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GENERATORS OF THE BOOLEAN ALGEBRA OF REGULAR OPEN SETS IN
LINEAR METRIC SPACES.
Petr STEPANEK,Praha

In the present paper, systems of generators in special
Bnolena algebras are investigated., In addition to generally
known notions we use some definitions adopted from [2],[3].
In the first part we prove a general theorem on Boolean al-
gebras (the method of its proof is due to Solovay [1]). This
theorem is then applied to Boolean algebras of regular open
sets., We prove that the complete Boolean algebra of all regu~
lar open sets in a metric linear space has a denumerable sys=-
tem of generators. In conclusion, the similar theorem for so-

me other metric spaces is also proved.

Definjtion 1. (ef.[2),(3)) Let B be a complete Boole-
an algebra, o¢ and /3 ordinal numbers. 4 set Axp =
={w(g,0);v€a,Jeay} € B is called an (at,/3) -aysten on

B , if the following holds: _
1) B+/—wQ A wig, ) =0 far any
e w,y -

U°) f s+ f——r w () Aw (y,,0)=0 sor any

reay -

(2) For each ¥ € @) fe\éw(g*,d"%’ 1.
n

(2°) For each o€ @, M‘w(aﬁ;d") =1,
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0, 1 being the zero and unit element of B  respecti-
vely. _

Theorem 1. Let B be a complete Boolean algebra,
A.(pc{w'(a*, d); yea),dea@),) be an (x,B)-system on
B . Let us construct «(4,,4,), A, A, € &, as follows:

ar(.?x,,&,_):a;\‘,/a; (W(A,,0;) A wr(Ay,0; )

Then the collection {v(A,, A,); A,, A, €a) } generates
the whole (x,(3)=system A_,
Proof. Let B’ S B be the least complete Boolean
algebra containing the family {7 (A,, A, Ay, A, 6 ag(,?,
It has to be proved that all w (94 0 ) “s are in B’ . We
prove it by induction on d” . It suffices to show that,

for any o € ay, § € @, , the joins ,}?w(gﬂ;d‘),

J}éw(m &) are in B’ .
) Let us suppose that, for some f € a)/, and for all
Aeq ,all wia, o ) ‘swith o< § arein B’.
Since apparently d.}{rur (A,0") € B’ , the only thing to
prove is ,%w(a,o’)e B’ . Let us choose A € @i
arbitrarily. Defining
oy
oy N oprapagy WAL FIA (LY

for any A, € &), A,¥# A we obtain, from Definition

1 property (2), the following equality
c‘%: "’;\"/ﬁ)v(&;‘f) (w (2,0 )A W (A, ;)= v, A v
v ,;\</£ (W (ALGIA WA N=a(a,n,)v
LA
v J’\!w(a,,a;)/\ o;\‘/a’ﬁw(a,o;»:v(a,a,,)vdyfw(aq,q,")
4
which shows that ca1 € B for any A, €a,, A, 2.,

We show that the following equality holds: "\é/F w(a,d)=

- 96 =



= a/:\a ¢, . Let 0 € §. Using (2) from Definition 1 we
4 1
obtain

Co, > o ¥y <€(w(.11, YA W (A, N=w (A, 0°) A

A N es W D)= W (AIA N W (= 0 (2,0)

for any A, #*= A .
This fact immediately implies ([ w (4,9 < alea %a,
Suppose AL = %/ba Ca, — a,,}?w (a,0°)# 0. Then there exists
§, > § such that w A w (Q,§ )+ 0, since Nw(d,
d)=1, But 7\/1.0' ¢ ];f )=1 holds by (2°) of Definition
1. Then there exists A, such that

MmAwA, §,)A w A, §)+ 0 .
But g, * § implies A = A, by the assumption a”
in Definition l. Then we obtain W (A, §,) A w (A, fIA
A C% #+ 0 . From this inequality we obtain the following
assertion:
There exist §, , §, such that (f <§ — £ < §)

and
w (A, §,)Aw A, §)AN w (X, £ ) AW R, §>+ 0,

But §,=§, eand f = § by Definition 1 (1°) - a contra-
diction.

This provea that J‘}f/w (‘A'V):a‘,/}a ¢y, »Which completes
the proof of Theorem l.

Remark. In the peceding proof, we did not use (1) from
the definition of an (oc,3)-system. It means that a slight-
ly stronger theorem could be formulated. We do not do it be-
cause of the connection of Theorem 1 with the theory of V =
models (cf.12]).



