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Comment at iones i.iathematicae Universitatis Carol inae 

6f 4 (1965) 

MODLL tft^-X-^J IN WHICH ft IS LIMIT NUMBJ-K 

K. HK3i5LKf Praha 

In [3], some models Ĉ fcJ, —* CJ 3 were constructed. 

In this note the discus3ion of exi3tence of models F £ S c ""* 

-^Oj 3 is performed for the case that /£ is a limit num­

ber. 

.ife shall use the notation from C13 *C2J fC33» 

(1) Metadefinition: A model V of the Godel-Bernays set 

theory J is said to be of type C CJ^ — > cu^ J if the fol­

lowing holda in the set theory: O^ € co } and 

(a) if f is a relatively cardinal number of the model V % 

«f £ * &&_, or Afc, £* -f then -f is a cardinal number 

of the model V , 

(b) -kco* is the first cardinal number of the model V 

greater than A j . (See [3J.) 

(2) Metatheorem: If the singularity of O* is provable, 

then there exists no model of type C <--£ —* ^ J . 

Proof. In such a model Jh^j £.*{€* && implies 
sor£ -<- £ 

-f * A,^ . but <sa.. is a singular number, hence there is 
flO /* 

an eu such that cu s Aj- ; 2£ e> cJ } aJL *• (ja> . Prom t h i s we 

obtain e a s i l y Jh^ & U****, , X * .** A ^ , (*)ti «* 4 " * 

—> f * * -fej-j J # Hence X ^ # * -A .̂ , a contrad ict ion. 

In the fol lowing, we assume the generalized continuum 

hypothesis to be val id in the set theory. Let ffl be an i n -
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accesib le cardinal number of the se t theory, 0 a set of po­

wer & m Let Z be an ideal on 6 such that there i s a 

&r € t? with C x ) £ x e i - - > 5 < € < O r J . For every 

* 6 & l e t < c C x ) } t Cx ) > be a topologidal space, 

and < JC c Cx) « Tl t Cx) > the topological product of the 

spaces < c C x ) , i C x ) > by the ideal 4 as defined in 

[ 3 j . I f < c ., t > i s a topological space, we define 

f*,(t,t)m fMbfofi i(3a,)lfj£(a)&a,&t&, a, * co^ } (see £ 2 J ) , 

^Cc,t)-<m*n,fG>cr,' a)f m %>^ fr 8 0 m e ^sis o f < e , t > / • 

(3) Theorem. Let £ t C< c(x), tCx)>) € # for every 

X e 6 . Then ,a,C< ^ c C x ) , Tz t(x)>) e <fl. 
« X $ 0 7 X€0 "" 

Proof • Let a, be a system of open s e t s in the space 

< JCc(t). T£t Cx)>, ExCa), 2-= «£ . Denote by X?C«x) some ba-

s i s composed of open se t s in the space < c U ) . t C* ) > ^ 

such that fi(x)* Tfa «c(x), t(x)>) . In <XcCx) , 

X t Cx) > choose the basis generated by the se t s q. 
*fcd / ^ 
with g, £ i £ z / 3 Cx ) ( s e e f 2 ] , def. 3 , 4 ) . We may assume that 
Ct contains elements of th i s basis only. Define 
( * ) f € i r 3 ^ C T A 9 f f ) c « i Wc7)€. *>rSc Cx)Cx«9Cf)-> 

^^Cx)e/iCx)]ACa(j)C9:ea,ACx)C*x€9)C^) t l3C^)--> 

-+ + (*)*, a(x))l . 

The axiom of choice implies the existence of a function B> 

such that 

Sac BkQ(B) 8 jfr A C- f ) - f fe3£f t> -> f B W e ^ * 

A Cx) CX € 3(4)a2)(B(f))-> «fCx) -*C0C-r* ) )Cx)) j ; . 

Now choose <£0 e 0/ and put Gr - -fgfei * Having 
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defined CL for a l l f s 6 e. co^.+ i , we define &e 

by ( * * ) ( j . « ^ s C 3 f ) C f e ^ A S C f ) s $ ^ U<* & % -r£>CO 1 , 

and G- » (J <r_ . By induction one proves e a s i l y tha t 

6- € & & € 1) . Then there must e x i s t a A e a, with 

M, # (r . Set ^ =- 2JCA)H 2) U 6- ; then / ^ 4* 0 

because A H | f l s ^ } a l so ^ € £>^ • Set 4% -= 

=JkAnL . From ( $ ) we obta in M,o e fr 9 and t he re i s a 6 

such t h a t 3) (**<,) = ^ -= 3 ^ U 6p ? then B r A ) e 

€ G-, c G i s an obvious consequence of ( # # ) . Next, *lt> -# 

- # B 6 M implies X f) iTTXT") * / ; because C * ) r . x e 

tS(A) n2}(B(A0))-*A(x)*(e>(<ho))(x)] . Hence ^ - BCA,>e<S-. 

This i s a con t rad ic t ion . 

We s h a l l construct models V ia)^ -> t# J under the 

assumption tha t o)^ i s a regular c a r d i n a l . 'The parameters 

of the model V w i l l be chosen as fo l lows: 

Set 8 = { t j a ^ € t e ^ j ; and de f ine : 

I . ImxL = f <*>LlLe o , 

I I . GCa,L)= coL x o ) ^ for every L e S • 

I I I . Def in i t ion of the space < c , t > • fo r every 

C € 0 define 

f e c C i , ) £ f n c f A acY)-*^ A A W fi H 

* € ^ C t ) i f t « f i 0 « > C ^ &&&>£<%&$&)€<% 

T-{9>',$ec(L)&-f £ 9 / for 4e ^(L) 7 

t C c ) i s the topology on cCi , ) generated by bas is Jr (i, ) . 

Let i be the i d e a l : x e ^ s - x s t f - f t ^ ^ H c a n d 

< c , t > the space < ?C c Cc ) , Tl * Cc > > -

IV. For L e 9 and < r<f > * <^L x &£ we define 
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*, (<T*r>H) m<*$ * • c * <* Ci.))c<r) m r} • 

It ia then.eaay to prove the following statements: 

for every L € Q there ia t̂ t (< c Ci ) , t Ct) > ) € i* , 

and then by theorem (3), 

Cl) £A, Cc, t ) ft t? , 

(2) a.k c V f c . , t ) (aince the inter8ection of a monotone 

ayatem of CJ. aeta from the ba8ia of the apace < c, t > 

la open set, if a e cj ; and it is non-void set, if 

*A - o^ •) . 

By [2J theorem 4, condition (a) from metadefinition (l) hold8 

in the model V(i*td, &t < c, t > , * , £ J . 

Obvioualy A ^ ia a 1-1 mapping of Jk*^ onto Jk^ 

in the model V • 

Hence condition (b) from metadefinition (l) alao holds in the 

model V . 
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