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Commentationes Mathematicae Universitatis Carolinae

7, 3 (1966)

MEASURABLE CARDINALS IN SOME GUDELIAN SET THEORIES

Karel HRBAUEK, Praha

There w:lfll* be proved some consistency theorems on mea- .
surable cardinals in the Godel-Bernays set theory (see [1])
using the method of construction of syntactic models (aee.
[2]). All the results were presented in the Seminar on set
theory at the Caroline University in Prague, in December
1965. I am obliged to P. Vop&nka for his valuable suggestions
and guidance.

We shall use results and notations from [1],[2] with
slight changes without any fur'ner reference. If ‘0( (5_) is
an operation introduced by the formula ¢ (Z ,X) anad if
TEYPYN VYY) (F1Z)g™(Z,X) , e denote by €™ (X)
the operation introduced by the formula 9"! (Z,X).
Analogously for predicates, special classes, etc.

The cardinal m + &), 1is said to be megsurable iff the-
re exists a function @ € {0, 1},9?”)' such that < (4)=
= O,fo(m)s-'l, (YX)(Xem = ({X}) = 0) and(VE)(ts
s Plm)acard t < m & (Vix, 4 )X, yet & xbty s Xnymf)reellit)eZ (]
(@ 1s a non-trivial two-valued measure H -additive for e-
very o <m). '

Obviously, »m == @, is measurable if and only if m
carries a non-trivial ultrafilter } such that (Vi) (t& &
deaxdt<m >Nt 6} ). It 1s known that the first cardinal
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which carries any non-trivial ultrafilter ]— with the pro-
perty (VE)(tS)) & card tsH,—»> Nte ) ( 6 -mul-
tiplicative ultrafilter) is (the first) measurable.

We denote by MC  the statement tlr;at "there exists a
measurable cardinal". Assuming that axioms A to D and MC‘
are compatible, we shall prove the consistency of these a-
xioms with the axiom of choice E (in § 2), with the axiom
1E (in § 5) and with some theorems concerning the continuum—-

hypothesis (in §§ 3,4,6).

§ 1.
1.1. Metadefinition. A model L E(H(Y), 1(X,¥),
Ve (X1 ’ Xz »Y)) of a Godelian set theory Z“) in a

Godelian set theory =% is called perfect iff it is nor-

mal and there is a normal operation o€(Y¥) ~ such that the

following statements are provable in =@, -

(LD (VY DB (YN (£ (Y) is complete, closed with res-
pect to %,..., ‘75 , and is an almost universal class),

(11) (YYD (X, Y) XS L(Y) 2CVx I xeL (Y)»Xnx eLY)),

(111) (VYB (YD) (¥ €(Xqy Xy, Y) & X1 6 X3)

(in the case of a non-parametric model, "a normal operation"
must be replaced by "“a normalw constant").

Conversely, if (i) is provable in a Godelian set theory
T (the axioms of whichae A toD and some € -formulas )
for a normal predicate ?* and a normal operation £ , i
then (4, ) determines, in an evident way, a perfect model
of the theory ¥ in T .

An operation P4 is said to be gbsolute in ] iff

- 344 -,



SO VYU (K Y)Berr B 30Ky Y0 UPE(X) =t (X))
Absoluteness for predicates, special classes, etc., is
defined analogously. The concepts {}, < >, Un, D, lomer,
) O, #, @, , %ne, F,L,... are absolute in every per-
fect model (see [1]).
1.2. Let L, be a normel operation such that the class

Lx 1s constructed in complete analogy with Gidel’s class L,
except that the operation £ (X,¥) = KA X 1is added to
%,..e7% - Let (KD be a normal predicate such that
TH(IAKYH (K) . We denote by ﬁ the perfect model deter-
mined by (1#(K),L, ). This is, essentially, the model con-
structed by Lévy in [4]. The normal operations F , 0d, , b, j-.
are defined with respect to LK analogously to the definition
of F, 04, As..- for L . The proofs of the following asser-

tions were given in [4):
(VKYCE* (KA L 0, (VKM IK) 2Kl € L), (VKX Ly = L)

