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Commentationes Mathematicae Universitatis Carolinae
8,2 (1967)

COORDINATIZATION OF PARALLEL SYSTEMS, II x)
Véclav HAVEL, Brné

In this part we shall use ternary halfgroupoids for the
coordinatization of certain "parallel systems". Further we
shall investigate as a special case some systems very closed

to pseudo planes in the sense of Sandler ([3),p.301).

1, In the following, it is necessary to distinguish be-
tween partitions in a set and partitions on a set: A papti-
tion in (on) a nonempty set S is a nonempty set of nonemp-

ty subsets in S which are pairwise disjoint (which are pair-
wise disjoint and cover S ).

Now we generalize somewhat the definition of a parallel
system used in Part I: By a "parallel system" ./  we shall
mean a triplet ( € ,.L, /) where (i) @ is a nonempty
set of elements called the nts, (ii) of is a nonempty
set of some nonempty subsets in £ called the lines and
(1i1) / 4is a partition on o such that each member of
I/ is a partition in R .

2. Two parallel systems P= (R,ol, /), P'=(RL V)
are said to be isomorphig if there is a bijective mapping .

x) Part I: Comment.Math.Univ.Carolinae 7,3(1966),pp.325-333
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p: B — P’ such that

1) el e L’ for each L € o , and

(2) Pl, pm belong to the same member of 4’ 1z
1, m belong to the same member of 4 . '

3. A ternary halfgroupoid T 4s defined as a couple
(S’ ~ ) where S 1is a nonempty set and 7 a mapping of

a nonempty set Ddom ¥ & S x S x S into S,
For Dom = =S>x S > S we get a terpary groupoid (cal-

led also a ternary ring).

Denote by (Dom ¥ );; e (Dom = )p  the pro-
Jection of Dom =  obtained by leaving only the i=th and
the j-th component or leaving only the k-th component respec-
tively. For each (4, 7 ) € (Dom T )23 , define
L(«,v) as a nonempty set {(x,y)|l ¥ = v(X,u, )},
and,for each A € (DBom ), , define L (w) as a set
consisting of membersa L (4, v ) where 7 runs over all

values such that (&, ) e (Dom v ),, -

4. We shall use two following conditions for a ternary
halfgroupoid T = (S, ¥ ) :
3) T Ca,u,v;)= T(a, «,7;) for (a,w,v;),

2
(a,u,%,) € Dom v == v; = ¥ ;
(4) TRy, v;) = T(X, 4y, 7;) for (u,,7;),
(u,,v;) € (Pom v )y, such that {x e S|(x,4,7)e
eDom v} =1{x6S|(x,4,v;) e Jom ¢}, identicaily

i X = (g, ) = (y, v ) .
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5. Two ternary halfgroupoids T = (8,7), T’/= (S/, 27
are said to be igomorphic if there is a bijective mapping
6 : 58S’ such that
(5) {(6x, 6w, 6v) (X, u,v)e Dom ¥ §= Dom =~ ,
(6) T/ (6x,6Mm, 61) =6% (X 4, 1) for all (X, u,v)E

¢« Jom = .

6.Let T = (S , T ) be a ternary halfgroupoid sa=-
tisfying (3) and (4). Set R = U L (u,v) ,
(e, 7)6 (Bom = )y,

L=ft (u,v)l(w,1)e(@Dom ¥), 3 and P={lLw)|we@om ) }

‘where, for each 4 € (Bom ¥ ), , L) consists of
L(w, v ) such that (u,» ) e (Dom z')“ . By (3),each
LL{x ) consists of mutually disjoint nonempty members. By
(4), any two L (w,,v,), L (uz,vi ) with (u,,7; ),
(uy,v; ) € (Dom z)z-s,uT # 4, ,mst be distinct so that
{Lw) luwe(Dom » ), $ is a partition on £L .Thus,
(R, oL, /) 1is a parallel system (called agsociated to T).
Obviously, the parallel system associéted to T is determi-
ned canonically.

Definé Y(a)={(x,4)€ Sx S|lx=a},
X(a)={{x,4)€S=Sly=a} forall a € S , and no-
tice that, in the preceding, it must hold carxd (Y (a)dn
nt) < 1 forall @ € S andall L € L .

TeLet P = (R ,L, #) be a parallel system. Let

there exist a set S and an injective mapping x: R > Sx S
such that
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(N ecard (Y@)naal)<S 41 foradlaeS,led,
(©) eand # S card S .

