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ON LUSTERNIK'S METHOD OF IMPROVING CONVERGENCE OF NONLINEAR
ITERATIVE SEQULNCES
Ivo MAREK, Praha .

The purpose of this note is to show the possibility
of using Lusternik’s method of improving the convergence
of iterative sequences for nonlinear problems. For linear
processes Lusternik’s method is well known, [2], [4].

Let ¥ be a complex Banach space and let [X] de-
note the space of continuous lincar mappings of the space
% 1into itself. The topology in [X] is given, as usu-
al, using uniform convergence on sets, bounded in & so
that [ X1 1s also a Banach space.

We shall investigate the equation
(1) Ax = f ,
where f ¢ & and A is & nonlinear continuous map-
ping of the space ¥  into itself.

We suppose that the operator A has the following
properties: Let P 6 [F] be a suitable operator such
that P~' € [£] . Let the set U c &  contain the
ball S w{x € Xl -u, ll & 14‘-1 Ny~ lp,
where q € (0,1), 4, = &, - PA(u,)+ Pf -

(L) The inequality
() e —1r < PA(w)+PA(r) Il @ g lw-v

holds for every pair &,V € u.
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(F) The operator A has a continuous Fréchet derivative
A“in U,

" (D) The operator T = I - FB , where B = A°( w*), has
the dominant eigenvalue A, and this value is 2 simple role
of the resolvent R(A,T) = (AT - -1 , where I denotes
the identity operator.

From the assumption (L) thcre follows the existence of a

*  of the equation (1) ang the convergence

unique solution u
of the sequence {u, } , where

(3) My = Ay = PAL,) + PR

to the soluticn‘zx* -« The estinate
9"@

T_—;Mu,,-uoll

lw*=-u, l =
for the error is known ([1] p.563).
Jt is casy to see that the following expression is valid

for the terms of the sequence {h 3:

Moy = M g A iy~ * PLA(w, )-Aw*)];

hence and from (F) we obtain that
*
(4) }pn*"-T/h“'bPC\)(u ,fh—,n,)7

where

* *
w(w* b, Y= A (w*)h, - A+ b, )rAw?).
From the definition of the A (u*) 1t follows that

N Cu*, o, N
). . ) V'm = 0.
(5 i T g |

The expression (4) implies, easily, the equality

(6) h

" +A4

mn
- T”Mzh,, +k§o ™ ""Pw(u."; 4%)-

- 372 -



‘Now define a second sequence {X,f by the formla

(7 &, = 2= (h,

1-2, n+ —a'»t P ) .

We shall prove that the sequence { k,nf converges to the
zero-element more rapidly than the 1 kﬂ_; ; this implies that

the sequence 1 v, § , where

1
(8) v, = ——1_2‘1 (U g =g 4, Y,
converges to the exact solution w*  of (1) more rapidly

than the sequence ‘(u,n} .

For k, =v, -u* we obtain, using (6), that

K, = T’f.'w? {T™CT-2, 1), +

* & TP CuX, ) -

-1
oA, TR Pa (uty,)
and hence
k, = 1_:'971 {T™CT-A DA, +Po (W™ b, )+

+ h‘i‘ TRl To 0, 1) Pa (w™ Ay )} .
=0

We shall use the followirg notation. C=iatial =4,
where © 1s such that the KS’ = {AlIAl<@E} contains

the spectrum & (T) of the operator T . For the circle
K, , where K, ={A1IX| <@, 3, suppose that

Ky 6(T)a 6(T)-{2 } . Furthernare, let
Ci={AlIXl=g ], K={Al na.-A1|<P;;, KonA6CT)e {2,

Al ‘ 7«. - 9«. = .
G -{According1tl<> :s?"pdos, the resolvent R(A,T) has a
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Laurcnt expansion in a neighbourhood of the point JL, ’
& - 'y
RCA, T = = A (-2 4 = B (A-2,077,
wnere A e LX) g
By = 507 frzm T B, = (T-2,1)B, .

In particular, in our case assumption (D) implies that
Bp = © for % > 1, where © denotes the zero-opera-
tor. '

According to [5] p.290 and the Cauchy theorem, it fol-
lows that

A
h,, ‘,_mecha T {2, +
-4
+ :% A" Pl Cu*, iy VAR
herice

o= 2y By b, +§: AP *B, Pas ™ Ay ) +
(9)
- ——-[&m T, + z A™* Pt by 3L
and therefore, 'For any > 0 thereds & ¢ =c(’z) such that
(10) oM d s e IR 1 X2t
where the constant ¢ does not depend on n . Lvidently
X1 & ¢«

Similavly we obtqin the following expression for k

m
b= 2,” f 7"; A A (A, Tk, da+
m-f-1
-a
+ = l« chu. 4, >+M £_ = 3_”‘%(1 a2
RAL,T) Pw(u™, by dd
Let us put
| m A=,
Wy = g .4.'»\ e R(A,TYh,d2 ,
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m-1
A1 5 A RR (A, T) Pas Cu*, g dd A,

We shall estimate the norms of the vectors W, W, 3 .
From the Cauchy theorem it follows that

e A [an A=A T
W, ZM{A T RCA, T, d A ;

therefore

944-4
) T ¢ RA, TN th, L.
(1)nwu£ Ew % A-4,) )

Similarly

w fﬁal"

2= zm c, 1-24

m-k-1

RCA, T)ZA.

so that

1

Iw, Il & AT e lasa, )R(AT)“MPIIZQ “llo Cu® )t

According to (8) and (10) we obtain the estimate
(12) lw(w* byl = 1™ ) .

vidonhly 4
m-1

A e YR h*_)llsa'(z *RE %) =
- o (E AR - R
and thus

(3
’ IW, 0 = o CI%, ™) .
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The relation
X m
14 MW= o lllh, )=ocCXI™)

is a direct consequence of the definition of Fepéchet deriva-
tives.

