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Commentstionea Mathematicae Universitatis Carolinae 

9, 2 (1968) 

(JLiA^A) can be strongly embedded into category of 

semigroups 

JiH SICHLER, Praha 

Z. Hedrlin and J. Lambek have constructed in LI] a 

full embedding of category of graphs and their compatible 

mappings into the category of semigroups. Above result to­

gether with results contained in C23 imply, in particular, 

that every category of algebras can be fully embedded in­

to the category of semigroups. 

Strong embedding is defined in paper t 31 of A. Pultr, 

where is also proved that every category of algebras can 

be strongly embedded into Ot(1^4) - the category of 

all algebras with two unary operations, as well as into 

the category OICZ) of all groupoids. 

The aim of the present note is to construct a strong 

embedding of Old, 4) into the category of semigroups 

<J(Z) . 

Note, that V. Trnkova* has constructed independently 

a strong embedding of category Ct(Z) into &(Z) . 

Her result, as well as the present construction, together 

with £3Jf yield the following 

Corollary Any category of algebras can be strongly 

embedded into VC2) . 
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The f i r s t step of our construction i s given by 

Theorem 1. Let X fi Ot (1, 1 ) be the p r i ­

mitive class of a l l the algebras ( X *, (f - if ) satisfying 

Cc^«"i/ra»c?a)C«x) * (cj** y * q>) (n^) 

for every x and y in X . Then there exists a strong 

embedding $ ; CC (1, 1) -» X . 

Proof Let A « ( X j c t , /S ) be an object. 

in a ( 1 , 1 ) . Put H . ( X x 3 ) u { ^ , ^ j * 

where C X x 3 ) n -t a,x , ^ J » ,0 . Put 4> CA) -

-r C H $ <y, Y > > tf - T being unary operations on Z 

defined as follows: 

CfC<0-x)m CfCQ,x)mtrC£%)m<?C<OCf2»mO,x for X i n Xf 

YC<V ^ 
л 

Y«*, Q»»<x, '1>, y « i < ^ » » < x , 2 > , 

y«*,;2»»r<o<,0>* cpC<^,4» * <fiC*)92 > ; 

c.fC<x?0»*<ocCx),2> -for x in X . 

Let A' o CX' 5 oc' 7 fi' ) be another object in 

^ ( 1 , 1 ) . Thus, § C A ' ) - CCX'x 3 ) u f ^ } ; 9 y > -

Let f ; A —> A' be a morphism of Ot (1, 1 ) . Define 

$ C * ) : $CA) ~-> $ CA') by <$Cf K < * , i » « <-K* ),<£ > 

for i » 0,1,2 and x in X , 

§(4)(Q,X) s Q,x, i 

<t>C*)CJ^> * ^ / -

Clearly, $ i s one-to-one functor, $ : OCC1*>1)-> 

—•* 3 t . I t remains to prove that i t e image i s a fu l l 

subcategory of X . 
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Take 9^ ; $ C A ) ~* $ CA' ) - * morphism 

in % • Write aT instead of o^, , etc. 

As a e <£> C A ) , a' 6 $ ( A ' ) are the 

only fixed points of Cf, 9> respectively, we have 

£,Ca) m a/. Thus, q,C<tr) **t^Ctf/Co,)) ~y'Ca')*£r'. 

Assuming c^C< x 7 (>>)-«« a ' , we have 

jer'-s T / 9 Ca / ) .«9 .C^ 3 C<iX, (?»>s -^C<^0>> - a contradic­

tion; similarly, 9,C<X, #>) * -fr' • 

If ^C< X7 0>> s <<y, 'I > , then Q,C<X , 2 >> * t 

* 9.CYaC<^ .>0>)) 8 <<y., 0 > , consequently, fyCo,)-

• <3,C<-/C<*, 2>»«r <<*/C<Jp, .2 > . But ̂ C a ) * a' , By 

a similar argument we get fy«X,0>) s <^«,C>> . P I -

nally,^C<K,4>)-*9^C<*,0>>^ 

We can define f ; X —* X ' by <-f Cx ),-i>-9-C<*, * > ) 7 

i * 0,1,2 . 

We have<4C*Ccx)),l>*ZC<cCCx),2>)=&(9(<x,°>»~ 
sq'C<4CX))0»<oiUCx)),2>.Conaeqnentlyf fOx(X))* cC'C-PCx)). 

An analogous computation applied on <-f CfhCx))7 2 > 

gives •fC/SCx)) s fi'CfCx)) . We conclude 

Q, =z $C4), f € GtCf, -I) . 

Let D be a semigroup with two generators a,b and 

with the defining relation a-fr-2 * #-e#-a , There is 

proved in [4.1 that D is rigid. Another rigid semigroup 

was found by Z. Hedrlfn; it is the semigroup H generea-

ted by c,d and satisfying the relation CzcLc mCd2'Cz . 

Both these semigroups will be used in the proof of 

Theorem 2 The primitive class OC can be strongly 

embedded into <4C2) * 
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Proof. A m C X ) cf, Y ) being an object in 

% , put $ ( A ) - (CXx D ) u Hx , • ) , where 

Hx i s isomorphic with H , Hx n ( X x 3> ) * # . 

