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Commentat iones Mathematicae Uni&ersitatis Carolinae

8,1 (1967)

ON AN EXTREMAL PROBLEM CONCERNING GRAPHS
Jaroslav BLAZEK, Milan KOMAN,Praha

(Preliminury communication)

In this paper, a generalization of a problem proposad

by P. Erdos (see e.g. [1, p.87)) and of a problem proposed
by P. Turén (see e.g. [2]) is studied. This generalization
may be formulated as follows (see also [3]): Let G bz a

finite graph without loops and multiple edges, the comple=-
mentary graph of which consists of -R components (of connec-
ticity), each having the form of a complete graph ¢ my >, -
<= 1,2,..., /. The problem is to find the minimal number
of intersection points of edges for all immersions x)of G
into the Euclidean plane E, . This number will be denoted
b Ao (Mgy s )

l. Upper estimate of f1p (7, My ,..., My ).

a) In a particular case (the problem of P, Erdos), for
m=my=... =m, = 1, the following upper bound has
been proved (see [4] and [3]):

W) (1, 4,00, 1) & LL2] [%g“%—_z“%-_aj ‘

b) In another particular case (the problem of P.Tu-
rén), for_ R =2, K. Zarankiewicz proved in his paper [2]

x) The term "immersion" is used in the same sense as in

[1].
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) oy (my,m,) & [ ] [ﬂ‘fiJ [Z) [-’-’FJ = Ky, m, ).

¢) For A =3 , by using a generalization of Zarankie-
wicz s construction from [ 2], it can be proved that
po (Mg, my) £ K(my, my+my) + K(my, ny +m,)+ King,m+m)-
- Kmz,my) -K(m,, m,) - Klm, ,m;),
where K(a, &) 1is the symbol defined in (2).
d) In general, for & & 4 we may suppose that in the

sequence My, My, ...y My, all odd integers are preceded

by all even integers. We shall use the following notations:

— m +1 m

m =£TJ: my = [“2"‘1 (for any integer m );
Q =m, a,=mn,, a’3=';ia’ Q=B 5000
‘eq=@1"e§’ﬂ-7’2’,65-@37/b;-%",‘1’;

Ni- mj (1:: 7,2,.-.,/“/)-

Then it is possible, by using a generalization of the con=
struction B from [3], to prove this upper estimte:
& A
11, (Mg, My, M) "‘;.Zq K(m, ,N,) -‘.';7, K(m;,m;)+
<y
+ Lim,,m,,.... m )+ EM(a, L),

where A
Ly, myyey mpd s 2 (@3 0y @ + a0, 4 4, +
R<H<tcw

+ a,,‘&;;lga«“+,t;‘a.‘a%%+,&,4a&@ + bbb L)

“
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and where € = 1 if in the number of odd integers in the

sequence m,,M,,..., My 1is odd, and & = otherwises

2
M(a;,4; ) is a function of degree 2 in Q,,..., @, ¥, » &p-

2. Lewer estimate of i, (7, mMy,,..., My ) . It seems
to us that all upper bounds mentioned in part 1 do not dif=-
fer essentially from the number fr5 (M, M, , -.; My ) -
But the establishment of a precise enough lower bound seems
to be rather difficult.

Incase m, = My = ‘100 =M, = 1 is proved in [4]
and [3)

G) e, (1,000, 1) & (k= 4)py (14,00, 1)

and A5k (k=12 (h=-2)(h-3) & i, (1,90, 1) .

For 4 =2, in (2] the proof of the inequality

(4) Klm,,m,) £ f, (m,,m,)
is not correct because of an incorrect application of Lemma
2 (see [2],p.139)., We do not know (if min(m,,m,) & § )
any proof of (4), We can only prove the following inequality
analogous to (3):
(5)  myop,(m-"1,m) & (m=~2)p, n,n,).
In general, we can prove
A
i.zqﬂim(’r'ﬁ>"'7 ”1‘43—47”1’42" 47 ”7'1'1’1 10000 Mgy ) £
£ (M+Mytood My~ &) frg (M, My, s My )
which is a generalization of (3) and (5).
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