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Coikmentationes llaihenaticao Universitatis Carolinee
' 5, 1 (1964)

S = GATEGORIES
M. HUSEK, Prsha

In this paper we generalize the concepts of projectively
or inductively generated closure space, of proximity spsce
and that of the uniform space. These concepts occur in the
second edition of the Bech’s book "Topological spaces” (1]

(to appear this year). These concepts may be considered as
genersalizations of the product or the sum of objects being

special cases of the limit of presheaves at the same time.

We start by giving some known definitions and less known
designations.

Let X be o category., We shall write X =29¢ , Y =
=€y irf ge Hom, (X, ¥) . 1, is the identity morph-
ism of the object X of X .

The pair <Y, 9 ~ 1s a gubobject of an object X of
X ir g e Hom, (Y, X) 4is a monomorphism and if in every. -
decomposition & = &, ¢ &, s where ¢, 1s a monomorph~
ism end ¢, is @ bimorphism, ¢, is inversible (i.e. »
there 1s a ¢, in X such that @ o9, = Yy, 1

G99 = 12‘;’. )Jo If X hes the inversion property
(i.e. if each bimorphism is inversible) then evidently

(Y, 9> 1s a subobject of X if and only if @¢¢€ Honh,(t',x),
is a monomorphism.

Dually the factor-object of an object X of X is de~

fined. -37a



Now, let X’ be a subcategory of & . We shall say that the

pair < X,{9;l1 ¢ I$) is the upper modification of the clesss
{X; 1 16 I}of objects of X in X'if X 4s an object of X
@, € Hom,. (X7, X) for each 16 I and if for any peir
{Yy{ve!l 16 I@Psuch that Y is an object in X' and

¥e € Homx (Xg, Y) for all i e I there is exactly one morph-
ism ¢ of the category X' such that ¥; = ¢ o @P; for
each ie¢ I .

Duslly, the lower modification in K'is defined.

The upper modification of the class {Xt- lie I} in £ is
called the sum of these objects (sign X {X,|i € I} ) and the
lower modification of this class in X is called the product
(sign T {x;11 e 1§).

For the upper modification or for the lower modification

only the first member of the competent pair is sometimes taken.

The preshesf in X with carrier < J,p? 1is the family

{q,‘j Ki, J )ef} of morphisms of X , where gb is an grder

on the nonvoid set J (i.e. a transitive and reflexive relation

on J ), which fulfils the equalities it © Py = Yk
whenever (i, §>epe , <J,k>e;a and such that
deg = 19g;; for each i € I . (Hence every presheaf is
uniquely determined by some covariant functor F : JP > X .
Renlv, JS' is a category where the class of objects is the
set J and the cless of morphisms is [ «The functor F is
obvious. We shall not make difference between these definitions.)
If F is a presheaf in X with the carrier < J, p >
(1.e. an object of the funckor category x:l’ ) then the lower
modification (sign o F ), the upper modification (sign lig F)
resp., of F in X 1is called the projective limit of F , the
inductive limit of F resp. (The definition is correct, as X

is isomorphic in an obvious way to the subcategory of JC'}'.
- 38 =



This isomorphism assigns to every object X of X the cons-
tant functor F which maps every € i, J 76,: onto i)( o)
Now, we shall define some basic concepts., They all may be
illustrated e.g. by taking for .7C the category of topological
spaces and for € the cstegory of sets. Other important ex=
amples (the generalized proximity spaces asnd the generalized
uniform spaces) will be given in my next peper in CMUC 5,2

or 5,3.
Definition 1. A category X  is called an S-category
over a category £ 4 with respect to a functor (covarignt or

contravariant) T if T : X — € and if the following con=
ditions are fulfilled:

(1) If 7 =Ty and 9 =2dy , €9 =Efy then
Q=Y .