Choose an injective mapping 3 : # — S  and, for each
L € 7/, an injective mapping 7% ¢ L — S . Pinally, de-
fine a mapping T of a certain subset of S > S x S
into S as follows: 4 = ¥ (X, &, V)X (X, 4) =
=Pe 'r,_"v' where ‘BL = «w€B/ anmdve g L.
By the preceding assumptions, ' must be single-~valued and
is well defined. So T = (S, T ) is a ternary halfgroupoid
(called associated to J° with respect to o, B, ¢ ).

8. Let T = (S, T ) be a ternary halfgroupoid satis-
tying (3) and (4), Let P = (£ ,L, /) by its associa-
ted parallel systeme The next conditions are equivalent:

(9 ) Each L € / 1is a partitionon £ .

(9 ) The equation ¥ (@, c, v ) = & has a unique
solution v € (QJom =z ); for any « s(ﬁo—mz’)z and
(a, &)e R -

For the proof it suffices to note that (92) says precisely
that, in every Le/ ythere is exactly one line of J°
passing through any point of @ .

9. A "mm can be defined (cf. [3],
p.301) as a triplet (R , oL, I ) where ®,L are sets
(of points and lines, respectively) and -I  is an incidence
relation (1.g. I € R > oL sit. A; L a; for i,4=
='1,2 implies A = A, or a = @, ) such that

z .
there exist points £ =+ F; and lines 1 4 1, with



R.BIl ; P11, for which the following condi-
tions hold: (i) For any point P such that P [ L, or

PI1 and any point @ # P there is a unique lire
1 with P, @ I L . (ii) For any line 1 such that
PIl or BI1 and eny line m with B £ m or
Ii X m there is a unique point P with P I L, m .
(i1i) There are four points no three of which are incident
with the same line. = If 1, and all points incident with

1, are deleted then one obtains an “affige” pgeudo-plane,

We shall show that such affine pseudo-planes can be intro-

duced in another way.

10. A parallel system P = (R, £, /) will be called
an almost pseudo-plane if it satisfies (9,) and
(10) R =5 S for a set S containing at least two
distinct elements;
(11,) Y(a)e L for each a € S ;
(11, X(a) € £ for each a € S;
(12)) Y=4{Y¢)laeS}el/;
(12,) X = {X(a)la eSS} e/
(13,) caed (Y(a)nl) =1 forallae S,lel\Y;
(13,) card (X(@a)n 1)=1 forallaeS,ledL\X;
(14) there is a line Y € ¥  such that caxd (YA L )= 1

foreach L€ L \NY and

x)

x) Cf. the definition of Y (a.) and X(a) 4in Nr.6.



(15) there is bijective mapping /3 : /\{fY]—-’S - with
BX =0 where 0 e S 18 determined by Y(0) =¥,
: N

11, Let P = (R,L, /) be an almost pseudo-pla=~
ne. Take a parallel system P (R 2ol \NY, /N {Y]) end
choose o« = ¢d, (3 as in Nr.10 and, for every L € /\
Q{Y}, U’ [L— S determined by %l to be equal
to the second component of the common point of 1 ’ Y (the
existence of such a point is guai*anteed by (9,) and (14 Let
T = (S, ) be the ternary groupoid associated to P*  with
respect to oL, /3, ¥, . It can be verified that T satisfies
the conditions caxd S 2 2, (4) amd
(16) ¥ (x,0,7) =2 (0,«,v)= 2 for all X,«, e S ;
(17) for any X, 4, ¥ € S  there is a unique 2 € S
such that 4 = © (X, 4, v ) '
(18) forany 4, v € S and s € S \ {0} there is a
unique X € S such that 4 = ¥ (X, «, v ) .

%  becomes a pseudo~plane if and only if

(19,) any Pe Y and any L € R \Y are contained in
exactly one common line of J° .
(19,) is equivalent with its algebraic counterpart ;
(192)forany X & SN{0} . ama Yy, veS there is
aunique &« € S such that ¢ = T (X, «, v ).

Conversely, it may be proved tl"mat for a ternary groupoid
T=(S,% ) satistying card S = 2 , (4),(16),(17),(18)
or wad 522 ,(4.), (16),(17),(18),(19), the associated parallel
system (R, oC , /) leads to the parallel systam (R,Lu¥,
M v -[ Yi) ‘which 1s an almost pseudo-plare or a pseudo=plé-

ne respectively.