The axiom E holds in the model 70U . Defining Ky = K*x?,

we obtain )

and (for proofs see [3},[7])
() (VA) (Ve L= (Y ) > cand Odfy b= 2= Bery),

(B) (VAI(it V=L, cad Ody ko = v, ,
the cardinal ¥, is regular and R & R H, , then
(YR (B <ox = 2% < 8 ) -

§ 2.
2.1. Metatheorem. Let %77 z (7%, ) be a perfect mo-
del in the theory T, let the following statement be
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provable in T ¢

(YYD YN (Am)I (AL [m el (W) aFnd(Y) e XY & m
ié cardinal X } is a non-trivial 6 -multiplicative ultra=-
filter on J 1 .
Then the axiom MC holds in the model 277 .

. Hint. If Y satisfies 13(Y), end o, ) are the cor-
responding cardinal and ultrafilter, we obtain mn e N*X

( N 1is the class of all cardinals), m"—’(} nXy))-
Then m ¢*Y % nXY),4#*¥0*% . Ovviously, g*Y ¢*xY % n
AX(Y), §x3Y €22 A L (Y), end 1f X e* Y)Y n¥y),yz2
2*Yx, then ye*? XNl (Y.
From np ¥z =*Yx €™} A X (Y) we have x,y,zeX(Y),
X=yux K XE€ F (using the absoluteness of €,=, u ),
hence ye ] or 2 € J -
This implies 4 €*X X A XL (Y) or ze*¥J A X(Y). Final-
ly, let 4 satisfy card*Y< =*¥ w,*Y ana 4 Q“!} )
A xC_Y). The absoluteness of =, £, &), and N eand the

6 -multiplicativity of } implies catd i =a),, < =
O‘!‘i = (Y41 . Hence n*%y E*—YJ nX(Y).
This proves that (VYad(y) ( } A XY 1 a xY -non-tri-
vial XY~ 6 -multiplicative xY -ultrafilter on ,m).

2.2, Let T be the set theory with the axioms A to

D and M(C . Ve define: ¥ (}Y) = } is a non-trivial

& ~-multiplicative ultrafilter on the first measurable car-
dinal.
Let ﬁ, be the model determined by (%8 ()), L, ). The a-
xioms A to E hold in 7, . From 1.2 we obtain Tr(V)
SN (Faly €ly). _
By 2.1, the axiom M(# holds in the model wt, .
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§ 3.

'In §§ 3 - 5, we assume familiarity with the method of
construction of V <mdels of set theory = which is ex-
plained in [9] to [12]. ) ]
The terrinology and notations introduced there will be used.
All the following considerations concern the set theory
S* 4 (MC).

Denote by 7% the first measurable cardinal, J a non-
trivial @ -multiplicative ultrafilter on 2% . Let (& be
the non—trivia% two-valued 6 -additive measure correspon~
ding to JF. Let V(ind, G, <c,t>,%,5) ve the V-
model of the theory Z*. The concepts of this model will be
denoted asterisks. )

Using ¥ -models we shall prove some resiults concer-
ning the continuum-hypothesis for cardinals less than .
Lévy in [5] and Solovay in [8] obtained analogous results
for cardinals_ in the Zerx_nelo-Fraenkel set theory. .

3.1. Definition. Let <e,¢ > be a topological space.
We define
(a) br<tsbr St & (Vu )X Iv)Oduct>ver&vslbvsi),
(b) 7, Ce,t)=minf{ty ;3 4) (L& some basiecc,t y& caxd O 4 )}

- 342. We define the functioms &, (2 in the model V °
thus:

(e )= * Py ), D) =* Pk, ) W)= Wi ) 0% 147

and .
w(f)=*1¥ = (3g)[g ¥ty & ¢ s*e3,

@) =* 0% m(Ig) [g eXhppy &3 2% F].

Obviously & ‘*(&' . .
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3.3. Lemmg. If 7, (c,t) <28, then(a,"-"(g ~* 18 a
non-trivial € -additive two-valued measure on 4,4 in the
model V.