(2) For each morphism o« of € is T [« ¢ # . More-
over, if TX=A, TY=B, a € Hom, (A, B), then there
are morphisms < € 2 '[x] Y e L [x) such that
either g =X, €% =Y if T is covariant or £Q = X,
¥ =Y ir T 1is contravariant. R

(3) Ir ¢ 1e a morphism of X and TQ@ = X @ then
there sre morphisms ¢, e 't v B € T"l‘/&] such
that either o =2, 0d, if T is coveriant or ¢ =
=g, 9, if T 4is contravariant. _

(4) For each object A of € the class T5CA] 10 @
set which is éomplete with respect to the order

Ry= {<X, 01 79 21, forsome o4& Hom, (X,T}
(i.e. each subset of T<(A] has its sup and inf). ‘

(5) If { ;116 I} is e nonvoid family of morphisms
ot X such that Tg; = 19, for each <4, J>e Ix 1

-39 -



then there are morphim
g 6 Homy (sup { Dy, |1e 1§, sup {Eg;lse I}

Ve Hom, (inf {99, 1161}, it { Eg;l1e ID

such thet % =Ty =Tg; for 16 I.

Remark 1. If X 1is sn S-cstegory over ¢ with res-
pect to T then it is cleer that the dual category X ¥ 1is
e S-category over ¥ with respect to the dual functor T
In this sense every term and theorem in X hes its dual ome
in X* ,

Next, let the category X be an S-category over the
category ‘€ with respect to the covariant functor T .
(Hence 9 is a monomorphism, an epimorphism, a bimorphism
resp,, of X if and only if Tg has the same property in
€ . A simple proof of this is carried out by using (1), (2)
and (4) in definition 1.) . ‘

In this case there are subcategories at’, » 7(; of X
both isomorphic to .¢  with isomorphisms T, = ‘l’/x.' y Ty =
a T/xz (hence there is an isomorphism T': Ay —» X, such
thet T, o T'= T, ) such that each object X of % has its
upper modification < X, , ¢, ? in X, md its lower mo-
dificetion < X, ,9,? in X, . There is T'X, =X, ,

!g' 2TQ, = 1TX « It is possible to define the S-ce.rtegory
by this property.

Theorem 1. Let X' be s subcategory of X , T[X‘la¢'
and Homy,(X, Y) = Hom,. (X, ¥) A r"tnone,(rx, ™) (1.e.X'
is the full subcategory of T-7[¢‘'] . If each object X of
?-'C€']l  has either the upper modificstion ¢ X, ,4, > in
X' with Tq, = iyx  or the lower modification € X,,%,>
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tn X' with 79, = i,y then X' is the S-category over
€' with respect to T/y. *

Proof. It is sufficient to notice that for I$ 0 X =
=sup, {X;11 ¢ I} of objects of X' is either an object
of X' (here R = UfR, |4 1s en object of € § ) and in this
case X = supy, { X;/16 If wnere R° =R~ (('.l'/x,)“[Txe
> (T /s Y LTX]) or X hes its upper modificstion X, in
X'end X, = sup,, { X;I1 @ I}. Similarly for inf.

Definition 2. We shall say that an object X of X 1is
prodectively generated by

L e W{Homx (X;, ¥ ) 1e1} (sign xag_mf)
or by a family {filie I} (sign X =Lil_g{f il1e1g)
if I$ P ed

X = max {X°| there iz a q; € Hom, (X", ¥;) for each
16 I such thet Tg, =T 1} .
(X exists if and only if T X; ® T X; for all <1, jd>€Ix I.)
- Dually we define that an object Y 1s inductively genersted by
2 (sign Y=Ligf or Y=Lig{rilie 1f). (Te. Y=
= min {Y’) there 18 a Q; € Hom (X, Y°) for each 1€ I
such that Tg; =T f i} ; Y exists if and only if T Y; =
TY forall i, jde IxI.)

