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THE MINIMUM EXISTENCE OF FUNCTIONAL
»
S Fx) g (), 2(t), () )dt

Vladimir SOUCEK, Praha

Introduction. The problem concerning the existen-
ce of the minimum of the functional in the parametric
form is solved in the Achiezer’s book: Lekcii po varia-
cionnom iz&isleniju, Moskva 1955, on the bases of Rus-
sel’s lemma and Tonelli’s theorem. A different method
is used in this paper. First of all (§ 1) the generali-
zed theorem on the existence of the minimum of the func-
tional in the nonparametric form is proved. By means of
this theorem the theorem on the existence of the mini-
mum of the functional in the parametric form (Theorem
2.3) can be easily proved, in this theorem it is not e-
ven necessary to assume anything about the second deri-
vatives of the function F. Another advantage of this
method is the possibility of defining the function spa-
ces, in which the minimum is searched, more generally,
and at the same time to prove the equality of the func-
tional values of the couples of the functions that ex-
press "the same curve". The theorem proved in the Achie-
zer's book (Theorem 2.4) is a consequence of Theorem

2-30
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§ 1. The generalized theorem on_the minimum of

the functional in a nonparametric form

In this paragraph we shall discuss the existence

of the minimum of the functional
/4
Y= L Flx, Yx), ¥Y'(x))dx

where F(x,Y Z) is defined on (@, &> x E,, and
Y(x)=LY (x), ..., YN(.X)J is the vector-function
in{a & > whose range is in E .

Let C“’((cp,@‘)) and W:’Ka,, £&>) be the
usual spaces of the functions, i.e.

let Cm(<a., X)) be the space of the conti-
nuous functions on (a, & > and

let W;:’ ({a, & >) be the space of the abso-
lutely continuous functions 4 (x) on (a, & > whose
derivatives zy,’(,x) are in Lp ({a, &#>).1f B is a

Banach space, we denote

Y Bay v, Y eBif 1%~ 1,—0
and
B .
Y.—Y; Y,,Y, € B it (Y, ,V)—
— (Y, , V) for a11 V e B*
Definition.l.1. We denote by [ W:’ Ka, &> "
the space of the vector-functions Y(x) = [ Y (x)...

oo, Yy (X)) where Y, (x) € Wy

=4,..., N  with the norm

N
%

(Ka, &) ; i=

hy; Hw;? .

)
L3

hy “:wﬂ’l" =
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Similarly we denote [Cm(<a., £>)" the spa-
ce of the vector-functions Y (x)= LY, (x)..., Y, (x)]
where Y;(x) e C? (<¢a, £#)) ;i=1,..., N witn
the norm

N
iy ltc“”]" = ;321 hy, lc(a) .

Theorem 1.1. Let 1< fo < o ; D,..., D e E .
Let F(x,Y,Z)e C?(«a, &> x E,, ),1et
B (x,Y Z)e c<a, b>xE, % G);4=1,...,N , where

G={ZeBy3; Z#D;, g=1,,m3.
Suppose that
N
1.1 IF(x,Y, Z)) = c,(1YIEN) (4+4§_4|Z4.l")

for 811 [x,Y ZJe<a,#)x E,, and
N -
1.2) IF Y, 2% ¢ (1Y ) U+ 5 121"
4 N 191 hd

for 211 [x, ¥, Zle(a, > xE xG; 4 =4,.... N
where ¢, (t), <= 0,4,..,N are continuous, nonnegative
and nondecreasing functions for t € <0, co )

Let for Z", Z* e G; x€a,&>; Ye kL,
N
(1.3), 2 [F,(x,Y, 2~ F, (x,Y,ED1(Z}-Z])20 .

Let Y, € [W, Ka, &#11" ;

; m=20,1,... ... and

)N ) 1N
Ym. Wp 1~ yo; y‘n [C*] > y° -

Then the integrals

&
Y,y = [ Flx, Y (x), Y, GO x 5 m = 0,4,u. ..
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exist and
Lom q;(yﬂ) 2 @(Y,) .
m o0

Proof. 1) Consider ¢ > 0 . For all m = 0,1,...

we define
Y,:.’ (x) = 0

for those x € <a,&? for which Y’ () has not

[cfﬂ’ ]N .
been defined. Since Y, ——=* Y, there exists

K, > 0 such that

(1.4) IY”(,x)lE”< K, forall xe a,L>;meN

(1:5) 1Dl < Kgpurry IDple, < K, -

The function F(x,Y, Z) is continuous in
{a, &> x E,, ,hence F(x,Y,6 Z) is uniformly con-
tinuous in (a, &> x X ,where X is a compact sub-
set in E'zw , i.e.
(1.6) for every g, > 0 ‘there exists ¢, > 0 such
that for any [x, Y, 2%l ea, &> x KA ;
#d=1,2 we have

121- 2%, <&, = IF(x,%ZEN-Fx, Y, Z)I< g, .