Prod I. First prove (g,-"‘(z. By 3.2, one should show
that & (f)=*4* - g0 (f)=* 1% . Choose some basis
4 of the space <e,t> with cakd &= Y, (¢, t). For 'F‘*»k“
define
wel; suel &(vy)(yeusiy)=fausFsam.
Evidently Uf; €4, Faouel; define
uI-{x;xe#&usF’xe#“" ,u;-{x;Xﬂ’&wﬁF"X'H“’}-

+ -
Let €4y , 80 that“‘g““%(% Ui )= 8, But card b; <

$qg(e;,t) <%, so that there exists a «, & 7~ (deter-
mined uniquely with the axiom of choice), and eitheru; e}
ar d, & J . There is 43_: Nnag, = . Aeofu s veli<db
and Ul‘r’ € 7 . Hence there exists a disjoint system {4, sv€
.);-'},.&rsb whose union belongs to Z -
Now detine gf(y)=stt, g (y)= 4 , tforyeu, , ved’,
Obviously, g s*f-,_g. S*hyg ~*f and g'e*tepy,,
g €* Mg gy ¢ Because Ry ~*g~2¥f ana Z(#)=* 1%,
there ig ,&,‘ g,e"‘& , henae *9. e* va,(‘) _y - This g
plies g, e* lb . Since g. s* £, we obtain & (f)=%1%.
II. Put fb {g- Eaaily, ‘a*(l"‘) - Pk ,
'(u.*(h‘)-““f", fe*ie, > R {f3*) =% 0* ,
Lot @ exPihy ), card?a S¥8), %Y €k x ety rxa*xy L 0%,

(a) Let x €*a and ,u,"‘(x)-* 1% .
It Y- 6%a, 4 **x, then (a,’rry.)-*o* holds. For if not
then there exist 9,4'1'6 ey ) gs*x, ns* 4 , hence
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9(\*}»‘:*,,0’*, and also g w*gZ h=*p , so that

{3 i(x),fvfwe} &Z(x)nA(x)=P]€F , a contradiction.
since U*a 2* x, we have (u"‘(U"a)-*'I*-*%*: @*@_).
(b) Let (Vx)(X€*a — @*(X)=* %),

There exists a set d such that (V& )(x G*a«—}(.?fy)('y.s*
Fx&ayged), (VY %)y, yy €Ll Y, =*rg, >y, =4, )
There is @ (c,t) € %, (¢,t) < 1% , and the relative car-
dinal numbers of the model, greater than or equal to '*1‘""’:"
are the cardinal numbers of the model (see Th.4 from [11]).
Hence, easily, caxd o <2% (using qagcb*cb‘*af )e By

the assumption, for every X ed there exists a e é*
§*th)_} suchA that s*g«“ and g: e PrA) ~-F for
every 4« € ’6‘9‘.\' (g’.x is chosen using the axiom of choice).

Put z = “« |, 0 U%y s* 4, <
ut 2 ““%,,}"“‘ 9% bviously U'g e, Fromauaflrg&

€ Yple,t) < b and cakd ol < 2% we obtainze TB)-7 -
Hence @*(U*q ) =* 0% .

3u40 Let fp(e,t) < 2% (e.g. leteard e < 2% ). Then
the axiom MC holds in the model V . .

3.5+ The results mentioned in this section were proved
in [6]. _ ) ,

Definitjon. Let <c,t ) be a topological space, &< t.
6(ihr Ry, )2 (Ya)[(F¢a sbnaT,, &V v )0,y ea+

YU S vy S v eud asH )rPENaet],

B = mim {tc; U{a, 6w, 8, 8} ¢ 5}

Lemmg. Let ¢ (D), g s*#, md*g.s*ﬁ,:<*% .
Then g.efT?(;), g=*g, ge TC0) ama .
{x;card T(x) & 8% (x)}eg, {x;F(x)e V(O)je
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(one may assume that {X H:( (x) 1is a cardimal pumber} e

€3 ). :
Let 28 < H, . Then A 1is the first measurable cardinal num-
ber of the model V . Therefore, the axiom MC holds in the

model V .

