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ON THE ROW SUM CONDITION AND THE CONVLRGLNCE CF IT~RATION
PROCESSES
(Preliminary communication)
Ivo MAREK, Praha

In hts recent paper [10] W, Walter shows several suffi-
cient conditions for the convergence of the Jacobi and Gauss-
Seidel type iterations for linear algebraic systems. llore pre=-
cisely, he gives some conditions which lead to estimates of
the spectral radius of the investigated matrix, and these are
less than unity. One of Walter’s requirements is the fulfil=-
ling of the so called weak "row sum condition" (in German
"Zeilensummenkriterium",see [101), This single condition is
not sufficient for the convergence in general and Walter gives
new supplementary conditions under which the convergence is
guaranteed. Walter also applies his method to infinite systems
of lower equations. Our aim is to extend the application of
the weak row sum condition to infinitely dimensional Banach
spaces with cones.

Let Y be a real Banach space, ¥ its complexification,
Y’ and ¥’ the corresponding dual spaces, [Y] and [Z]
the spaces of bounded linear operators mapping Y and & in-
to Y and ¥ respectively. All these spaces are assumed to
be normed in the usual way, so that they are Banach spaces.

Let K c Y be a generating and normal cone (see [2]).




By K’ we denote the adjoint cone to K ([21). A subset
H’ ¢ K’ is termed K =-total, if the relations (X, X’) &
Z 0 forall X' € H' imply x € K  ,where (X, x’>
denotes x'(x) .

If ¢4 -X =2 €K ,wewrite X <1y or 4 #X.

An element X € K is-called non-support ([5]) or quasiin-

terior ([71) X), if (X, X’>» # 0 for every linear form
x’ € K’, X’ # 0%, where ¢ denotes the zero-element in

all spaces 'y, y', x, x .

Let «4 € K, lu,ll = 1 . Ve say that x € K is
Ay, -positive, if there is & T > (0 such that X FT4, »

If Te€lY] and TK c K, T 1is called K -po-
sitive or, simply, positive ([2]), and we write T ¢ @ or
© < T ,where © denotes the zero-operator.

A K -positive operator T € [Y] is called semi-
non-support ([5]), if for every pair x € K and x’e K’,
X ® 0, X'# 0, there is a positive integer fo = 1 (X, X”)
such that < T™x, x> * 0 . A K -positive ope=
rator T € [Y] is called 4 -positive ([1,p.60]),if the=
re is an elemert &, € K, lauy,l =1  such that for
every x € K , % & 0", there exist positive numters « =
= k(x) and B = B(x) and a positive integerfni= f2(x)
such that

e o -

x) It can be shown that an element X € K is non-support
if and only if the linear hull of the set A={glo+44 < x}
is the whole space 'y .
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awu, 4 TPx = B, .

A space Y  will be termed a Riesz space ([6]), if for
every pair x and 1 € Y  there exist Aup (X, ) and
imf (X,44 ), both belonging to ¥ .

Let T e [Y] . ¥e denote by '?’ the complex
extension of T , which is defined as follows: “'l"'z = TX +
+ 1Ty ,vhere X = X+ 44 ,x and o € Y . Further,
we define 6 (T) = () ,Where 6 (A) is the spect-
run of the operator A € [E1 and 2 (T) = & (T) , Whe=
re £ (A) is the spectral radius of A € [ X1, i.e.

K (AY= pup 1A] . Bvidently T e LY1  implies TelXl

Let Te[Yl.If «, € (T) is an isolated singu-
larity of the resolvent R (A, T) = (AT~ 7)1 , then
R (A, T) can be developped into Laurent expansion ([8 ,
p.305))

ROA,TY=, S A -, Y%+ I By (A-w )™

whore Ay e [ X1, k=01,..; B=j0 [ R(A, TIdA ,

where C, =4l 1A~ l= ©, 3 is such that
Ken6(TYy={,} for K, ={Al IA- | £ @, F -
Further, it is known that &M:(T‘(a’ol)&' k=4,2,... .

In case =06, B = € , the singularity (%o 1is cal=

Bg’ zf‘l
led a pole of R (A, T) and q, its multiplicity.

An operator T € [ Y] or TelXl, by definition ,has
property ($), if the conditions A €6 (T), IAl=r (T),

imply A  is a pole of the resolvent R (A, T)
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and the operators in

de shall assume the space VY

LY1 to be such that every T € [YJ can be written as

T=T*-T ,where T%* and T"¢ [Y] and T*& O ama

T &6 . Thenwaput | Tl= T%+ T . Evidently, T+

#0 implies [T+ 6 .

Suppose H’'c K’ is a K -total set. Let H'= H{ v

uH;,where Hy n H, = ® . We say that the operator
T €LY] fulfils the row sum condition, simply, condition
(R S) ,if there is a quasiinterior element X € K such

,

g<{x, x>y, x"e H
/

(K, x">, x’e Hjp
and H_ + 8.

that the relations

0 & g <1
we say that the operator
or that

CITIX, x>

)
CITER, x>

are valid with some ¢ ,
/ _ ’
In case Hj= q (H, * )
stromgly (weskly) fulfils the condition (RS)
be non-empty.