Hence, there exists a vector-function E (x) e [Lp N

such that

(L7 Y (x )= Y) (x)+ E(x) # Dy sm=1, b ; X €<, &)

4 —_
(1.8) | [ [F (x, Y, ¥, 0= Flx,Y,, Y 1dx | < o ;

? ‘m2

meN
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(1.9) Ex)=0; x ea, &), Y, (.x)lEN > K,

(1.10) lE(x)lEN < J; xe<a,b)

since for sufficiently small E (x) (1.6) implies (1.8)
and for X € (a,,!r) 5 Yo' (x) = ]Jm the function
E (x) may be taken such that Y, (x) s D, .

Next, we consider

(Y, )-d(Y,)=A,+B, +C, ,

where
&

An=[F(x,Y, %)~ F(x,Y,, Y ldx

} —

B, =[LFx,Y,, L) -Flx,Y,,Y)]dx ,
4

Co =f [F(x, Y, ¥)-Fex, ¥,, Y 01dux .

The integrals are convergent by (1.1).
For all x €<{a, &> we have
. ’
S Flx, Y, Y, )=F(x,Y,,Y,)

and so
Lim C'n = 0.
m
By (1.8) we see that B, 2 — 0¥ for all me A .
2) For all me N, x, € {a, &> we can consi-
der the function

P = F(xy, Yo (XY, L, (x )+ LY (x )= Y, (x,)1).
The function g(t) is defined and continuous in
<0,1>, ’(t) exists for all but a finite set of

te<0,1> ,
(1.2), hence

@'(t)  is integrable in <0, 1> by
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P - g0 = [Igct)dt .

Thus \ve have

=./f/ Z’F;‘(x,)’mx+t[)” - LY -Y,  Jdtldx

and Am-o;m4./3m+x”,uhere
&

G = [ [1;1th (X, Y, L+t [Y-Y,1) -

- R (.Y, YY)~ Y, ldtldx ,
Bo= B, 00,Y,, Y- LY . =Y  ldx ,
X = "’ B, Y%, %) Y, - ¥ ldx .
3) By (1.3) we have &, = 0, me N.

)

[
M= 3

1)
v
-

We easily see that

E, (x,Y,, L) —%5 E_( e

); Q"",r;-'l

I

?2 0

and YM'& — Y,; weakly in L , thus 3 — 0.

‘ For Y. Wwe obtain
Ifr,,léf; IR, (4, %, Y, 1E; 1 dx
” -—ﬂ-4 N
< max o (1Y 1, 2 f A+ 10 ) Z By ld
but for x e <a,&>, IV, (0l > K, + " we have by (1.9)

that E (x) = 0, hence

U = ~max ¢, (K)) (1+ K, +0)-0 N(tr-a) .

4 =4,.,N
Thus

Km L (Y, )- & (¥,)] 2~ mar ¢, (K Y1+ K +0)d"Nb-a)

m=>co

but o > 0 is arbitrary.

Theorem 1.2. Let 1< f < 00 ; A,B € E, ;
Dyyeey Dy € E, . Lot F(x Y, Z)e CP(a,t> = Ey,)
and B (x,Y,E) e CP(a, B> xEyx Gy 4=y N,
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where
G=§{Z¢ EN;Z#'D?', j—:'f,-..,/‘."] .
Suppose that
N
(1.1) 1F(x,Y,Z2) = ¢, Yl YU+Z 1Z,17)

for[ x,Y, Zle<a,¥> =< E,, and
N -1
(1.2) IFM(X,Y,Z)Iécq;(’Y‘EN)('“'lé’Z;“’ )

for Lx,Y,Zle<a,bd>xE xG;i=1.., N, where
c,(t), ©=0,1,.,.,N are continuous, nonnegative
and nondecreasing functions for t € <0, co0)
Let for 2', 2'e G ; xe<a, 4>; Ye E,
N
2 LE, (x,Y,2%) -

