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& CLASS OF KREISS-TYPE UNIFORMLY BOUNDED SYSTEMS OF
OPERATORS

Ivo MAREK, Cleveland
(Preliminary Communication)

In Kreiss  well-known pepers [2,3] certain systems
of linear transformations of finite dimensional spaces
have been investigated which either form uniformly po-
wer-bounded families or which generate uniformly boun-
ded systems of semigroups. H.O. Kreiss gave several e-
quivalent conditions in terme of some specgtral proper-
ties of the elements of the mentioned systems and their
resolvent operators which guarantee that these families
have the properties formulated above. His results have
been reformulated and some other equivalent conditions
have been obtained by several different authors (see [1,
7,8,6,13]) and also the original proofs have been sim-
plified [8]. A nice survey of results concerning the a-
bove problems of characterising uniformly power=-bounded
families and uniformly bounded systems of matrix semi-
groups besides other problems and results connected
with stability of difference operators is contained in
Thomée ‘s paper [12]. In Miller’'s papers [4,5] some es-
timates of the resolvent operator are given for appro-
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priate classes of finite dimensional operators and
some of Kreiss conditions are shown to be consequen-
ces of those estimates.

In this communication a new condition is presen-
ted which guarantees the fulfilment of Kreiss’ condi-
tions and hence the fulfilment of all other equivalent
conditions. A more general problem is considered and
it is shown that both problems mentioned in the begin-
ning can be treated in a unified manner. Also a gene~-
ralized analogue of a very recent result of G. Strang
(10] concerning families of matrices generating uniform-—
ly bounded systems of holomorphic semigroups is obtai-
ned; more precisely, after appropriate specifications,
necessary and sufficient conditions equivalent to tho-
se of Strang are given which guarantee that a given fa-
mily of N> N matrices generates a uniformly boun-
ded system of holomorphic semigroups. Moreover, our re-
sults are valid for certain nontrivial classes of dene-
rally unbounded linear transformations of complex Be—
nach spaces.

Let X denote a complex Banach space and let [X ]
denote the space of all bounded linear transformations
of X into itself with the usual operator norm. If T
is a linear transformation let. D(T)c X  denote
its domain and R (T) c X its range. If T is a
closed linear transformation with a domein 9 (T)
which is dense in X let U, CT) be the family of

all locally analytic functions each of which is piece-
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wise holomorphic on a neighborhood of the extended
spectrum 6, (T) = 6(T) U {003 ,  where e(T)
is the spectrumof T. If T € [(X] 1let Z(T) bde
the family of all locally anal ytic functions each of
which is piecewise holomorphic on a neighborhood of
the spectrum & (T) . For more details concerning
‘aw (T) and €LCT) the reader is referred to [11,
pp.288=-2921.

Let 777 be a family of operators such that each
element T € 77. is a closed linear transformation of
its domain S)(T) which is dense in X , with
R(TYc X and with nonempty resolvent set ©(T) .

We shall assume that 77 haa the following properties:
(a) For each T € N 1its spectrum 5 (T ) 1is the clo-
sure of a collection of isolated poles {ﬂa;i of the
resolvent operator R(?«,,T) =(aJ - TYy ' , Wwhere
I denotes the identity operator, with a possible at
most onme point of aceumulation A (T) =?,_;m .13-_
(M) I Ae6(T), A+ A_,(T), let Q(.ﬁ.a'_)=g,($’.; T)
be the multipliecity of .?\.?', as a pole of R(A, T).

It will be assumed that

(1) Q(a;;"’)é«z<+m

with g 1independent of Tem.
It 1s known that for any f € ¥ (T) (or

te YU(T) ir Te [X] ) [11,p.305]



1

= A i) R, TVd

£(M ae‘:'c*r) o _é;f @I R (e « +
d(R,2)29>0

+ -Q—%-4b€(u)R(@c,T)d@c+d;CT)-F(co)I ,
where Ca={(u,:m.-‘u,l= P,r Pr 204 K‘a:{(“:m-(ulé ot
with K, N6(T) =12, A e o (T), 1Al < p = A< @y ,
c;,= {wid(w, 2,V =p,, 0< @, <p?
with Cé Ne(Tr)=8 ,

lw- 2| i Ay, + oo
dw,N,) =

A ; =
T i A, = oo,

d (T)=0 for Te[X] emd g, (T)=1 for T ¢ [X].
Further

1 _2""’ Ae-tl oy =
T .{af(@o)R(@,T)d@_k%# (AVZ, 4

where
(2) EA :‘z;r?, éR(@b,T}d(u, ,
Za,k_ﬂ = (T"‘A'I)Za_’h , Re=1,2,... .

