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METRIC SPACES CVER PARTIALLY ORDERED SEMI-GROUPS
R. DeMARR and I. FLEISCHER, Seattle

1. Introduction. All axioms for an ordinary metric spa-
ce can be meaningfully formulated for an abstract metric
space, where the abstract metric takes on values in a par-
tially ordered semizgroup of a certain type to be defined
below. Such a space will be called an MPS-space (see defi-
nition below). In general, this abstract metric does not en~
able one to define a topology, but it does enable one to de-
fine convergence. The purpose of this paper is to show that
every 1;’—space is an MPS-space. We shall also give an ex-
ample of an MPS~-space which is not a topological space. Thus,
the class of MPS-spaces includes most topological spaces as
well as "spaces" which are not topological spaces. Our work
actually generalizes the recent work of Antonovskii, Bolty-
anskii, and Sarymsakov [1], who have shown that every Haus-
dorff uniform space can be "metrized" over a semi~field (this
is their terminology for an algebraic object much like a par-
tially ordered topological ring). It is easy to translate
their results into our terminology: every Hausdorff uniform
space 1s an MPS-space. Finally, in the last section we formu-
late a general metrization problem.

2, Bagic definjtions. In this paper we consider only
commitative semi-groups S with identity. The binary ope-
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ration in S will be denoted by + and the identity by 0.
The partial ordering £ in S is always assumed to satisfy
the following conditions:

a) 0 %2 o for all €S ;

b) & B implies XL + ¥ & B+ fa all o,f3, ¥€S;

¢) if M is a non-empty subset of S , then mf M
exists.

It follows from c¢) that if M is a non-empty bounded subset
of S , then sup M  exists.

It is clear that the set of non-negative real numbers
with the usual addition and ordering is an example of a par—
tially ordered semi-group as defined above. Other examples
will be given as they. are needed.

A subset M of S 1is said to be directed to 0 if for
o, € M there exists 7" € M guch that 7 & o and
7 & (3,and it inf M= 0. Addition in S 1is said to be
continuous at 0 if when M and N are directed to 0 y 80
is M+ N . It will be seen below that continuity of addi-
tion at 0 plays an important role in the study of MPS-spa-
ces. '

Definition of an MPS—gpace. Let X be a non-empty set
and S a partially ordered semi-group. Let d: X x X =+ S
be such that for all X, 4, Zz € X

1) d(x,y)= d(g,x);
L) d(x,2x) & d(x,y)+d(y,x);
3 d(x,y) =0 #f xX=y .
Anet {X ,meD} of elements from X is said to
converge to X € X 1ff Lim sup d (X, Xp) =0 . The set
X witiz convergence defined in this way will be called

- 302 -



an MPS~space. The function d(* ,*) will be called a PS-
metric,

Reperk. In writing fm sup d(X, X, )= 0 , we only
assume there exists 4o € D  such that the set
{fd(x,x, )k <meD} 1s bounded. We do not assume that
the set {d(x,%,):m 6D} is bounded.

3. Examples. It is clear that an ordinary metric spa-
ce is an MPS-gpace. An example of an MPS-gpace which is not
a topological space is the following: let X be the collec-
tion of all real-valued measurable functions on fO,’lJ and
let S ©be the partially ordered semi-group of non-negative
bounded real-valued measurable functions on [0,7] and let
the PS-metric d(* , *) Dbe defined as follows:

| &=l

)= T

€S for each X, 4 € X .

In this way X becomes an MPS-s ce in which convergence
(with respect to ol ) is just convergence almost everywhe-
re for sequences. It is well known that there is no topolo-
gy for this convergence.
_ 4. Some general theorems. We state without proof the
following theorem. .
Theorem 1. Let X be an MPS-space. (a) Any net which
is eventually équal to an element X converges only to X,
(b) If a net converges to X , then any subnet of it con-
verges to X .
Theorem 2. Let X be an MPS-space. If addition in S”

1s continuous at 0 , then a net converges to at most one
element.
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Proof. Let {x,, ,~ €D} beanet in X and let X
and a4 be distinct elements in X . Thus, 0+ d (x,y) &
$d(x,X, )+l ,x, ). Let M be the subset of ele-
ments in S of the form oy = sup{d(x,x,)ibe<med?
and let N be the subset of elements of the form (3, =
arup follny,x, ):k<meD]i.If we assume that the given
net converges to both X and 44 , then both M and N are
directed to ( . Since addition is continuous at 0 , M+ N
is also directed to 0 . Since both M and N are direc-
ted to 0 , the elements of the form o, + B, eare cofi-
nal in M + N ; hence, immf{o, + 3, § = 0. However,
the triangle inequality above shows that 0 # d(x,n) &
£ &, + (3, . Thus, our assumption that the given net con-
verges to two different limits leads to a contradiction.

Q. E. D.

5. The main theorem. We now prove that the class of all
MPS-spaces includes all T.; -spaces.

Theorem 3. If X is a T,;-space, then X can be re~
garded as an MPS-gpace in which convergence w.r.t. the topo-
logy 1s equivalent to convergence w.r.t. the PS-metric.