(1.3) 7
- B (,Y, 201 (22 -27) 20

Let there exist g, > 0 ; % € E.1 such that

N

(1.11) F(x,Y,Z) 29,2 |Z,|"+ g

for all [x,Y,Z] ¢ <a,&> x L,,
Then the functional
oY) = .‘{"F (x,Y(x), Y(x)dx
is defined in
M={Yelw, 1", Ya)=A,Y#) =B}
and there exists an absolute minimum of $ in M .
Proof. By (1.11) we have
QY) 2 4, (&-a)
for all Y € M , thus there exists

mQ(Y)eE., .
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Next, by (1.11), there exists K, > O such that

Y)Y > & (0)
for all Y e M , ﬂYh:w”,JN > K, , hence
"

Jok DY) = inf BY) = o, .

where
)N
K= iyetw, 1", I¥l,mw = K, 7 .
There exists a sequence

{Y s ; ¥, eMAK

such thet m & (Y,) =d and at the same ti-
m ~¥ co
me
0) N o) N
yﬂ.l:_c:___]__a Yo ) ym- ..E.‘_”_&.J__s Y, .

By Theorem 1.1 we have

d = tm QY,)2 PY,) 2d .

§ 2. Theorems on the minimum of the functional
in a parametric form

Definition 2.1. Let (A, , A), (B ,Bz) €Lk, ;
(A,, A)) # (B, B,) . The set of pairs of functions
[x () a4(t); <o, 3>] which are defined and abso-

lutely continuous in (&, 3> and for which we have

x(x) = A, , x(3) =3B, ,

yla) = A, , y (B) =B, ,
will be denoted by S .

Definition 2.2. For all pairs[x, g ;<oc,B>]€
€ S we define the nstursl parametrisation[X(4),
%(w)s €0, £5) in this way:
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the function
t
ht) = [ VEI(2)+ 422 ol

is absolutely continuous, nondecreasing in {oc, 3> P

it maps <oc7 ﬁ) onto <0,,£ b ) where

A
L= VE2(r) + %2y dv .

Then the function @ (4%,) = min {t e <x, > ;
H»(t)= 4,3 is defined on ¢ 0, £ > and we can de-
fine

X(p) = x(@(h)), G(r) = nglp(n))
for all » € <0, £ > .

Theorem 2.1. Let the function @ (4« ) be ab-

solutely continuous and monotonous in (e« , B> 3
*x,B e 51 ; & < /3; let the function £ (x) be
defined in (@ () , @ (B)> (ordyp(pB), @(x)> ),
let the function £ (x) be Lebesgue-measurable in

(@ (), (R > . Then we have
<) B
.(;’(m fix)adx = 4 flgw)) g'ulduw
iff at least one of the integrals exists.

Proof. (11, p.434.

Lepma 2.1. The functions X (), 4 (») which
are defined in Definition 2.2, are absolutely continu-
ous on (0, £ > moreover, [ X ,6 7 ;<0,£>] is the
natural parametrisation of a pair [ X, 4 ; <0, £>)

and

2 2

(-3 -3
X“(m) + Y (w) =1,

a.e. on <0,z> .
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Proof. 1) We denote on <o, 3D :

¢1(t)=i—((g; &, (t) = {:,’ , if there exist 4 (t) ,
X(t) , Aty and if B(t) > 0 ;

J
dct)=%ct); P, (t)=dp(t),if there exist X(¢) ,
G(), B(t) and if A(2) =0 ;

Q,, (t) = @2 (t) = 0 in the other cases.
We also denote

P ={te<a,6 3>; there exists X (t), g Ct), A(t)
and A (t) = VEictr+ F <t} .

For t, € P we have

a) if 5(t,) > 0, then @(s(t,))=t, and

& (@ () 5(t,) = i—%‘i)’— ch(t,) = x(t,)

b) if A4 (t,), then
b, @(H(t,))) ¢ A(t,) = X(t) =0 .

.
2

Hence

(@) B(t) = Kt
a.e. on {k,f3> ,

By Theorem 2.1 the integrals are convergent
and we have

A (2] &)
joé,,(q:(b))do =Z ¢1(9’(¢(t)))- é(t)dt=z X(t)dt =

= X (@B = x () = X(p,) - XCO)

for all A, € <0, £
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Hence the functions 3(/9), /y",(/a) are absolutely con-
tinuous on ¢ 0, £> and

g(h)m D @r)) 3 ) =Gy @h))
a.e.on <0,£)> .
2) We want to prove that

2,
LVRE ) + ) ds = 4,
For t, e P:

a) if A(t,) > 0 , then @ (s(%,)) =t, and

Vig, @ (ot )1 + 18, (@ (n(t, NI - A2,y =

13 - \ .
"D VEEct )+ 42ty - A(t) = b(t,) ;

b) if 5 (t,) = 0, then

VLS, (@ (5 (£,0)1% + [, (@ sCt, NI A(t,)= h(t,)= 0 .