Summarizing the estimates (11),(13)and(14) we obtain
the relation

' . Il 4o

e, x, ™ 0.
Thie relation expresses the fact that the sequence {lk, II$
converges to zero more rapidly than { | ﬁ,, IW} . Therefore
the sequence { Vn?‘ converges to the solution u* of the
equation (1), in general, more rapidly than the sequence
{ u, 3 ; and this was what we set out to prove.

It is evident that the eigenvalue .7!,1 of the ope~
rator T =I=-PB, B =A"(u*), is usually unknown. But
"occasionally we know at least some approximations -7\(,"_) ?
of the value mentioned.

Let us investigate the sequence 4 ‘l;"_; defined by
the formula-

~
1
&w- TPy (ah,,H_‘- Rc”
assuming that
(15) m A A
W, Femy = A
in place of the sequence {k,3 defined by (7).

Similarly as for the kn we obtain for the T:',n

y #m 7,

the expression

1
%, = T {7 (A~ B A, + Po (u*, ) +
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T arRa 2 B P (w*,
MYk 1" Amy ) By Peo (™) y ) +

1
+ m{gca,r)m"(a-a(m)h, +

m-1 -
v 2 AT, P (w01 A S

and hence the estimate

i n X =3l g g 4 —1— 1PIN@-
”hm""a,‘l -T?F—_a.—‘::)—f " 1 (] r,,_a(n)'
(u* o M+ mar 1CA= A0, )RR, T
e,

Lo Nan, I +1 Pn&ﬁ": Pl P SSTE

From this result, and according to (10) and (12), it foll=-
ows that

1&, IS cla -A

oy 12, M0 L™

where ¢ 1is independent of n . Consequently (15) implies
the relation
0 e,

n ¥ o0 12,1™

0.

Thus we have proved that the sequence { ‘i“j converges
to the zero~element, in general, more rapidly than the se-
quence {h”? « In other words, the sequence {Vﬂf s Whe=-

re

(16)* ?r;= -—i-—- (a,nﬂ-km, “, ) ’
1'31(“’

converges to the exact solution w*  of the equation (1)
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more ropidly than the sequence {u, 3 .

Now we shall show one possible method for the construc-
tion of approximations oA, ) . According to (F) the
operator A possesses a continuous Fréchet derivative A’
in the neighbourhood u of the solution u* of equa=-
tion (1); this means that A'(w;) — A'(u*) for

w; — «*® . In particular, for the sequence { u 3
defined by (3) we have
m"f,":, Allu,) = A'(u™) .
The condition (15) is then fulfilled if the following as=-
sumption (D°) holds..

(0°) The operators T, ='I - PA"(u, ) have dominant

eirgenvalues -7"(,,.,) and these values are simple poles of
th resolvents R(A ,T ) = (AT -1, )",

We shall summarize the results obtained in the follow-
ing theorem.

Theorem. Let the assumptions (F),(L),(D),(D") be ful-
filled for the mapping A of the space & into itself.
Then the sequence ‘{7”5 defined by (16) converges to the
solution u* of the equation (1), in general, more rapidly
than the sequence {un} defined by (3); more precisely

tom, ATz 41
m ¥ 0o | .,""

If some further qualitative properties of the eigenva~
lue A, are krown, it is not necessary to calculate nei-
ther the value ﬂ.., nor the approximations -2(“) ¢ one
can use the formula

Wo = Ky oy o + (1~ Ve,
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where o, is a suitable parameter (see [3]), instead of
(8) ana (16). For A, , where

dy = &, Ay, + (1-x,) 0, ,

we obtain according to (9) the following expression
b= Xy [, A+ (1=, )] By I, + X,y P (0™, ) +

m
+:Z.: A‘;"kdfacﬂ, A+ (1=, V1B, P (w* 0y ) +

+ —"— { R(A,T) [x, 2 +(1-¢“)J{a'~,ﬁ° +

m ¢,
n-1 bo-1
+an“ Pw(.a,"jhk)}dﬂ .

From this it is evident that

s Il ém Il -0
”n-yoo | A 4™
ir
<, —> 1 .
n 1-2,

For practical calculations one can proceed in many
cases as follows. We take a constant o 1imstead of the
A
sequence {ac“} , and form the sequence {10,,’,3 s Where
A
Wy = XL, .+ 1-xVu, -
For the terms of this latter one has

ﬂ&;‘, —w* |

(17) —rc- £ ¢ < 1
Fx,

provided that

(18) by + (A=) < 1A 1] .

If the value A, is, for example, positive, then
the condition (18) is equivalent to the conditicns



2

1< « < ray

1

The estimate (17) may be improved by taking oc near to
-1
a-2,),

(1]

(2]

(3]

(41

(5]
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