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ON THE CATEGORY OF FILTERS

Vdclav KOUBEK, Jan REITERMAN, Praha

In the present note the category of filters is
studied. Denote by Fo the category, the objects pf
which are ordered pairs [ A, ¥] , where A is a set
and ¥ & filter on A . The morphisms from [ A, 5]
to [B,g,] are all mappings ot: A— B  with
«'(G)e § for every G € @ . Denote by F  the
category which we obtained from F,, by identifica-
tions of those mappings «<, oo’ which are equal on a set
F € . Exact definition c.f. below. The note has four
parts. The first contains the basic conventions and e-
xact definition of the category IF «. The second part
contains the chax"acterization of epimorphism and mono-
morphiems in F , In the third part the concretizabili-
ty of the category [ is proved. The fourth part con-
tains some examples of categories the concretizability
of which follows immediately from the concretizability

of the category F.

1. Conventions from the set theory
1f A,B are sets, f a mapping f: A— B,

and C a subset of A then #/C  denotes the res-

triction of ¥  to the domain C .
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1If A,B are sets and 8, is given for everya € A ,

then the set of all §; @ € A is denoted by

2
{'ba, ; & € A} ; the mapping a — 4; is denoted by

{hlaeAd.

Conventions from the category theory. If K is
a category, then IK‘Y denotes the class of all its
objects and K'"’ the class of all its morphisms. If
o, e K% then K (a, &) denotes the set of all
morphisms from @ into A4, If

a, b, ce K', teKla, &) geKibe),
then the ccmposition of 4 and g- is denoted by

Gof.

We recall the following definition: A category

’

K is said to be concretizable if and only if there*
exists an isofunctor from K into $, where $ is
the category of all sets and their mappings. It is well
known that a category K is concretizable if and only
if there exists a faithful functor from K into $.
Definition cf the category F . Let C ve the
class »f all ordered peirs [A, ¥ 1 , where A isa
set and § is a filter on A . A triple <(%,{ ,x >
will be called a morphiem from [A, F] into [B ,G ]
if and only if o is a mapping, of: A~ B such that
Ge G = x1(G)e & .

We define composition of two morphisms as follows:

(G, H, 30 <F, G, ad=(F0, Box) .
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Denote by [, the category such that ﬂ'—;’ = C ena
]F:'v is the class of all morphisms described above
with the composition defined above. We define an equi-

valence on [  as follows:

<§1'7 911x1>~ <32', g'z,“2>5(31‘=32v)&
&c%=q,z)&c31-'s Fe, /F =, /F) .,

It is easy to see that ~~ 1is a congruence on Fc'm
and consequently it defines a factorcategory F , morph-
isms of which are equivalence-classes of morphisms of
F° with respect to ~~ , We shall denote the morph-
isms of the category F by f,g, ... .
We shall write ot € f , whenever (¥, g, x> €f
and we shall say that the mapping o designates the

morphism £ .

2.

Lemma 1: A morphism ¥ € F([A, ] [B,G])is an
epimorphism if and only if the following holds:
(1) (Ve $)(VFe F)(x(Fle g ) .

Remark: The condition (1) is equivalent to

the condition (17):
a” (3w e fI(VFe F)(x(F)eg) .

Proof of the remark is evident.

Proof of Lemma 1: Let us assume that the condi-

tion holds and f is not an epimorphism, i.e.

(31C,%Je F")(3g, heF([B,G],[C,2#])(g+h,gf=hot).
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The last equality implies
(Vcef) (VB e@NUVy eh)IFe F)(Bor/F=yo/F).
It means that 3/« (F) = y/oc (F), consequently h=
= @ which is a contradiction.

Let us assume that the condition (1) does not
hold. Then there exists F & & such that o (F) ¢
€ G . On the other hand the set B ~ ot (F) is not
a member of §  because «hB-a(FINAF=0.

Denote:

G =4Gna(F); Gegil,

G,=46Gn(B-x(F); Ge g3 .
It is easy to see that gq (or G, ) is a filter on
a set a (F) (or 3 ~oc (F) respectively). Let C =

=CuC u(, , where C; aredisjoint sets
such that
 eaxd C, = card x (F),

cand C, = caxd C, = caxd (B~ o (F)
Let w:ac (F)=> C,, T : (B-ct (FN+C, T: (B-x(F)>C,

be arbitrary bijective mappings.

