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Comments t i ones Mathematieae U m versi tatis Carolina e 

1 , 1 ( 1960 ) 

REMARKS ON CHARACTERS AND PSEUDO CHARACTERS 

Miroslav KATĚTOV, Praha 

The character ^ ( Mi S J of a set A| in a topological 

space 5 is defined as the least cardinal of a base around 

fs/j • for the' definition of the pseud o character ^(^l/S) , 

a pseud obase replaces a base® In a topological space 5 § 

a. base ( pseudobaae ) around a set M c S u a colleetion 

it of neighborhoods of A/ such that any neighborhood, 

of AI contains some li € % ( the intersection of all £ 

is equal to A / These notions have been introduced, essen-

tially by Pf A1 exandrov and P* Uryaohn, Mémoire sur les 

e spas* es compacts , 19-̂ 9© Various important results concerning 

the existence of spaces with prescribed characters and pseudo~ 

characters of points are due to B 0 Pospíšil ( e#g* Čas a pěst,, 

matq fye« 6? (3938), ¿49-^55 )o Little seems to be. known 

concerning character a of sets ; from the few known results, 

recall the following one ( J* Novák, Čas* pěste mat* fyš* 

66 Í1937), 206-209 ): if S is metrí-able, M C $ , then 

S) á Ho
 if and onl

y
 if

 H - ^wa/ 
is compact» 

The present remarks, arisen in connection with the problem 

( considered by J* Novák; 5 of the equality ~ y for the set 

of rational numbers ( in the real line ), contain several simple 

results concerning characters and pseud o characters of seta as 

well as some related notions* It is to be noted that the equali-

ty - 2 is 

not assumed o We consider completely regu<~ 

lar topological spaces ( called simply H spaces " ) onlye The 

terminolog of J» Kelley, General Topology, 1955, is used 

( with slight differences )„ The prover of a set M is deno-

ted card M | the letter $ always denotes a space« 

1. 

1*1* Definition* A ^ «-base '( a 

—psend oba se ) o f 

is a collection (Jt of compact subsets such that every compact 



^ ^ ( respectivety, every -V ^ ^ ) is contained 
ín some A € Uí . The -4-character of *£ , denoted *4\(S) 

( respeeti-vely, -"€ -pseudocharacter, denoted s&ty ($>) ) 

i s the least cardinal of a /&  -base ( ^f -pseudobase) of 5 •  
Clearly, every  ̂ -base of 5 contains a - ^ -base £ť with 
cara (% ­ ^V(S) and a ^4 -pseudobase b&­ with card «4£ * 

1 ^ , If S is compact, /4 U B "*  5 , A O B ^'<j>  ' % 

then ^ (f / |, 5; ~ ^ v Í 5; , If (A, Sj - - ^ W 

l»3o If Ŝ  , ô  are spaces, and ^ is a continuous 
mapping of $i onto ^ such that &" 1 (/<J is compact 
whenever fc C Ŝ  is so, then ^Ř. X(S,) ~ ^Ř Y ($z ) , 

1.4» Theorenu Let o-/ , Ô  be locally compact, *?1 ^1 t 

Tu ­  ̂ Si , Mz
 c S  ̂ 1 Â T -= 5^ ; let A/y , A/̂ , 

be homeomorphic. Then Y(H^, S7J  ̂ X (***.  t S*)  » 
VlMi,  Sý ) - W^í z / Sz ) 

Proof•  Consider  only  X"  ,  the  proof  for  y  being  quite 
analogouso  Suppose  first  that S1  is  compact*   Let  ^  be a 
continuous  mapping  of  the  5ech  ­  Stone  compactification féM* 

onto S?  ,  /Y­Yj  ­  X  for  X č / / ^  .  Then /(/3h^­/%)^ 

•='  Sy  — A/Y  » a^d  the  restriction  ^  of  ^  to  /?/% ­ / ^ 
satisfies  the  conditions  from  1.3.  Hence J$ Y (fíh^  ~~ ^7?) ~ 

=  ^  v­  ^S", ­ / % / and  therefore,  by  1. ,̂  ^  ^ ^ / % ,^/^f^)^ 

­~ X ( Mi f £­t ) • T^is implies the validity of the theorem 
for compact Si % Si • If <&*  a r e locally compact, choose 
compact 72 -3 St ' with Se — T" , Then *St- are open 
in  7ť  and  therefore X ^c» &)  "" X  ' ^ ' / ^ V ­
from  which  the  theorem  follows. 