§ 4.

" 4l Definition. Let 4 be a cardinal number of V. Deno-
te by " the firet cardiml number of ¥ greater than .
Dencte by e(h ) the cardinality of P*h) in the model V.

4.2, Motpdefinition. A model V is said to be of type

[MC & 2% = By oqd (or [MC & 2% H , ] respectively)
iff its parameters depend on H_ in such ’a manner that the
following is provable in the set theary X + (MC):
(a) every relatively cardinel number 42 of V, 4 < *qu‘ ’

ies & cardinal number of V ,
(v) c(ba,‘) =¥ Je:,‘ (or c(hh& )#*;k:,“ respectively),
(o) in the model V  there exists a measurable cardinal number.

4.3. Congtruction. I. Let ¢}, be a cardinel number. U-

sing the method from [12) one can construct the model V(&) ;7
* Wy, for Hy = 2% . This model is of type [MC& 2"%.
= H,,,].To see this, observe that &, < »(,t), hence
condition (a) from 4.2 is fulfilled, H.,, S Hy, (& 1is
thé basis desoribed in def.4 from [12]), hence (by 3.5) the
condition (b) is alpo fulfilled. &, < P implies 74(c,t)<
<'1’~, P € 8, _implies 8 < Pe, Hence by 3.4 or 3.5,
the axiom MC holds in this model.
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4.4. Copptruction TI. Let ¥ be a regular cardinal
number, &, % 2% . We may suppose 2“" =-H.,, Using
(12), the model V[2% o H_,4 ] can be comstructed.
This model is of type [MC & 2% % A .., 1. condition
(a) from 4.2 follows from M4, <€ »(c, £). Since
(‘(c,t)éa‘ﬂ,k%*
Clheyy ) >* o,y
The validity of condition (b) in 4.2 follows. Finally,
#, <75 implies 7, (c,t)<2b, end B, >78 implies

by, > 7%, So, by 3.4 or 3.5, the axiom MC holds in this

& i v
2? T,y are cardinals of and

model.

4.5. Note. A mare detailed discussion of various pos-
8ible cases of relations between cardinals and the cardi-
nelities of their power sets in the madel V with the &
xiom MC may be performed analogously to [12). Of cour-
se, ore cannot assume the generalized continuum-hypothe-

gis in the set theory.

§ 5. )

In this section, the methgd of construction of per-
mutation submodels of V -model explained in [13) will
be used.

5.1. Metathoorem. Let 7, (c,t) < ¥ or Kg > b
be provable in the set theory. Then the axiom M(C holds
in the permutation submodel of the model V.

Hint. a) Let 7, (c,t) <2* . 2, € M(0); then
’*’157&,; are sets of the model VP (see lemma 11 in {13]).
In %, define feP), = £sP ey &(3g)(ge"h, & f =27g);
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hence %, * P. By 3.3, 7¢(¢,t) <25 implies that *=*
-*&-*ﬁ is a non-trivial @ -additive two-valued measure
on Ay in the model V; denote by J, the corresponding
ultrafilter in V . By lemma 16 in (133, P is a complete
class in V , therefore "
fexPary, = fe*P & £ s*ky & (Ig)geh, £gs™F)=
= faf iy t(3g)(geth &g sff)mtefy, mfe*, -

Th;m, 3_:1*}1 =*71 e*. P . By 2.1, the axiom MC holds in
the model © -
b) Let N‘«b >}, By 3.5, ak.‘“ is a 6 -measurable cardinal
of V and Je,_ is a non~trivial 6 -multiplicative ultra-
filter on Ry in the model V. But Y e W(0), henoeﬁy
s aset of V), -
Consequently, A’,n" 3-*% e* P, By’2.1, the axiom MC
holds in the model Vp

5.2. Bxample. If ) + D , then the assumptions of
theorem 5.1 are satisfied for the permutation model construc-
ted in Example 1 in (14) (for G)y < 28 use 3.4, far @y >
use 3.5), so that the axiom MC  holds in it. In this mo-
del, the power set of Jb‘,,‘ cannot be well-ordered. Choo-
sing e.g. B =0 we obtain: it is consistent to suppose
that the power set of the‘ first measurable cardinal camnot
. be well-ordered. In particular, the negation of the axiom of
choice is conaistent with MC .