Remark 2. It is evident that if
£ e {Hom (X;, T; )11 €1f, g «M{Hom (x?,1; Jlie 1f
eand TLfi=2Tgi foreach i€ I then Q_i_n;fﬂL_img ir
either Lim £ or- s._i_.gexieta. It follows that ;,_g £ =
-m{y_-;f 1li¢ I} Af either Limf or inf{limf ilie 1
exists. Similarly for inductively generated objects.

Theorem 2. Let X =lim {q;/t e If, ® € Hom(TZ, ).
Then there 18 a ¥ € How (2, X)n 7"Cc]  if and only if
there 38 & g & TT{Hon"(Z,Gg.'ﬁi_c I$ such thet Tg1is=



=Tg; e & .
Duslly for g_i_g’z{qi |l 1€ 1§ .

Proof. The necessity is obvious. We shall prove the suf=-
ficiency. Let g fulfil the coﬁdition of opur theorem. By de~
finition 1 (3) there sre morphisms 1y € ?~"fax] end
Qe T[T @;] suchthet gi= g e¥; foreall 16 I.
Hence there are morphisms 1y € Homx(z, & g;)n =[]
and by definition 1(5) there is a morphism

Yy e Homg (7, inf{Lim @} 11 € I} )a T7'[«l . By remark
2 €W =Xx.

Remerk 3. It is almost self-evident thet Lim {q;|ie I7,
y_.g {q,-’f ie I} resp., is by theorem 2 completely characteri=-
zed.

Theorem 3. Let f € T { Hom, (X;, ¥; )lie I}, for
each i e I be g, € M{Hom, (¥, Z25)1J€ J;} and ¥; =
= pimgg . Let for each <1, J>eX{J(1 eI} ve
h<i, §2=g;[jler i (i.e. thf{Homx(X,; » 230 1<L, 3
¢ ={u;li €1}}) . Then Jmf=lioh if either Limf or
im h exists.

Dually for inductively generated objects.

Froof. Evidently, the existence of IL-'“.’.‘ £ 18 equivalent
to the ‘existence of H h . It is sufficient to prove

g_:_[_lgfi=£.1g_{h(i, J215€ ;¢ foreach 1€ I,

But by remark 2 for eny i€ I

puo{n (1, 320 Je gi=1neflin h <31, D15 e ;¢
al the equality g_j;_mf i= inf{g_:l:l_\h < i, g1 € Jp i
obvious,.

Remerk 4. If Y, # Ié___im g; then we can prove only

4 %_121’, %}_m h?> € RTK,; , 1& I, if these objecta .
- 42 -
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exist, But if X: =Limh for each 1€ I then Limf = Lim h
e — &
holds also in this case.

Dually for inductively generated objects,

Theorem 4. Let {q,',- I<i, J>€P} Dbe a presheaf in
X with the cerrier < J,®2> . Then <X, {q i1 63}]>=
= iin { @iyI<4, §>€p} if and only 12 < X,{Tq l1 € 3> =
= }_@_{Tqﬁ I€1, §>e@} ma x agg {9:;1160¢ .
Especially this is true for the disgonal @ = A:, (then
pELY {9,;1<1, §>6p} = Ty l1e3}).

Dually for inductive limits.

Proof. let < X{g; 1 16 Jf> = ln{g,;Ki, >epf
end let hell { Hom, (A, D Tg;; )1 e J$ such that for each
i, j>ep 18 hj= TF;;® h 1 . Then by definition 1(2)

. there is such £ & TT{ Hom (inf t°'Cal, 99,; )| i J¢ thot
Tfi=2hi for each 1€ J . It follows that

<mx, {Tq; | 16 J}> = %_g{rq;,- 1<i, §>ePf. It is
obvious thet X = Lim{q@, |1 e€Jf . On the other hand the
sufficiency follows immediately from theorem 2 .

Corollary, Let f e Tr{( Ho;,( (X, Y; )Mie If . Let
<Y,{4; 1 1€ 13> =Tq{ ¥;0i€ I} and let ¢ be such
a morphism that 4,294 =f 1 foreach 1i€J.