Hence by Theorem 2.1 we have

bo A,
LV + G2 rds = [ VI8 s T +L3, (@ (a0 Pa s =

Fhp) (4)
= 4 \/H!’(?(b (t )))32+ [¢1C97(b (t )))]2'/.» t)dt = Z Alty=h,

and also

V&L (o) + 42(m) = 1
a.e. on <0,2> .
Definition 2.3. A pair [X ,a,;<a,, &, >165S is
equivalent with a pair [x,, y, ; (a,, #)eS if
4
L

4
and if for natural parsmetrisations we have

A
Srrsgl@rdt = [0 4@+ g rdt = 4
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X, () = X, (A) 5 g () = G, (k)
for all » € <0, 2> .

Definition 2.4. By the concept of a curve we un-
derstand the class of equivalence in S .
We denote by £ the length of the curve.
We denote by ‘T the space.consisting of all the cur-

ves.
)

Definition 2.5. Let F(x, 4, «,2)e C (E));
let F'(x,ap, «,~) be positive homogenous in [u,,nr-],
i.e.

Fix,ny, hw, kv)= k-Fx,n, a,v)
for all 4 > 0; X,ny, «,» € E .

We define the functional ¢ on T by
d(C)r= .‘/‘:ﬂF(.x (t), g (), K(t),g(t))dt
where [ x,4¢ ; <oc, 3 >] 1is any pair of the class ( .

Theorem 2.2. Let F(x,q,u,v)e CP(E),
let F(x,a, «,v) be positive homogeneous in [ «,
arl, let L[ X, i ; <0, £>] be the natural para-
metrisation of [x, 4 ; (x,B8>1 €S .

Then there exist integrals

2

3
S FCx (8), (), &C(E), H(£)) dt
/ .

L 2
S FE ), G, &), 50 ds
values of which are equals.
Proof. 1) We denote
Ny={ne<0,27; e % (r),(») and Exm+ifiinr=13 ,
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Ny={tecec,3Y; ex. 5(4), %), 4(t) and b W)= VETt)s g2cH33.

We define

Vo) = FK(s), G (m), X (5),45(s)) it s e N,

¥i(rs)=0 it »e<0,£>~N,.
There exists K > (0 such that [¥(s)| £ K for

» €<0, £> , hence we have by Theorem 2.1

V] 2 )
L P (X)), G5), X)), @(m))d/oa/f’!(/a)db =L Yooct))-hddt.
2) Let t, e N, :

a) if A(t,)= 0 , then
Fx(t,), gt,), K(t,), Gt N=Y(stN- 5(t,) =0 ;
b) if A(t,) > 0 , then by Lemma 2.2 the func-
tion
F@)=min {te<x, 3> ; »(t)= T}

is continuous in t, = @ (4,) , hence there exists

2 L S )X (P Ch, )= (P (h,))
x(b,):&mm—x 1 LAY P4 @ %
by=rhy By~ B Ayrhg (P (8y)) = H(PCh))

— tim x(cy(@)—‘x(q(b,))' Y 1
Phy Po) = P(h)  m¥s, AlPA)) - s(@(s,))
P -P(h,)

AT AN 1

tat, ti-t, -t A(L)-slt,)
t'l- (-]

Similarly there exists

° 1
= x(¢t,) XCLy

2 ° 1
% (n,) = ’U'(to)' -g—(?o—)—
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and then

L3 o 2 ° 2
KUY+ g 2m,) = Xl v g ()
o)+ B7(%) AZct,) 1

2

hence 5, € N and we have

¥n(t,)) - 5(t,) =

x(t ) (t,)
F'(.x(.t,),rg.(‘t ), é(to) ) %?E:_)_) k(t,) =
=F(x(t, Y,y (t,), X (t,), 4(t,)) .
Hence both integrals exist and we have

s )
4?(»(1&))';.-&&/ F(x(t), g t), &m,n;ct))dt .