80 the preceding two types of ternary groupoids may
'be termed ss almost peeudo-plenar end pseudo-plapar respecs
tively.

Note that the pseudo-planar ternary groupoida have a
more general structure as "pseudoternaries" ([3],p.303) be-

cause the existence of unit element is not required.

12. Let P = (R,L, 7 ) be an almost pseudo-
plane. Suppose that it contains a diagomal line 4 charac-
terized by
(200 d ={(x,yg)lx=y}t.-

Let T be associated to * as in Nr.ll., Then, by the im~
mediate translation from the geome tric into the algebraic
language (and conversely), it may be shown that (214 )<—>(212)
where:

(21,) Let A, , A,, A, , B, B, , B, be points satisfy-
ing a) A = (0, 0), b) there are mutually distinct lines
1,,%,l, ¥ suchtmt A,,B,_GL,;Az,Bzélz;
Ay> By € 1, ; ) there are lines ‘a, , »b; from the sa-
me member of / such that A, A, e a,; B, B, € 4 ;
4) there are lines a, , f; belonging together with d to
the same member of /  such that A, , A€ @, and B, ,
B, e 4, eame) A, Aa lie on the same line of X .
Then B,, B, 1ie on the same line of X .

(21,) T (T (X,u,0),e,v) = T (X, «, v )  for all

/X, 44, € S where e 1is determined by o € L (e) .
(21,) is called the linearity copditiog. Cf. thearem 12 in [3],
p.311 where moreover (191) is postulated. The derived composi-
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tions +, ¢ (defined by X + v = = (x, e, v) ,

X o =T (X, 4, v ) respectively) are associative if
end' only if the corresponding Reidemeister configuration con-
ditions known from the web theory are satisfied. There is a
very closed connection between 4-webs ([1],pp.61-63) and

pseudo-planes: pseudo-planes are only certain natural "exten—

sions" of 4-webs.

13. The constmcti_on of almost pseudo-planar ternary -
groupoids with linearity condition can be given as follows:

Take a loop & = (S, + ) with caxd S 2 2 and choose

an injective mapping 2 : S N {0} — & where %

denotes the set of all permutations of S reproducing the
element O . Further, let 2¢ O be the mapping which sends
each & € S onto O . Now define the multiplication - by
Xeu =(6€64)X for all X, «4 € S and the ternary com-
position ¥ : S > S > & — S by T (X, 4, v )= Xea+
for all X, &4, ¥ € S . Then each of the conditions 4),
(16),(17),(18) is fulfilled and the obtained ternary groupoid
T=(S, © ) must be almost pseudo-planar. (Cf.the generel
principle for the construcdtion of double groupoids ovar a gi-
ven groupoid given in [ 4],pp.67-68).

In particuler, if card S = 3 then there are
only two distinct pei‘mutationa reproducing O and the resul-
ting T 4is necessarily planar (i.e.,the associated parallel
system leads to an affine plane). If caxd S > 3  then 1t
' is possible to choose 9¢ in such a way that oe (S\N{0})
does not act simply transitively on SN{0} . Thus there



exist almost pseudoeplanar mnm grovpotds whish ape not
pseudo~planar,

14. Be given ternary haifgroupoids T= (S, v ) and
T’= (S’, ©’) with associated parallel systems J° =
=(R,L, /) anda P'= (R",L’, #’) respectively.

Any isomorphism between T and ?° induces an isomorph-
ism between P anda P’ .

Proof. Let 6°: 8 —> S’ be a bijective mapping deter-
mining the given isomorphism between T and T’ . Let Z =
={(x, ) ly=v(x u, )} for (m,v)e (Dom z),, .
If (X,4)€ 1l then, by (5) and (6), 6y = t(6x,6u,Ev)
and by the bijectivity of 6, 6 L € oL’ and (1) is ful-
filled. Similarly for (2).

We finish this paper with one remark about affinities
of parallel systems. An isomorphism of a parallel system
P=(R,L, /) onto P may be called an affinity of 7.

A translation of /2 1s an affinity 6 of Y having the
following property: L and 6 L belong to the same member
of / for each 1 € &L . A translation 6 of J° may be
termed gentral if there is & &€ € /  such that 61 = 7
for all L € € . Some propertiea of central translations of
groups with a partition are found in [2],pp.94-98 and 158-160,
Certain similar results on central translations of groupoids
with a parallelisable partition are contained in [5], but no
results about central translations of general parallel systems

are known to the author.
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