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9,4 (1968)

A NOTE ON INTEGRALS OF THE CAUCHY TYPE

(Preliminary communication)

Jaroslav LUKES, P,aha

In this note we investigate the behaviour of the in-
tegrals of Cauchy's type. The main result are the theorems
6 and 7 .

0. Notatioms.

Let us first introduce some notations. The term path
will be used to &note a continuous complex - valued func=-
tion 1  defined on an interval ¢ a,b > . The symbolly]
means the set Y (< a,b” ) . In the following always
we suppose that the path Y  is defined on <a,b> and
var Ly ; ( ayb>)l < + co .

For every A >0, og,,x, € E, ( = the set of
finite real numbers), o, « o,, M € E, ( = the Eu-

clidean plane) we put
a’l(<o‘,1,oc2>) = {z € Esx=7+4 e 2y

ne <0,A>, yela,ax,>3 .

The symbols O, o are used in the usual sense.

1. In [1]1 there are introduced the cyclic and radial

variations of a plane path; their further properties are
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investigated in (2] ~[5] and [8] mainly in connexion with
the potential of the double distribution. The general ra—
dial and cyclic variations corresponding to the weight func—-
tion p defined on the [y] appear in (61 .

If ze E, ,
if P 1is a nonnegative real-valued Baire function on [y]

«, »€E,, G open, G c < a,b)> and

we denote
T ={teGlyt)-z|> 0,y @t)-2= lyct)-zleepia?,

S,=iteG;lyt)-zl=»}

and define

vin,x,n G—):tezgrn (y (1)), u(»,z, 1, G)=t§;5y¢1,(yfct)) 5
Viet, 2, 1,G0)= X ply )N -ly t)-z | |
te’l;c

U, z,p,60=»"umz,n,G).

Since the quantities »(at,x,Mr, G), Y(a,=2,72,G) and
w2z, 1, G), Uz,n,G) are Lebesgue measurable with
respect to o¢ on (0,27 ) and with respect to 2 on
(0,* c0 ) , respectively, we may finally define

anr o0
vz, n,G)= [, 2,n,G)da, wz,n,G)= [u(2,n0,G)dy,
© 0

Viz,p, )= /’ Vea,z,p,G)dec, Uz, 1,6)= ['u »,2,1,G)d .

2. Lemmg.
Let ze E, and denote by &  the system of all
copponents of {te G; Iy (t)-21 > 07 , With eve-

ry I € G we associate & continuous single-valued argu-
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ment /19*; of y (t) -2z on I,

Then
1
vz, f,G) == ,Iffh- (v(é))-dmt Py (£)
= ct)). (t) -
Viz,n,G) :?-e Jn(v Yol CE)

- zld var ¥ ct)
M(z,fb,G)=_£ﬁ(1y(t))de1%lw('t)-zl R
U, 1,6) = [ o (g ce) - 1y (£) =

G

- xl"dvmthrCt)—zl

3. Put G={t e<a,&>; O0<ly(t)-zl< R} for
every R >0 and let

% (z,1)=v(z,n,G), e (2, 12)= w(z,n, G )
Rz, 1) =Viz,n, &), Uz, p)= U,1,G ),

viz,n)=Yy, (z,0), “z, )= U, (z,),

Viz,n)= VY _(z,n), U(z,n)= U, =znd).

The functions v (z,f), uez, 1), Vo (z, 1), U (2,n) have
a number of interesting properties. At least we observe the
following one, on which the proofs of theorems 6 and 7 are
based.

Let o,,ct, e E,, d'eco,%- a>0, ne Lyl .
Let p be & nonnegative lower semicontinuous function on

(w31 . Suppose that the following conditions are fulfilled



1) &, £ o, <6, +I <oy + 2T~
2) Pl(Ket,~d, o+ A Lyl=7 .

Then U(z,p) 1s bounded om ’Zn(<oc1 , 08 ) provided
3)) U("z,n)-o-w.x" V,(7,n) < + c0

v(z,p) is bounded on B;l (<ot ,,, >) provided

35) ’l’j(”l,bﬂ7+;>:(g-x’1 “u,(n,p)< +co -

4. it 8 t &

Let us keep the notations and assumptions of the lem-
ma2, let G ={z€a, &> 0<Iy(t)-2(} and denote
by G  the system of all components of G .

Gjven a real-valued function F on L[y ] we define
-1
P(F,2) = é’F@yct))- ly (&) - 21d 1y (t) -2 |

WF,z)= S [ Fy (¢Nd, 9 b

provided the Lebesgue-Stieltjes integrals on the right-hand ‘
8ides exist and the sum is meaningfule.

We put further I(F,z) = P(F,z) + iW(F,z) .
The following assertion is well-knowne

5. Eroposition
&
Suppose that [ F(y (t))d var y (t) exists.

Then
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1) P(F,z) , W(F,z) exist for every z € E, - [¥],

&
2) 1m0 =/ = [ dv )
¥ a

for every z € E, - Lyl.

6. Theorem

Let 7 € Lyl (3 is apathon <a,b)> ),
a= ‘qr'1 (°Z ) . Suppose that

1/ p 1is a nomnegative lower semicontinuous func-
tion on [y 1,

2/ oy, %, E . JFe(0,F), A>0 em

a) o, £ ) <Kk, + <X + 2T~ ,

b) P (Ko, -, A+ > A Lyl=7,

3/ € is a continuous nonnegative nondecreasing

function on (0,4 c0 ) ,

4/ F 1is a real-valued bounded Baire function on
{1 with F(m ) = 0 fulfilling one of the following
conditions

41/F(z)=0(1z(z)-6(lz-nl)), zxelyl, z—7n ,

or
4,/ F(2)=o(n(z)-0(12-71), 2 € lyl, z— 7 ,
5 vn,n)+ U(g,p) < + 00

For every R€ (0, A ) we denote

LRY=supl I(F,2)-1(F 7)), x€ B Ko, x,>), 1z~-71= R.

11%2
Then
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a
LLRY= 0(R( [OM)x?dx)), R— 0, |,

provided 4;/ or
A .
-2
LR o(R L O0)x2dX)), R— 0,
. provided 4,/.
The following assertion is a simple consequence of this theo-

I'ele.

7. Iheorem
Let us keep the notations and assumptions introduced

in the preceding theorem 6 with validity of 41/.

Then
1) I(R)= 0(R&g %), R—+0, , provided

6(p). p” is nondecreasing on (0,00 ) and, moreover,

IL(R)=0(CR), R = 0 provided, in addition,

_{A@(x)d'zdx -0, R—>0,

2) IF(R)=O(0<R)qu-é ) ,R— 0,  provided
9(9).9’4
I (R)=0(® (R)), R— 0, provided, in addition,
[eIxtdx = 0RO (R), R0, -

We may obtain the analogous theorem far the symbol o with

is nondecreasing on (0,+ c© ) and, moreover,

the interchange of the assumption 4,/ for 4,/.
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8. Remarks

A) We may generalize the theorems 6 and 7 to the
case W"'(‘VL') e (a, 4 > or to the case where the set
1y'1 (7 ) 1is not a single point.

B) The assumption F(7) = 0 is not essential, it
is adopted here only to make the formulations simpler.

C) We may give the similar theorems for the fune=-
tion P(F,2z) , resp. W(F,z) , too, we must only replace the
condition 5/ by

51/ u(n,ﬁ)+ma&'4vx(7z»'f’—)<+oo ,
and

5,/ v (n,n)+ gy xTu (n,p)<+ 00,
respectively.
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