Lemma 2.2, Let [x,y4;<x,B>]1€S, ¢, € (x,B>;

ACE) =“/°' Vaieer+ficerde

, let there exist 5(t,),

X(t,) , @ (t,) anda Acty= Vi) + gct,y

A(t,) > 0 . Then the function ¢ (4,)= min {t e<x,p);
A(t) = 5,3 ie continuous in 4, = A(t,) .
Proof. There exist & > O such that for t e
(t,~d, t, + &> we have

(2.1) A(t) =n(t) 2 c-(t-t,) ,
where ¢ = Y2 ACt,) > 0.

Since the function A (%) is increasing in ¢ |
we have @ (5,) =t, . If for any » € (»,, 5, + c0O")
we have @ (5,) 2 t, + & , then

= rl@(r)) 2 H(t,+d) 2 h,+cd
which is a contradiction.
Hence for Py € (/50 s B+ € g ) we have
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g’(/a1')€(t°1tf,+d") .

Similarly for 4 € (5,-cd, # ) We have @ (n,) €
¢ (t,-d,t,) and for s € (s -¢d,45, +cd") we have
lg ()=t | < o and vy (2.1)

P(o,) - F(n,) é. Chy =5 )

Theorem 2.3. Let F(X,Y4,«,v)é C“”(.E4) ,

@)

F o (x,4,u,v), F (x,4,4,v)e C e,
where

G={[x,y,u,vleE,;u«2+v2£07 .
Let F (x,a4,4,2) be positive homogeneous in [«,2],
let § Dbe the functional defined in Definition 2.5,
let Fix,ny, ws B, sind) 2 0 >0 for all
x,y, P ek, .

Next, let the function
E(x,n4, 4,000, 3) = Flx 04 0,071~ 10 - F (x yag, 00, 8)- 1 F Cx yy00 )

be nonnegative for all X,4,4,v;,3€E, ; ?+32£ 0,
w2+ 12 0 . Then there exists the minimum of the func-
tional & on T .
Proof. For Ce T we have § (C) =2 co-2£ >0,
hence there exists
c‘é’%’f‘i’(“ =dekE, .
Let C1 € T , we denote

K = 20
(8]

4 ’

u={CeT; <K, 3.
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If CeT, d(C) £ d(c,) , then
w- 2, = dccy)E P,
hence C € U . This means that
C:ﬂ&"tb(C) -c<:t1f dcy=4d .
There exists a sequence of the curves C,,L e U, the
lengths of which we denote £, so that
n_,gz» $¢c,) =d .

By substitution 7o = 'Z% in the natural para-

metrisations [ %, , 4, 5 <0,4£,>] we obtain

R @) = X (28

n‘}”('?:‘) = @'In(’z"zﬂ"—) *

Then [ X, ,6 %, 5¢<0,1>1 e C, and

d X,
gz ¢ & ¢ K,
| G| = L s K
a.e. on {0,1> .
Hence X, , %, € Wi’ (<0,1>) and moreover,
by ¥p (0)=A; %, N =B, ; G, (0)=A,; 7, (1)=B, for

all m € N, we have
I “nnwzm«o.m = K, ,

I "hv“wz“’«o,an £ K, ,
where K 2 is the constant independent on m .

Then there exists a subsequence {%3 so that
) [4}]

xu_;_x Xo 3 ,_v:%__&—A Yo
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and at the same time

— ¢ 0
'y'nh“'_—» Yo

where X, n, € WS .

The function F(X,%, «,% ) is positive homo-
geneous in [w , v ], so by differentiating by 4 we see
that
we B (x, g, )+ v F, (x,4,u,0)=F(x,n4,u,0),
hence
mLF, (g a0, 2) = F (X, 4,0, 31+ [F (4., 4y ) -

-F (,p,a,8)] =20
and
[R(x, g, u,7)-F (x,4,%,3)] (w-ax)+
+[F (g0 ,0) =B, (%, 4,00, 301 (-8 20
for all X,y , 4 ,v;x,3€k, susvie 0, %+ B2+ 0.

The function F (X,%,«,w ) is positive homogene-
ous in L« ,v 1 , hence
(%, feas, v )=, (X, 0, 0,005 T, Cxy 2., e, k) = B (3, ,00,77)
for all R >0; x,y,u,ve€ 31-, “Pa?£ 0. By
P(X,"h“’v)e C(O)C‘Elr)i B, 4,40, B (x4, 0,0 ) € C “c6)
and by the homogeneity of the function F there exist
the functions ¢, (t), ¢ (¢), ¢, (¢) continuous, nonne-
gative and nondecreasing in < ¢ , O ) , 8o that

IFl,np, a0, £ ¢, (I[x,q.]lsz) 1+ 2 + 2»2)
for all X,4,u,v e E, and -

| B (x, g, 0,2 £ 31('[-)(,1‘,]'5’_) U+lal+l21)
[F, (g, 0,20 £ cz(lfx,vy,llsz) A+ lwl+ l2r1)
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for *»%,4,v e E Crvtao.