A subclase 70 © M  will be considered. By
derinition T € 71 if it satisfies:
(e) For every X € X

3 AEGTY M1 ’
where Za p sre defined by formulue (2) and con-
1

vergence in (3) means the norm convergence in X .
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We note that class 7 contains all regular o-
perators [9]. The reason for the use of condition (3)
is as in [9] = to avoid pathologies in the behavior
of invariant subspaces corresponding to A, -

Let J° be a family of closed linear operators
and let $(T) be either a subset of YL (T) for
all Te T 1if at least one T € J  is unbounded
or a subset of ¥(T) for all T € T if all T €
€ [X] .It will be assumed that there exists a convex
domain ) and an open set A such that for every
f€ §(T) eand its domain A(f), ADA(f) > I
and such that the following conditions are fulfilled:
(1) For every A € D (0o € D ir T ¢ [X1 )

supllfA): €Ty < 00 ,

for A e (A-D)
ruplle): fe Ty =+ o0

ard for A € 8D ND

rup {14® N +ed(T=+00, k21,
where 9  denotes the boundary of &J and £ca)
denotes the k-th derivative of § at A, So, & (T)
cannot be empty.
(11) For any fixed &k = 0,1, ...
o (£ [list(2,0D)1%: A6 D, fe J(TI}<+00,

where

dist (2,0D) = inflia-etl: w €33 .

Note that according to our assumptions

dbat(.?\.,a$5<+co for A = 00 and
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odint (A, 88) >0 for A £0J.
Problem, To characterise the class T ¢ 7 of
operators having the property that

(4) M=puplltT:fedn), TeTi<+ o,

where $(7) is a family of functions satisfying
conditions (1),(ii).

Exapple l. Let 72 c [X] and

m

&1 =‘('ﬁn:fn(3)= X ,/n,=0,'1,...?,a’= {a:1a1s17.
The corresponding class Z; forms a uniformly power-—
bounded family of operators:

M s mup i T™: Te I, m=0,1,...3<+ 00 .

Example 2. Let 7 c (X1 and §,=4{f,: f (1) =
=expn{td},t >0, D={Ar:Rer £0% .

The corresponding class ﬂ; contains those bounded
linear operators which are generators of uniformly
bounded semigroups S(t) = en{tTi, Te T ,
t >0 , and the system of these semigroups is uni-
formly boumed:

My= sup{lleen{tTill: Te ], t >0}<+c0.

Example 3. Let @ be a fixed number with

0 £ew<Z . Let NelX] ana

§= {p: f (A= ep (22), T=te']t20,101207,
D={r:a=1ale® Iplzw+F ,~n<psai.
The corresponding class ."f; contains generators of

holomorphic semigroups S(z) = epp{zT}, © =
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=l'r:le‘a, '9|<C«)<% and the family of these semigroups

is uniformly bounded:

My= mup flleen {2T31: Te 3, w= 216, 101 & @i<+c0 .

Theorem l. (Main theorem) Let J and ¢ sa-
tisfy conditions (a),(b),(c) and (1),(ii) respective-

ly. Let there be a constant 7°(¢) such that for all
TeT andfe ® the relation

(5) > 18™) | [dist (4,801% £ z(g)
AEOCT)

holds for &k = 0,1,..., ¢~-1 , where g is de-
fined in (1).

Then (4) is equivalent to the following three
conditions (ac) - (9):

() 6(TNcdD, TeT, (6(T)cD, Te T ifTelX]),

(p) W(HZaA(T)ﬂ: Teﬂ’}<+oo,2$,h=6, k>
( ® denotes the zero operator)

for A e @(T)NSD for which

mup {lear: f6 3> 0.