T fulfils the strong (weak) condition (RS ) .
interior Wt K
J

T
Theorem 1. Let Y be a Riesz space when ordered by the
.Further, let the
e <X, x>, x'e€ Hy
.Xle H,; ’

eone K
The conditions
ITIX, XY £
(2)
CITIK, x> = <X, X">
is @ quasiinterior element and H’ is a

where X € K
n(TYE RCITI) &

K -total set decomposed as in (1),imply the relations
< 2 .
Theorem 1 is well known (seel[9,p.21]).

(3)



Thegrem 2. Suppose the operator T € [YJ] has proper-
ty (S) .Then relations (3) hold.

Very simple examples show that in the inequality
n(T) &£ ‘the equality cannot be excluded in gene-
ral. Hence some additional assumptions must be made to gua=
rantee the strict inequality.

Theorem 3. Let the operator | T | , where T e [YJ,
have property (S) and let

(a) I T| be semi-non-support,

or

(0 | Tl be @m,-positive.
Further, let relations (2) be valid with H; # Q@ . Then

(4) R(T) £ A (ITI) < 2 .

Corollary. Under assumptions of Theorem 3 let the ope~-
rator |  weakly fulfil the condition (RS) ., Then we have

(5) n(T) & ~(TI) < 1 .

Remark. It is easy to see that the assertions of Theo~
rem 3 and its corollary are true if T € (Y] is such that
2 (1 T1) 1is an eigenvalue of | T | to which there cor-
responds g quasiinterior proper vector X, € K . Hence, as-
suming T fulfils the weak (RS ) condition,none of as-
sumptions (a) and (b) is necessary for the fulfilment of the
relations (4) and (5).

We shall say that the operator | € [Y ] fulfils the
condition [Z1] , if T fulfils the condition (R S)
with a non-empty Hg  and at least one of the conditions

(a) and (b).
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A weaker condition than the condition [Z1] is Val=-
ter’s condition [Z21 (seel[10]) which we shall gene-
ralize.

Condition [Z2] . An operator T el[Y] fulfils
condition [Z 2] , if there is a quasiinterior element
% € K and a K -total set H” c K’ such that the
following conditions take place:

(1) CITIE, x> & ¢ <X,x’y, x'e€ Hg ,

CITIR, x> = (X, %"y, x'€ Hy ,

where H U Hé:H', He+ 8, H:cf\H; = Q and
0£q<1.

(11) 1 4 € K, 4’ € HL , then there is a positive

integer v such that {1 TIT™a 4y’ >+ 0 ;

(111) ¢ g € K, <y, 4" > = 0  rfor all '€ Hy,
then < I Tlgy,x’> %@ <y XY rforall x'€ H',
where 0 € @' < 1 .

(1v) If x and 4 € K, <X, 4" > & <y, 4> ror all

' e Hy , then <ITIx, 4> £ LI Tly, 4> for
all gy’ e Hj.

Theorem 4. Suppose the operator | Tl , where T e [Y],
has property (S) and (5) fulfils condition [ Z2]. Then
we have (5).

' Theorem 5. Let the operator T e [YJ] fulfil at least
one of conditions [Z1) and [Z2] . Further,let there
be an element X* & K  such that ,

Cxhx/y 2 /<%, x> for x'e Hy ,



ITIxY, %y & <X, x> for x'e H

where @+ < 1, 9'> 2 > 0 . Under these assump-
tions the relations (5) are guaranteed.

As a consequence of Theorem 5 one can obtain an analo-
gue of Walter s theorem from section 5 of [10] under assum—-
ptions [Z1] or LZ21.

Theorems 3,4 and 5 imply the convergence of the Jacobi
type iterations to the solution of the equation

X = Tx +¢+, teVY .
It is interesting that conditions [Z1] or [Z2] also
guarentee the fulfilment of the relation ~ (H)< 71 , whe-
re H=(I-L)"U janalL+U=T, £(L)< 1, and
hence the convergence of the Gauss—=Seidel type iterations.

Theoren 6. Let T € [Y] have 2 (I TI)< 1. Let us
put \ TV =L,+UW, L 56, WL &6 andletr (H,)
be a proper vector of H, = (I- Lﬂ ™! U-,, . Then we have

(6) n(H) &€ n(H)) < 1.

Corollary. If the operator T € [Y1 fulfils one of
conditions [Z1) and [Z2] , then there hold relations
(6).

Regark. For m > M  matrices the relation 4 (H,)<
< 1 follows from the fact that H  fulfils the strong
( RS) condition as soon as the single matrix L + L does
fulfil one of (Z13 and (Z ) (see [10]). But the ful=-
filment of the (RS) condition need not be verified to

prove Theorem 6,
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