By application of Theorem 2.1 we obtain
d = im &(e,)Z Ple),

hence
Q(C‘):.-. d .

Lemma 2.3. Let F(x,4,«,»)e CP(E,) ;
F(x,M,,7)6 C¥(G) ; let the function
F(X,%,4,7) be positive homogeneous in [c,2-] . Then
2.2) B (x,y, w,v) = T F(x,y, u,v) ;

2.3) By (x,4,4,0) = o Fo(x, g, e, v)
(2.8) B (x, y,u,v)=—urv.F («,y,4,2),
where ‘
F

PRLIL IR 2L AR C R TR

M2+ 2 ‘

(2.5) F(x g 0,2)=

Proof. The differentiation
an T 0y h ar V4 ar B (X, ap 4 ,1) = F (X ap 00,07 ) 5

by 4« ,v leads to

(2.6) w B, (5 q,u,0)+v B (x,q, +)=0,

(2.7) ». F't‘rv (x,n4, v )+ M'E‘,-“ (x, np,e,r) = 0

which together with (2,5) yield (2,2),(2.3),(2.4).

Iheorem 2.4. Let F (x,n, 4,2 ) € CP(E,);
Fix,np,0,n0) € CP (G), let F(x, gy, «, v)
be positive homogeneous in [ «,v ] , let

Fx,n, cosd sin #) 2 & >0
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for all x,n,P € E,. Let
Faw (%, 04, e008 pin>), F,. (x,4, cos 24, sin8)20
tor all x,4,4) € E . Then there exists the minimum of
the functional $ on T .

Proof. It is sufficient to prove that

E(x,y, ,v,x, 3) = 0
for all X, ap, ae, v, 06,3 € E; ul+ 0?4 0; &2+p%2 0.

2 2
1) Let X, y, u,v; %, € E ; i+ via’sp=1.

There exist ©, ¢ € E, =80 that g€ <O-w,0+7>.

and
Cob © = x ; Him O = 3 ;
oy P = om p = Vv,
We have
E"‘—[ch,.,,mfmwh_,m@,p (. 1p, €05 T ypin DI
T “ Lok £ ’ yryys E e 44 ?
+eovw T, (%, 4,e0nv, sin v) =

=[- sin T 2m?¥ - sim 7. cor?r]. E (%, %,5%27%,

pimT) = - Mt’-a (x,q,,ws'r, sin T ) -
Hence
Eg("y’V’;WV,M?)-E(x,:y«,m@,m@)"‘"
o
=—,/;M'r- F, (x,%,cos v, ninv)dr
Similerly

F_‘v_(\x,'l}«,mg’, M?)—E"(x’py,’me,m@) =

% E
=é’ s B (x, 4,0, scmaddr .
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Hence
E(x,y,u,nx,8) =

=,[:’[—aoogméma+m?meﬂ. B (x,4,cos v, mnv)de=
-‘/:;:u}n«(g-?:)' E(x,y,conv, sine)dr .

Since T, (x, 4, coo =, sm=) 2 0, we have:

a) if © % @, then for 7 € (6, g> we have

rmv(g-2) 20

end E (x,q, 4, %x,3) 20 .

b) if ¢ £ @, then for > € (g, & > we have

. sn (g-v) & (0
and

F(x,q, 4,0, ,3) =
&
-r/?' [-sim (@-2)1-F (x, 4, cos v, sin ¥)dz 2 0 .

2) Let x, 4, at,v; 00,3 € E, s 4P+ v 0; 0% 374 0.
There exist R, £ € (0,00 ) so that

A2 (ulsrr?) = 4’(w’+ﬂ1) =1 .

E'o(xr 'y‘;"‘”ﬂ’) )
E;,(.X,Il},/kw? /kf‘l’)‘- F;’(x’@’“’”) 2
F, (x,y,La, £B) = B (x,m,,3) ,

L
and

E (x, Y, by, x,3) =
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-}e{ku[a (X0, ks, k) - F (X, 04, ke, £3)] +
+thew [F, (x,q4, o, kv )-F (x,4,L4,£3)13 2 0.
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