(") There exists a constant k independent of Te J
such that

, -1
U2, o (T £ % Ldist (1,003

holds for A € @(T)ND , A ¢ 0D , for which

pup (£ ®-2)];: £33 >0 and ke =1,2,... .

Since the families Q1 , éz’ Qa shown in
examples 1,2,3 fulfil conditions (1),(ii) and since
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(a),(b),(c) and (5) are obviously satisfied in the ca-
se of M ={NxN complex matrices{ the following
three assertions are corollaries of the main theorem.
Thegrem 2. A system J° of Nx N  complex ma-
trices is uniformly power-bounded if and only if (oc)=-
() hold, i.e. if I.A?'l £ 1  whenever A; e 6(T)
and there is a constant M such that for all Te T

(6) 12, 1 (TIEM, 2, =0, k>1

hold for |.7\,ﬂ|=,,_=l.?tﬁ|=4>l.7l?-l, F>1,2 € 6T

and there is a constamt X independent of T € J such
that

—-— . “-1
i Za,‘,b (T &+« 1 M,l)

for A? € O’(T), "13"' < 4’/‘?:?4, 2, ...,q’(ﬂj) .

Theorem 3. A system § of Nx N complex mat-
rices generates a uniformly bounded family of uniform-
1y bounded semigroups if and only if Re A; £ 0
for A, € 6(T) and (6) hold for Ay € 6(T) ,
Re .13' =0 and if

/ fe-1
ﬂzaé,h(’r)”é KlReA}l

for A? e (T » Re Aj’ < 0 amks '1, nv:,g’(ﬁa«j)o

Theorem 4. A system J° of N x N complex ma~
trices generates a uniformly bounded family of holo-
morphic semigroups S (7)), ?:-.-\”c’le"e, el < w ,

if and only 1f larg Azl 2w+ T, A € 6CT),

1f (6) holds for A, 6 & (T) withlagXl=w+ 7,
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-t Se-1
nz%,h('r)n € j¢1Re 2e™*%)

for Xy € 6(T), argdy > @+F , k=t,2,...,0(2,)

and )
12,4 (T)I % 2 IRe Ae*@ k-1

for A€ 6(T), ang <-T-w, dex1,...,902).

It is easy to see how to modify the statements
to solve a pointwise problem (cf. [4,5,6]), i.e. to
charscterise a class J of operators T such that
for a given family of functions ¢ and a fixed ele-
ment X € X :

(1) MX)= sup{llf(Txll: Te T, fedi<+co .

The corresponding result can be formulatcd as
follows.

Theorem 5. Let J° satisfy conditions (a),(b),
(¢) and @ condition (i),(ii) and let x be a fixed
element. Let there be 2 constant 7 (@) such that
forall Te T amd fe€

S 1R dist (A,00)1% £ 2 ()
A€6(T)

ko=0,1,000,9~1,
then (7) is equivalent with the following conditions:

(ot ) ‘?»56(T),A#=«1w,z‘h,1x=8=) Aed,

(BAx) m{tlEaﬁC’r)xll: Te Ti<+ o0,

Z_l,h.xzﬂ, o > 1
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for A€ 6(T)IN3ID for which supn {I¥(A)]:
:fedi>0.

(X ) There is a constamt ¥ = « (x) such that
for all Te T

12,  (TIxl& 1« Lokiat (A, 0D) 1%
2,4

for L €6 (T)ND, A ¢ 0D for which

mupSE* ) fedi>0 amh=1,...,(A) .

A resolvent condition is an easy consequence of
Theoren 1.

Theorem 6. Let J° and § satisfy conditions (a),
(b),(c) and (1),(i1) respectively. Let there be con-
stants T (@) and » (@) such that for all T e T
the relation (5) and the following relation hold

Lot (X, 0D)7%" p »(g)
2 €6cT) [x -a(® dist (2,6(T))
for k=1,2,..., g ~and 2 ¢ & . Then there

exists a constamt 7 independent of T € J such
that '
divt (2, DIIR(z, T)I &£ 5 .

Theorem 6 can be used as a mediator for the
proof of the equivalence of several other conditions
quaranteeing the fulfilment of (4), e.g. the Kreiss-
Straﬁg condition concerning the numerical ranges of ap—
propriate transformations of Hilbert spaces [10].
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