1*5.  By 1.4,  for  a  given  ^  ,  the  cardinals X ( $> /  /V/ , 
^ ( S f K)  where S  ̂ K * S ~ K  »  /C  i s  compaet, 

do  not  depend  on  A'  » they  wil l  be  denoted ^ejf fš) , ^tf(S) 

and  called  external  character  (  pseudocharaeter  |  of  S  • 
Two spaces S­i  1  5^  wil l  be  called  associated  i f  the  these 
i s  a  compact  space K  and  subspaces  5t­  C / ^  homeomorphic 
with  St*   such  that S/ V S/  "*  K , S^'/) Sz  ­«  0  t 



S</ ~^ S%  ­ K  •  Clear ly,  i f &\   ,  íT?  are 

assoeiated,  then  '­^X(Si)  *•  ^Ř Y  (S^  )  , 
<&(//'(  Si) ^ Jk if, ( Sz.) 

Clear ly,  )(  (  S,  It)  <  X  Jf  (  S)  i f  S  i s  dense 
in  the  space  X;  ;  i f  not,  i t  may  hsppen  eE  g#.  that 
3 r f Ł /k  )  >  No  ,  ^er  ( S)  ­  <?  , 

l»6 e I f  S  i s locall y compac t  CT" "  -compaet ? the n 

1.7.  I f  ^ /  ^  ^  V °  ,  and  j f  f* ,  ^ i  š  ­Y* 
for  every  V €•  5  ,  then  S  i s  loca l ly  compact  ^  *­com­> 
paet* 

Proof*  Suppose  tha t  S  i s  not  local ly  compact  at  <^ €  o  * 
Let  /l ^  /­n'*  V/ ­27  .: .  . . ,  feroi  a   ̂ ­base  of  ^  j  l e t 

6 ^  form  a  Base  around  ŁZy  and  l e t  Ci  :>  <Sj  ^  • •.•  # 
Sinee  (^/H ""  ^ ^  Ą­  ^  > chocse  J ^  €  é ^  ­  / ý ^  , 
­XSH.   ̂ &/ i  denote  /(  the  se t  cnas is t íng  ofčl/and  a ll  M  ̂ •  

Then­  y^  i s  compact  f  K  ­  A  ̂ Ą  0  *  ^ t ^  ­//­?/••••*  •  » 
. which  i a:  a  contradict ion* 

Remark.  I t  i s  easy  to  see  ahat  the  assurnptioa  Y  (Xf  S /  ^ 
<   ^ o  cannot  be  amitted© 

2* 

?̂ 

2#1*  I f  A  i s a- n ordered set ,  le t  th e leas t  Cardina l  o f 

3 eofina l  se t  i n ^  b e oal.l<ec !  cofinalit y eharacte r  o f   J? * 

Let   NN denot e th e se t  o f  a u aequenee s o f  nátur a 1  number s 

ordere d as -  follows  i { f / K f  ^  f  (f̂ .  /  -if 

(  an d only i f  )  f/h^  <  / ^  • '  fo r  ever y ^> ^  *  The 

cofinalit y ch%raete r  o f  /J/ ^  wíl l  b e denote d  ^S  ̂ » 

I t  í s clea r  tha t   >Ct = ?  ^  ̂  ̂ < ;  b y th e 

íau.tho r  * s knowledg e neíthe r  o f  •  th e equalítie e  ACi*   ̂ ,  ^ -  -*< £ 

has bee n prove d a s ve t  (  no r  disproved^ o f  cour s e ) * 

Orde r  th e se t  r o f  al l  sequence s o f  positiv e number 

follow s   t {f/u- } preeedes- ( ^ { if i '  an d onl y i f  ) 
s ^s 



f/R  »  / ^  ror  eveT,y  /j^r  o  jjvidently,  ­ ^  is  th< 

cof i mli   ty  c hs r H c t er  of  /­"  . 