Then ’%12 £ = m 9 .
Dually for inductively generated objects.

Proof follows from theorem 3 and from the specisl case of
theorem 4 .

Theorem 5.. < Y,¢?> is a subobjset of an object X
of X if endonlyif ¢ TY, T@? dis a subobject of T X
in ¢ md Y=limg .

Dually for factor-objects. '



Proof. Let < Y,g> be a subobject of X . Then evi-
dently Y=}ing .If T@ satef where A 1is a bi-
morphism in € ond o is a monomorphism in ¥ then by
definition 1(3) @ =, ¢ 9 where @, € T°[B] isa
bimorphism in X  and g, € T-"fxx) 4is e monomorphism in
%K . Hence @, 1is inversible. It follows that B is in-
versible, too. So < T Y, T@) 1is a subobject of T X
in € . Duslly for factor objects,

low, let < T Y, T@)? be a subobject of T X and
k4 =(I:i_lﬂ @ .If =g, vhere @, is a bimorph-
ism and ¢, 1is a monomorphism then Tg, is inversible.
By dﬁfini'tion 1(3) is 18::,, =Y; o Y, where
¥,€ T [Tq,]1 , ye T L[(Tg )"] . But by remark 4
Y = i,_i_gl_ ¥, and so there is a %y & r i,y1 such that
Y, =% * ¥ . Yow, it is clear that g, 1s inversib-
le and ‘fzd = Y oY, .

Corollary. If X is an object of K , < A,x > a sub=-
object, factor-object resp., of T X in ¥  then there is
a subobject, factor object resp., < Y,q) of X in X
such that T Y = . , T<g=ﬂ‘. .

Corollary. If % has the inversion property and if ¢p
is e monomorphism of X then < lng, @ > is a sub-
object of E .

Theorem 6. A cntesory X is an S-category over a ca-
tegory E4 with respect to a covariant functor T if and
oniy if the functor T : K —» ¥  fulfils the conditions
(1),(2),(3) from definition 1 and the condition (4°): If F
. is a presheaf in X  and if there is %l"l.T F, HTF resp.,

in € then there exisis }_iﬂ F, &?’F_ resp., in Jf such
- 44 -



that T&IgF=¥_gTF, T1l F=H.$TF respe

Proof. The necessity follows from throrem 4. e shall
prove the sufficiency. Let (4”) be fulfilled. Let K be a
nonvoid subset of T~7 L Al for some object A of ¥ .

R¢ =Ry N (K = K) 1is the order on K . If

Iy ¢ Hom, (X, VA T "C4,] for < X, Y>6 Ry then
F={ dxy | < X, Y>6 Rg} 1is a presheaf in X with
the carrier < K, Ry > o Clearly TF is the constaent
presheaf and so it has projective and inductive limit (this
1imit is A ). By the condition (4 °) there exist Lim F and
Hgi‘ which ere elements of T~7CA] . It is almost self-evi-
dent that %E_m F=inf K, ligF = sup K . Hence (4) s true.
(5) follows from the proof of (4) and from the definition of
mofidications.

Remark 5. We have seen that 4 keeps many of proper-
tiea of € . We can give further examples.

If ¥ is an abelian category and if T/“”'J( X, v) is
the group-homomorphism for esch psir < X, ¥ > of objects of
H then K 1is "almost abelian", Really, each morphism &
of K has its kernel ond cokernel and < C(oim ¢ , Im@>€
¢ R (for R see theorem 1, proof). But Coim ¢ and Im &
need not be isomorphic.

1f € is a blcategory (see [2]) with S as the class
of ‘surjections end I as the class of in.jeci:iona then
K ,8,,1,72, <X, S, » 7 are slso bicategories,
where

s, =1°'0s1, I,={gl1geT, 99 =Ling}
s, ={glTg e 5, E@ = lip ¢f, 1, =1°"[1].
It is possible to find relations between projective (or injact=-
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ive) objects of I and ¢ .
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