If there is an (oc, 3 )=system in any Boolean al=-
gebra, it has, as we have proved, &), generators. In so-
me special Boolean algebras, a suitably chosen (ot,(3)-sys=-
tem generates the whole algebra. It means that such an al=-
gebra has &), generators. In what follows, we deal with
Boolean algebras in linear topological spaces. Let us re-
call some definitions: A set o c P in a topological spa-
ce (P, %) 1is called a reguler open set if ¥nt(cl o-) =
= (. The collection B of all regular open sets of a
space (P,% ) with operations VU = Il (cl“e% w ),

/\‘U-M‘(‘_QM ), ~Meint(P-se)wnere U € B , is a complete
Boolean algebra. If the sets from a family @ are mutually
disjoint, we use the symbol Ex (@) . Souslin’s number

@ (P, T) of a topological space ( P, ) is introduced
as follows:

@ (P T)= minles; q3a(Ex@)&acré&ecarda=cx));
it means that |« (P, % ) is the least cardinal number witl
the property that in (P, & ) there is no disjoint family
of open sets having this cgrdinality. A space (P, z) is
said to be saturated if « (0,2 )=« (F 2 ) holds for any
non-void open subset ¢ of P . One can easily verify that
each topological linear space is saturated. In the following,
we use the following theorems proved in [3]:

¥ « (P z) is a regular cardinal,

2° if (P, ) 1s a metric space, then «w (F2) = X
for some o ; it means that |« (P, 22 ) 1is an isolated
cardinal.



Theorem 2. Let ( P, 22 ) ©be a saturated metric space,
B the complete Boolean algebra of all open regular sets in
(P % ). Then B has a denumerable set of generators.

Proof. The metric space ( P, ¥ ) is saturated and
(q_(P”r,’ )= &4 holds for some o< o By induction om
m < @&, we construct a sequence of regular open sets
Aa,.,.a,,, (M < @y Agserey; Ay < g ) .

Let B*={ B,, Sa,e an be a family of non-
empty open sets such that

(a) d(B_11 )< 1 for any A, € Dx

(b)) Ex(B*)Y ,

(e) cl(}qJBa13= P.

There is such a family because w (P, =)= R_,, - Put

Aa, = Intlch By ) for ay e @&y The family

{Aa1 5 A, € &g } satisfies (a) = (¢c) as well., Having con-
structed the sets A"'1"' a, for any m £ 7, ,we con-
struct the sets Aa.,.n Am, 4 as follows: Let

Aa, ... a, be an arbitrary already constructed set, and let
(4
{Aﬂnm Amyr Amgrq J 2‘0941 ek a’”‘p*" * Ay (m=1,2,...7)}

be a disjoint family of non-empty regular open sets such that

dea,...an,HR 0—;{;—7 for any Am e, € @x  and that

wa(akj‘l\;\',,,a“’ Roper ) = A,a.,.,.a holds. For m € @) ,

e

o€ @y we define: w(m, ) = N\ A, 5 . In[3]

”
it is proved that A, = {fw(m,0") ;mea),, dea) ?is a

(0, x)-gystem on B . Following Theorem 1, the elements
of A_,, are generated by a denumerable family {v (m,m );

m, m € @o § - We show that the sets Aa,... a

”



can be constructed from elements of S, . by induction
on m . Forany A, € &y, Ap is w (41, a,). Ha=

ving constructed all the sets A, for some

gor s Am

m , we have

Ay dp, gy = W1, Ap YA A a,
This proves the theorem, for each regular open set in
(P, 2 ) being the join of a family of sets Aa., I S
This follows from the construction of these sets.

Rempark. Theorem 2 can be proved without verifying that
A, x is & (ov,/3)-system. Instead of this we have to
prove that the sets

vim,m)= Ay . a, (h2m,m &, £ 2,,)

generate the sets A"'1"' a, - This can be done direct-
ly, by analogy 130 the proof of Theorem 1.

Corollary 1. Let ( P, 2 ) be a linear metric space,

B the complete Boolean algebra of all regular open sets in
(P, 2). Then B has a denumerable set of generators.

Remark. It is possible to give some other conditions
for a topological space to be saturated.

We say that a space ( P, 2 ) is homogeneous if, for e-
very two points X, ¢4 € P , there exists a homeomorphism
¢ o P onto P such that ¢ (x)= 2y . The follow-
ing assertion gives a sufficient condition for a space
(P, ) to be saturated.

Lempa 1, Let ( P, 22 ) be a homogeneous topological
spate. Let there exist a saturated set g; P such that
@ (o, 2 )= @ (Bx) . Then (P, ) is saturated.

Proof. Let there exist a non-empty set g, c P such
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that (a,(o;, T) < « (P, 2 ). We can easily verify
that o] # O . Let us fix X € 0; , 44 € O; .Then the-
and

this gives a contradiction. From this follows that (F 2 )

re is no homeomorphism gz such that < (X) = 24 ,
is saturated.

Corollary 2. Let (P, 2 ) be a metric space which sa-
tisfies the assumptions of Lemma l. Then the complete Boo-
lean algebra of all regular open sets in (P, 2°) has a de-
numerable set of generators.
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