Define the filter & on the set ( as follows:
(Xe®) = (@' (XnC)leqGaT (xnc,)e
G, & (XA C)eG,) -
The mappings £, (s B — C defined by
E/x (F)= @/ (F)=, €/(B-al(F)=T , /(B-a(F)):T],

designate the morphisms g, 4 such that 9 * h
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9, 0 ‘f = Mo ‘f’ .
Consequently, f is not an epimorphism.
Lemms 2: A morphism fe F(LA,%1,(B,G1]1) isa

monomorphism if and only if the following holds:

(2) (Ve £)(IFe FUVx,4eF)(x+np=> o (x)+ ().

Remerk: The condition (2) is equivalent to the

condition (2°):

(@) (A efNIFe FNUVxX, e F)xH gy Dalx)Faly)).

Proof of the remark is evident.
Proof of lemma 2: Clearly, if (2) is satisfied
then £ is a monomorphism. Let us assume that the con-

dition (2) does not hold, i.e.

(3xef)(VFe f)(HaF,,ﬁgeF)fa.FM;.&oc(a,F)zaL(b;) .
Put C={Ealp,ﬂr:.1 ; Fe F7. Let & be a filter on
the set ( a base of which is the set of all

{la_,#); Fc G3,where G e F .
The mappings € , (u.:C—-rA defined by
€(la,, b N=a,, «a. , b1)= 4
designate the morphisms gz,h of [C,2 ] into
LA, #1 such that
@Fh, fog=foh .

Consequently, the morphism +{ is not a monomorphism.

3.
Definition: Denote by ¢ the full subcategory
of [F the objects of which are all [A, # ] where §

is an ultrafilter.
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Convention: Let T e the class of all cardi-
nal numbers. For every t € T choose a set X-L
with card Xf = t. The sets X, will be fixed in
the sequel.

Definition: For every object [A,Fle F7 put

M ecard F =LA, FIN . The number I[A, F]Il
€

will be called essential cardinality of the filter ¥ .
Lemma 3: There exists a skeleton U, of U
with the following property: if [A,TJ € ”21:1’ then

A = leA,mn

Proof is evident.

Lemma 4: The category 9  is concretizable.

Proof: It is sufficient to prove that 2, is
concretizable.

1) First we prove thst:

[X,,91,0X,,6leU; t <= U LX,,FI1,[X, GN=F.

Assume that there exist fe % ([ X, 71,[X, ,¢J) .
Ifoce f,Fe F, then x(F)e G . For, G is an ul-
trafilter and 00-1(X“-oc(F)) n F =80 . Ths,
carol w (F) = w4  while card F = t < 4 . That
is a contradiction.

2) Consequently,

m%{ U Ca, &) =b¢%{,nus tat (@ &)

The right side hand is evidently & get, which implies

that ’21-1 is concretizable becausé we can use the
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Mac-Lane ‘s representation for the category "ZL,,* dual

to‘ll.

1

Definition: Let K be arbitrary category.
Define the category HIK as follows. The object of
the category HK are all sets of objects of the ca-
tegory K . Let a, &~ be the objects of the cate-
gory HK , Morphisms from @ to £ are exactly all

collections {f, Im €a} where £ € K(m,N, ),

Nme Ar . We define the composition:

lg, Ime &ieif, lmea?={9«~m°{;’mlme af .

Remark: It is evident that HX is a category.

Lemma 5: If the category I[K is concretizable
then the category H“< is concretizable.

Proof is evident.

Theorem: The category |F = is concretizable.

Proof: 1) The category H% ie concretizable.
2) Now we shall comstruct a functor ¥ : F—» H¥ .
For every [A Fle F? define ¥ [A, F] as the
set of all [ A %], where #  is an ultrafilter on

A anda Fc 2 (ie.FeF=>Fe 2 ). 1t

feF(LATFIIBG]) aef, [A #Ic¥[A F]

then the set {a (H); He & } is a base of an ultra-
filter on B which will be called +(3€) .(The ul-
trafilter £ (26 ) does not depend on a choice of of €
€ ¥ ,) Define:

W) = 4F 0 ooy | [A,88) € YA, 7]}

’
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where ![A'me%(t/\,ch,EB,f(ae)J) such that
o« € ﬂ:A,uJ whenever o« is a mappingot: A B

with oc' € f .