Proof. Let S, be the partially ordered semi-group
consisting of two elements, () and 41 , where 1+ 4 =1, Let
S be the partially ordered semi-group of all functions o
on pairs (U ,t), where t € X an U 1s an open set
containing t , into S, subject to the following condition:
if there exists t, € X such that (U, t,) = 0 for
all open sets Ul containing ¢, , then x (U, t)=0 for
all pairs (U, t). In S addition and the partial orde-
ring are defined pointwise. Although supremums in S are
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computed pointwise, infimums are not generally computed in
this way. For any X, 24 € X  we define dl(X,y )= € S,
where the function « is determined as follows: ac (U, £)=1
if xe U anmd y € U' or vice versa; o (U, t) =0 in
any other case. We will now show that d is a PS-metric by
verifying the necessary conditions in the order 3),1),2). We
verify condition 3) fimst sirce indoing this we verify that the
above definition for d is actually meaningful; this is ne-
cessary because S 1is not the collection of all functions
on pairs (U,t ). It is clear that d (X, X) = 0, the iden-
tically zero function. If X # 4 , then for every t € X
there exists an open set Ll containing t such that x € U
and i € I’ or vice versa. This follows from the fact that X
is a T, -space. This means that if X % 4, then d(X, y)
actually is an element in S and also that d(Xx , )+ 0.
Thus, condition 3) is verified.
It is clear that d (x,2)=ocl(a,x) ; hence, condition 1)
is verified.
Let X, 4,26 X  and d(X,z)=a,d(x,y)=p,dH,x)=7",
We wish to show o £ 3 + 9., If o« is the identically
zero function, then the inequality is obvious. Thus, let
(UW,t) be a pair such that & (U , %)= 1. No generality
is lost in assuming X € (L and z e W ., If 2y e U, then
y(U,t)=1, it e w , then 3(UW,+)=1.In any event,
&(U,t) & BU, 1)+ F(U,¢E) for all pairs (W,t) . Hence,
condition 2) is verified. Thus, X may be regarded as an
MPS~-space. ©

We will now show that convergence w.r.t. the topology
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is equivalent to convergence w.r.t. d as defined above. Let
{X,,meD? converge to X w.r.t. the topology. If
d(X, X )= o, € S, then it is clear that for every pair
(W,x ), where U is an open set containing Xx , we even-
tually have of,, (W, X )= 0. Thus Lim sup o, (LL,x)=0
for every open set (L containing X . But by definition of
S , this means that Lim sup d(x,x )= 0 , and, hence,
the given net converges w.r.t. < . Now assume that the abo-
ve net does not converge to X w.r.t. the topology. Then
there exists an open set Ll containing x such that
o, (LL,x)= 1 cofinally in D . If V is defined as the
complement of {X} , then V 1is an open set containing any
t# X . Hence, for any t# X we have o, (V, £)=1 cofi-
nally in D . Hence, Lim Aup o, (U,x) = Lim sup o« (V,t)=1
for all t +# X . But this means that Lim Aup &, # 0 ,
‘which means that the given net does not converge w.ret. & .
Q. E. D.
6. A genera] metrization problem. Aside from the study
of MPS-gpaces as mathematical objects, one may use Theorem
3 as a starting point for studying the structure of topolo-
gical spaces in terms of how they can be "metrized" by using
various partially ordered semi-groups. In the proof of Theo-
rem 3 we constructed a particular partially ordered semi-
group in‘order to obtain a rather general result. Mowever,
this particular semi~group is not necéssarily the "best”
possible. It is here that one might formulate a "general
metrizgtion problem™ in asking the question: if X is a gi-
ven topological space (at least a T,—space), then what is
the "best" possible partially ordered semi-group S and the
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"best" possible PS-metric making X 1into an equivalent
MPS-space? The word "best" is used here to mean that when

X 1is regarded as an MPS-space, then one can determine at
legast some topological properties of X from the properties
of S and the PS-metric. We shall briefly mention a few
examples to illustrate this idea.

If the metrizing semi-group S is actually linearly
ordered and addition in S is continuous at 0 , then X
must be a Hausdorff uniform space (which may not be metriz=~
able in the usual sense). If, in addition, we assume that
o +C = & for every o € S , then X 1is totally discon-
nected in the sense that the open-closed sets form a basis
for the topology. )

As another example, let us consider the situation in
which the metrizing partially ordered semi-group S has suf -
ficiently many continuous "functionals". A functional is &
non-negative real-valued function + defined'on \3 with
the properties:

8) £(0)=0, b) F(x)EF(B) irax&B, c) flc+fB) &
€« f(x)+FC(B) . A functional f 1is said to be con-
tinuous if whenever M is a non-empty subset of § which
is directed to 0 , then «nf{f(x): xe M3 =0 .

To say that S has sufficiently many continuous functionals
simply means that if € € S and oc # 0, then there exists
a continuous functional £ such that f(x) >0 , In-this
present example X has the property that distinct points
can be separated by a continuous real-valued function. For
if o4 and z are distinct points in X , then

x =d(y,x)# 0 and, hence, there is a continuous
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functional f such that ¢ () > (0 . From the properties
of £ it is easy to show that £ (d (g ,*)) 1is a continuous
real-valued function defined on X which separates the points
A4 and x .
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