§ 6.
_ Nowthe relative consistency of the axiom M(C with
the "yg.kly generalized” continuum-hypothesis will be demon-
strated. The corresponding perfect malel will be constructed
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by the method from [3) and [7]. We use the results from Lé-
vy’'s generalizing paper [4] which were mentioned in 1.2. We
continue our considerations in the theory X+ (MC_) .

6.1. Definition. Let 28 be the first measurable car-
dinal, Define:
a, k, o, )= k Fn iy & L) eay, + (Dkox)= ot &

& W(kx)e & & Un, (') & Rl (k'] ,

Ayk)s ko Fn{0fx 2% & Wih)=P(S) ,
A,k aay, y) & R Fm{1ixaw, & Un, k)2 Wk)s Pa,),
ay(’k;}>5&-{<},:{2§>f and J is a non-trivial € -

multiplicative ultrafilter on P ’

oo ) C e =, .0, Oy, o3 Yo
Q (k) m (3t b, )Ty it L) e iy a"f‘ckf"g?)?'r

AR)=E (LA ()& (cyx>ehs(3z)(cax>6 Layez )]s
& Rl (h) .

&:., , akz, ,k’ , ;k" are determined uniquely for every /_k« .
Then also Gy, G4 , # are determined uniquely for every &
(and can be comstructed from £k using the operations &
to % ). The existence of a set #& corresponding to Gy >
cdy for every @y, Gy is guaranteed by the axiom of choi-
ce.

-5-2. Define:

2§, (R) = QA(R) and the following holds for the cardi~
nels @y, Gy ocorresponding to Je: S & Wy < Wy,
Wy is regular and )

1) 128 <@y then 2%6 @, < 2%

(2) 12 2% =&, then '2”’ - @y -
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/

Let M  be the perfect 0del determined by o Je 3 ), Lg?
where 2 (R) 18 (R ). The axioms A to E hold in the
model M , In the following, v shall write ¢ instead of

9"‘*’, etc.
6.3. Hetatheorem. (a) i (Vh(k)) (Bgor = Bo

if X € Y ) L
() (VA SR Y 2% it < 28 )

() FVRSUN(LRY §H Y if < )
(@) (VRSN (2 HY = a7 it psccey)
(o) F (VIR E Y= oot T it y s cx)

(f£) 2% is the first measurable cardinal of the model
M. |

Corollary. Suppose ZA = F’#-M holds in the set theo-
ry (this assunption is consistent by 4.3). Let MZ (3 (R)L,)
where 12;(&)—) B (J), and 13, (4 ) implies that the
Wy, Wy corresbonding'to A fulfil 5%-1’-, @y =@y,
By (e), F(VAYS A2 ) = 4] o +1 it o 228 ).
Thus the statemgnt "the continuum hypothesis holds for all
cardinals greZter_than or equal to the f’ird;kmeasurab]e car-
dinal" is consistent with the axioms A to E and MC.

Note. In particular, the axioms MC and (A4)(V=Ly)
hold in the model M. .

m: Let & have the proPerty 13
I. In the following, we use some estimates of O, F(x,4)
on the basis of estimates of MLN ’ ad;y » Where the
operations & are c'onpoapd from %, to 3’, . Their proofs
are left to the reader (see [1],[3],(4)).
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&) Let '€ @, . Then Odflra*swr, Od,"?e-a)r , hence
Oddy, CCF x y)xﬂr})eo,, since fo. = Wik (Fx y)x{xri)>ely,
we obtain Mk /k'(?r) € Q)?-

B) Let pe 2, Then Riconry= Wik ('tﬂx-kov)?))e Lg -
Since ‘l’éab*,éd“vf 0d »e 2% € Yy we
obtain Odp Ko v € Vy -

