Commentationes Mathematicae Universitatis Carolinae

Josef Kolomy

Open mapping theorem and solution of nonlinear equations in linear normed
spaces (Preliminary communication)

Commentationes Mathematicae Universitatis Carolinae, Vol. 6 (1965), No. 3, 363--366

Persistent URL: http://dml.cz/dmlcz/105024

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1965

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/105024
http://project.dml.cz

Commentationes Mathematicae Universitatis Carclinae
6,3 (1965)

OPEN MAPPING THEOREM AND SOLUTION OF NONLINEAR EQUATIONS TN
LINEAR NORMED SPACES
(Preliminary comrunication)

" Josef KOLOME , Praha

In this note some theorems about the solution of non-
linear functional equations in linear normed spaces are given.
These theorems are based on local approximation of nonlinéar
mappings by linear continuous meppings and on some open map-
ping theorems. Proofs are omitted and they will be published
with some further theorems in Sas.p$st.mat.

First of all we iniroduce some well=-known notation and
definitions. Let X, ¥ be linear normed spaces and let
£f:X—Y, where £ : X— Y denote a mapping £ from X In-
to Y . We define m(f) on Vc X as the infimum, and
M(f) as the supremum, of N£(y,) - f(u,_)ll /by, - u, | taken
over all u,, uze ¥V with u - Uy . We shall say that ¥
is complete for f if, for each Cauchy sequence {u,}€¥ ,
the sequence {f(y )} has a limit in Y.

Defjinition. We shull say thut the mapping ¢ : X — X1 ,
where X, X, are linear normed spaces, is open, if y(G)
is open in @ (X) for cach open set G & X .,

Lemma ]l. Let X,X,; be linear normed spaces. Let
Y : X = X, be a linear mapping. Then ¢ is open if and
only if there exists a positive constant M with the fol-

lowing property: If y € ¢ (X) , then there exist xe X
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suchthat ¢ (x )=y anda Ixll = ullyl.

Lempa 2. (Open Mapping Theorem.) Let X,X, be linecar
normed spaces, X complete. Let <& : X — X, be & linear
continuous mapping. Let ¢ (X) be a set of the second cate=
gory in X, . Then ¢ 1is open and ¢ (X) = Xy

Let us consider the equation
(1) F(x) =0.

Theorem 1. Let F be a mapping of X into Y , where
X,Y are linear normed spaces. Let 2 be a Banach space and
f,8 mappings suchthat £ : Y — 2, g:2— X, Let ¢
be a linear continuous mapping of 2 onto Z and E a clo-
sed subset of 2 . Furthermore, let the following conditions
be fulfilled: 1) For every Zyy2, € E the inequality

) | r F(g(z,,)) -f F(‘g(zz)) - gz, - 3z)l ﬁo\:ﬂzq -z |

%
holds, where the mappings F,f are such that m(F) =b > 0
on g(E) ¢ X and m(f) =a >0 on F(gl(E))c Y, f(o) =
=0, 2) The closed ball D={z e Z ; llz - z1||_£, r?, is
contained in E , where 2, 1s defined by the equality

Yo =2 & (21 - zo) y Z, being an arbitrary element of E ,
Y, being defined by 3, = £ Flglz,)), 2P~ 7.
[ x, -x,l, B =aaM< 1 (M being a constant from
lemma 1). Then the equation (1) has a unique solution =x*
in gD € X . The sequence {x, } defined by x, = g(z,) ,
5. q(zﬂ- zﬁ_.’) v Ty =y~ f F(g(z”_,)) + £ Flg(z, ))

converges in the norm topolegy of X to x* and

3) Il x*-x, 0 & Ul +a) [ab2 =80z -2l
Theorem 2. Let X, X, Z be linear normed spaces,
FP:X—Y, £:Y¥Y—>2Z2, g:2— X.Let ¢ be ali-

near continuous mapping of 2 - into £ having a continuous
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inverse g" . Let z, € Z be such that (2) holds for
every 2z, 43, € D, where D={z € Z;lz-zll& rf,
rz Q- "Ng My, B=xlg<r, g, =

£ Flglzy)) , mF) =b > 0 on glD)c X and nlf) =
=a >0 on the set F(g(D)) < Y, f(o) =0 . If either

»

a) 2 is complete, or b) X is complete for g and f P
is closed, then the equation (1) has a unique solution x*
in the set g(D) c¢ X . The sequence {x“} defined by
%, = g(3,) , where 2,,,=32, - g-1f F(g(z,)) , converges
in the norm topology of X to x* and the inequality (3)
holds with B =« Mg ~"1 .

Theorem 3. Let F be mapping defined on the bounded
set D(F) c X, F:DF) > Y, £:Y¥—> 2, g: 2
> X, Mg < +00, 9:2— Z, where X, ¥, Z are
linear normed spaces. Let f, ¢ be linear mappings, ¢#
continuous, and such that there exist inverses e-? , gf’;
g7 continuous. Let z, € Z be such that the inequality
(2) nolds for every 244 2, € D, where D= {z e2Z;
Nz-z,0 & c3, ra-78"lIg Nz rgtz, ) Il
B =alg <l . Let g(D)c D(F) . If either a) Z 1ie
complete, or b) X is complete for g and f F 1is clo-
sed, then the conclusions of theorem 2 remain valid. In-
stead of (3), the error | x*- x| satisfies I[x* -
-xll & M@ AYQ -8z, -2 0.

On taking X,Y Banach spaces, 2 =X, g=I (I
is identity mapping) we obtain the following

Corollary. Let X,Y be Banach spaces, F : X—> 7T,
g & linear continuous mapping from X onto X ,
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£ : ¥~ X lineer having the inverse £=" . Let E be a
closed subset of X . Furthermore, let the following condi-
tions be fulfilled: 1) For every u, v € E the inequality

I £(F(u)) = £(F(v)) = ¢ (u=v)ll&€aclu - vl nolds. 2) The

closed ball D={xe X; N x-x,l £ =r}, where x, 1s

defined by the equality y, = ¢ (x, - x,) , x, is an ar-
bitrery element from E , y, = £f(F(x,)) , r & B (1 -3 !

lx,-xl, = ¥ <1 (K is a constant from lemma 1),

is contained in E . Then the equation (1) has a unique solu-

tion x* in D . The sequence {x,J defined by y,_ =

=g (x -x, ), ¥ *Ipq-£Flx) - Flx,_,)) conver-

ges in the norm topology of X to x™ and Il x*-x, I =

& A" -1 I x, - x, Il
References:

[1] L. COLLATZ, Einige Anwendungen funktionalanalytischen
Methoden in der praktischen Analysis.
ZAMP, 4(1953),327-357.

(2] L.M. GRAVES, Some mapping theorems. Duke Math.J.,17
(1950),111-114.

(3] J. KOLOMf, Remark to the solution of nonlinear functio-
nal equations in Banach spaces. Comment.
Math.Univ.Carolinae 5 (1964),97-116.

(4] H.D. BLOCK, Construction of solutions and propagation
of errors in nonlinear problems. Proc.Amer.
Math.Soc.4(1953),715-722,

[5] M.M. BAMHBEPI, Bapuauuomxue MeTOAN NCCAEXOBANMN NeaumelR-

uux onepartopoB.l'MTJ,Mocksa 1956.
(Received May 5, 1965)

- 366 -



		webmaster@dml.cz
	2012-04-27T16:02:52+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