If <*x ( c^ -c i^e Hx , o t » c**d,'*... c,4* c t ' ~ 

(here and in the sequel we omit the indices), let us def i ­

ne a mapping o t ^ - ^ o & ^ C ^ - i f O r X ^ X ^ 

<J0X ( X ) » (cp "*$ ojr # . . . 0 ^ #-y >($<). Note that <x,»/3 

in H implies <ZX » £ x ; because of C X > 9>,*yr) e X . 

In particular, <£x © /3^ - <*-/$* , where oc /S i s 

the product of oc , /3 in H . 

The operation » i s defined as follows: 

< X, *ur > • < ^ ? i r - > . s r < ^ < 7 wif > for x and y in 

X , w and v in D , 

<x,4tr-> »oC » <c><7^0'> 
for x in X - } 

oc • < x ? г ^ > * <oc(*)?гtf-> ' 

in H and w in D , 

oC • /3 m oc /& for cc and /3 in H • 

A bit of computation, using the remark above, yields 

that $ C A) i s in tfC2) • 

For A ' * ( * ' • C f ' , - y ' ) denote $ (A')* ( ( X ' x !>>u 

u Hx, _, • ) . Let f ; A —> A ' be a morphism in X . 

Put 

$Cf ) « * ^ » * < * ( * ) , w > for x in X and 

w in D , 

$C-nc<3C) « <** for OG in H . 

One can easi ly see that $ i s a one-to-one functor, 

$ s X - t y>C2> . 

Now, l e t F : $ C A ) —> $> ( A ' ) be a morphism in 
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ycl). 
At f i r s t , suppose that F«#. , i4r» « oc 6 H #̂ 

and take a (i in L . We have o t * F ( < x , / u r > ) s ? 

*FC<*,o^>).FC/*)= oc- F r / J ) . Consequently, F(ft) € 

€ Hx# , Since H is rigid, we have F(($) « /3 for 

every ft in Hx . In particular, tXa F « x , ' W > ) = 

« FL<x1 ô r >• 00) = fit • oc , but a rigid semigroup cannot 

have an ideiapotent element. We conclude that F(Xx 2)) £ 

c X 'x D . 

Denote FC<tf,a »*<*,*>, FC<cx,-^» » <y,*4r> • 

It is F(<w, a€r»=: F«cx ,q ,>- <*,£->) * <x , 6> • 

•<^acr>- <Z,tur>} analogously FC<*, tratro,»** 

= 'o^ 'u / t * r * > , F«cx ,a^ 2 >) - < ^ r , t ^ 1 > . 

As i r a ^ - a^ 2- in D , then y « z . If t£ = 

= «LVJ e D , then FC< ex, v0 » =r FC<*,<->> -<*.,i$»-* 

= < ^ - ^ > * < ^ ' , <a^> * < ^ , * ^ t > , similarly for 

*i£ -r ir*^ ,} but this means that FCfofx D ) -S 

£ iy> } * D . Both ixl x D and - t ^ i x D are 

isomorphic with rigid semigroup D , thus FC< a<, w >) = 

~ < *4")/{Ar ^ f o r a n ^ w i n D * N o w* w e m a ^ define a 

mapping -P ; X —V X' by 

< f Cx ) ,oc r> a F C < * , w > ) . 

Suppose FCoO =z <tyJ'Ur> for some ooe Hx , /y, € X ' . 

Taking <cx, otr> e X x 2> , we get <•?Cx ),'Ur-wr>e 

~<-f C*),'Ur>*<'V-,'ur> * F t< *,<vtr> ) • Froc ) ~ 

*- F C < * > w » * <«f C * ) , w > , 
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while, D has no idempotent. Thus, F(HX). fi H /̂ and, 

by the r igidity of H , F(dt) « oC , For x in X we 

have <9'CfC*>)7'Ur>-* C^, • < 4 Cx )7 <ur> * F*tex>' FKx }w»* 

-F«cf(x),Kr>) - <*&fC*0),t«r>. Similarly for yr using 

Xr. We conclude that 4 e X 7 F » $ f I ) • 

I am indebted to A. Pultr for suggestion of the pro­

blem and for his helpful comments. 

R e f e r e n c e s 

ti l Z. HEDRLfN, J. LAMBEK: How comprehensive i s the cate­

gory of semigroups, to appear in J.of Algeb­

ra. 

E2] Z. HEDRLfN, A. PULTR: On fu l l embeddings of catego­

ries of algebras, I l l . J . o f Math.10(1966), 

392-406. 

£31 A. PULTR: Eirie Bemerkung uber voile Einbettungen von 

Kategorien von Algebren, submitted to Math. 

Annalen. 

UJ V. DLAB, B.H. NEUMANN: Semigroups with few endomorph-

isms, submitted to Austr.M.J« 

(Received April 5, 1968) 

- 262 • 


		webmaster@dml.cz
	2012-04-27T17:47:34+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




