .

Theorem 3. Let J be a directed set, K be the
category Sets 7  or (Pointed sets)” . Let 7° be a
pull-back in X, 3, 3’ be coretractions. Then the fol-
lowing assertions are equivalent:

(i) % satisfies the condition S;

(ii) every functor from K to any category preserves 17,
(iii) every product-preserving functor from X to any ca-
tegory preserves P,

(iv) P satisfies the condition N.

Proof. The implication (iv) ==> (i)has to be pro-
ved only. We may suppose that oc_, cc:, B, , B, erein-
clusions and d, = @, N @]  for every ( € J7 . Let
A: &—> a be aretractionof 3, %:a —> d be
a retraction of ot , We define ©: & —» a as follows:
denote {1, = (."BJ\. (aﬁf' > (q,-a,);
put @ (x) =A (x) for x € o, ,

{a‘_(“)g(t&o.’k‘_)(x) for x € 1'.‘_-41-‘_ .
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We prove that © is a transformation, i.e.
9 »
(%) O, o =a, ep
L
for every L% L’ . If x € 4 ~ f_ , then Xitx) e
€ 1!"_, - 1, and then (x ) holds. Let x € £ 3 if
Rr:’ (x) € n, , then (x) is evident; if &l x) &
9

¢ f, , then necessarily Xix) e a, n al, , which
implies (X ) agein.

One can see easily that @ o /3 = id, and o o /3’
factorizes through o .
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