\J

¥) Let » € @)y, Then Ricruyy= Wik n(@yx{c1p>3 ey
Since Od‘h a)" € w-yi Qt'b” € G)y ) We ubtain
0“; ""C«vn € Dy

d") By the definition of ,k, for every 4 & 4% there e-
xists an ( € 2“ such that 4 = £ B) in-

«Ko»>)-°
plies Od,i—w € Wy , hence P(8) & R &),

= R/ @y .  Therefore J«t{',,,g‘} IR oy =
II. Obviously,

ke '“%Y Chgy {74) uvu"‘ Ricopy < 1€0» P uv;‘&’:,,(k‘“ ™

x4<1»>Po {hyy, =< {2333
(see o) to ) and the definition of R ). By «) to ),
Od:'.l( ) e @, for every term contained in brackets follo=
wing the sign U . By ), there is lzm,,x{{z;} € f Oy
Hence Av £ B/ %y, =kl @ Wy =E Y <3%075Lh
This implies Odp 4o € .y, ,, card, Oat’ e @y
III. (a) Let ¢ < @y . By o), ,k,(we Lk But
53(*;7,)' TaWik, )eF&Un thr,)&M(kf ),hence catdy 7=
=eard 9. Then (a) follows easily (see [3]) :
(b) - (e) By II, A € Lo . The absoluteness of .the operation
Ly implies Vo= Ly = (L,), . Now, card, Odf k= Qy 5
y 3 ‘gff: Gly and Wy 1isa A -regular e -cardinal
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(the latter statement 1is ;mplied by the absoluteness of
cardinals, see (a)). Therefore, (a) and (B) from 1.2 hold
in the model M. MHence we have proved that
(Ve )t ;‘V—y(z‘i L. " % + 4)~ this is statement (e),
(VBB <y - (254, < Ba ¥ -
(¢) and the inequality &g in (d) are immediate corolla-
ries of the second proposition. Suppose ' eardly (2 4 2<e
c<a ﬂ“ % . Then the absoluteness of the cardinals (see
(a)) implies (2&"?)*_ < H; Y 3 but J&“a”, s 529’ P
me,”s Lg for every L € @, and the cardinality of
the set -{ («,L”;Ls &grf is not less than Gy This pro-
~ ves (d). . :
By p) from I, there is f3 (%)= P@BInL, =« P(HD) -
Hence @(dgc )= ?(GJ‘) holds for every aj € 1»9 . Let
be a fe -one-to-one zk-mapping of ?( @,) on the . -car-
dinal &) , hence 2" ?.: @y . Then f 1is also a one-to-
one mapping af ?(GJ ) on @y in the set theory. Therefare
W“’ =2 . By (e), )y @Y= (2 )h € @y , hence (a)
implies candl a)y = card, 4 ¥p , and consequently (2“‘)‘
2 (use @, uud‘_ a),, )e This proves (b).
(£) We know that Ry, = K412} = J , hence Ly«
nk(“” ﬁae‘Li.Therefore by 2.1 (see the hint), in the
model M there exists a non-trivial 6 -multiplicative
ultrafilter on the cardinal 2%, Let & < 22  be some )
measurable cerdinal in the model M . Then for our R the-
re exists a A -non-trivial AR -6 -multiplicative Je-ul-
trafilter 4 on &), -

There 18 Jp (4y) = P(a), ). By (v), (2“"{‘- 2"%e A,
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hence q (R (@) = PP(a) ). This result and the ab-
soluteness of the &), (see (a)) implies that x 1s @ non-
trivial 6 -multiplicative ultrafilter on &), in the set
theory. But this is in contradiction with a < 2% .
Consequently, 2% is the first measurable cardinal of the
maiel M.

The proof of 6.3 is complete.

To the athor’s knowledge, the following two problems
concerning cardinalities of power sets in set theories with
measurable cardinals remain open:

1) Whether the generalized continuum-hypothesis is consis-
tent with A to E .ana MC;

2) Whether 2% % B4, ( 2% is the first measurable
cardinal) is consistent with A to £ and MC.
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