3) Now we prove that ¥ is an isofunctor from [F
into H‘u ., The mapping Y%/ Fr is one-to-one becau-
se

F=N
LA, 216 ¥ [A,F]

for each filter % on A . We shall prove that for

each o, & F”, a="[A, F1,0=0(B,G1 Y, 4)is
one-to-one. Let £, g be two morphisms from @ to £,

# # g . Choose ooef’p‘eqf and set
C=4xeA; x(x)+ B(x)}.

Since f + g, Cn F + & holds for each F e %,
Consequently, {CnF; Fe $ 3 is a base of a filter O
on A, Let € be an ultrafilter on A with %€ >
DC.since X 0 F, X e ¥YLA, FI, it is easy
to see that HA C # # for every H € 3€ . Therefore

'F‘A'“f# 9t a, sy »CONBEGuUently ¥(if) + ¥(g) .

4) The assertion of the theorem follows now immediately

from 3) and 1).

4. Some examples

1) We recall: a directed set is an ordered pair
[A,n.l , where A is a set and 1 a partial order on

A such that
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(Va e AXV&reA)NIceA)aneck rne) .

Let [Aﬂ n4]7 fAz, ftzl be two directed sets. A trip-
1e K, , k,,% > will be called a morphism from
[A1,IL1J into [A,, #, ] if and only if ov is a
%, ~ %, compatible mapping, ot: A, - A, ,i.e. o is

a mapping from A,, into Az such that

@, e A, an b=y «c(l) .

We define the composition of two morphisms as follows:

<"'27"3,f';)°<'§11”’27°">= <”‘17/‘37/3°'x > .

It is clear that directed sets as objects with morph-
isms just described form a category. Denote this cate-
gory by R° . Denote by IR the factorcategory of Ro
with respect to the congruence ~~ where ~~ is defi-

ned as follows:

.

gy ny, .0 R, (CA w IIA £,D), ©=1,2 ,
Sy, 00,5~ w1, &,) =
=(3xe AN Vye A )(xny => x (y)=0x,(y)) .

2) Denote by P the class of all triples [t, T, 7 ]
where [T, 7] is a topological space and t € T .A
continuous mapping £ from [T,7"] into [S,4] winl
be called a morphism from [t T,T7 ] into [4, 5,91 -
if and only if £(t)= A . The composition of morphisms
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is the usual composition of mappings. Clearly, elements
of P as objects and morphiems just described form a
category. Denote by ‘T, this category. Denote by T
the factorcategory of T° with respect to the congru-

ence v ’ where ~~ is defined as follows:
o,3 € 'T‘o ([t,'r,ff], [/a, 8,91) ,
w~ 3 =(3UeU /U = BIU) .

( Q,L: denote the system of all neighborhoods of the

point t in the topology J . )

3) Let & be the class of all ordered pairs [M, ],

where M is a set and (4 & non-trivial measure on
M. 1r M, ] € @ , let us denote by Dw (or
D, @ ) the system of all (i -measurable sets (or
the system of a11 N ¢ M such that (u,(N)s 0, res-

pectively). A mapping ot : M, —> M, will be called

a morphism from [M,” @, 1 into [M9_1 7% ] if and on-
ly if

-1 -1
(NeDw,=> o™ (N)e D Y& (NeD,t, =P ol (NYeD, ).
The composition of morphisms is the usual composition of
mappings. It is easy to see that elements of @ and
morphisme just described form a category. Denote this

category by M| o - Denote by M the functorcatego-

ry of lMl‘> with respect to congruence ~~ , where ~~

is defined as follows:

[M, ] [N,»)e B, xBe M, ([M @l IN,»]),
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(~vpB)=(k=B w-almost eveywherw) .
Proposition: The categories R, T, Ml are
concretizable. It follows almost immediately from the
fact that the category JF is concretizable. The ca-
tegories R, T, M|  can be represented as subca-

tegories of the category F .
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