S j »̂»  If  6  is  metrl "­ible,  M  C  S  3.3  ď"  ­compact, 
then  ][   (/"1f  ­S i  *4"  ­# 

• : . < . ; 

řroof .  Le t  A /  ­ = O   / C ^   ,   Á'̂ .  compact .  Le t   ^ 
^ = 7 

be  cofinal  in  A/  ,  Choosing  a  metric  je?  for  5  , 

put  Grw,.k  "  {xe  S  : f> (*f **)   <   ̂ l  ,  sud,  for  any 

I f  H  is  a  neighborbood  of  M  ,  choose  ­ ^  with 

é~,  <č  c  /"/  3 nd  «**  4  with  ( ^  }   <  ~*r  ; 
then  M  C  U% c  H  * Hence  ^  t  X € A  > f o r m  3 

bose'  around  A/  , 

c.:.3e  Let  ­S  be  metri­able,  M   ̂ S  .  If  M  ~ 3 p^č M 

i s  not  compact,  then  Y  (h,  S)  si.  <& 

Proof.  There  exist  (  distinct  )  points  ^ K  ^  ^  ~  ^^M 

such  that  {/Osu.]  has  no  cluster  point  in  A/  .  Choose 

a  metric  P  for  5"  q nd  Pu t »  í > or  a n ;" neighborhood  <S  of   ř/V , 
y  ("^J  =  lf>(4*.,   S~­é)}čF  < see  *. l  ).  Let  %  be 

a  b3se  around  /V  o If  f  J ^  J 6  Z7  ,  choose  X  ̂ 6  S~N 
with  jž> £W,  A^ J  <  /V^LA^.  / ^  ,  ^ J  .  Since 

H  —  S  — U Cx**­)  i s  a  neighborhood  of  /ty  ,  there 
i s  ii   £  <3Z  With  &  t  / /  .  Since  _p f­^  ,  S ­ #  )  ^ 
£  fi^­n^fXn^)  ,  {jv ?^  ]  precedes  (fķ^t)  in  P  . 

Thus  f  (2(  )  i  li   €  ^li  ,  form  a  cofinal  set  in  /="   , 

cA»  Theorera.  Let  S  he  metri~able  ;  let  M   ̂ $  be 

0~rcompacto  Then  j£  (M  t  $)  ~  *&~   if  and  only  i f 

/V —  ^ V  /V  is  not  compact. 

Remark.  For  instance,  in  E  ̂ the  character  of  every 
non  ­  compact  closed  set  i  different  from  £/*^  }   is  ­ ^  •  

3.1.  Definitipn*   A space  .S  wil l  bé  called  3  ­ ^  ­space 
i f  there  is  a  transitive  relatlon  61  on  S  and  a  set  4 
such  that  the  sets  ( X  €•  £  ;  JT čTA   ̂ y  «̂  64  ,  form  a 



-base of S * 

Clearly, any well ordered space is a -space« 

Remark« It is easy to prove that S is a -A -space if 

and only if it satisfies one of the following equivalent 

conditions : (a) there is a ^ -base s^l such that, for 

any A e ¿L , A - V X ^ ¿> 

Area 

(b) there is a -pseudobase ^L and a mapping y 7 of 

the system of all compact K ^ $ into S such that 

Ke JC , A yJl , ? ( K ) e A implies 

/CC 4 � 

3*2 * Theorem* If 5 is a -space, then 

Proof« Let , /) be as in 2*1« Clearly, there is 

B C A With card 8 ^ ^ ty ( $ ) such that the 

system $ of all { x e S : A ^ | , e ^ 

is a -pseudobase. It is easy to prove that is also 

a -base. 

3 L e t be a system of compact sets /f o such 

that (1) for any compact /( C S , /V C . 

for some /41 € ^ , ( ) if ' £ , U A ~ 5" 

then . Then «> is a ^ -space0 

Proof» By (2) s we can choose, for any A ^ ? a point 

^ (AJ e A contained in no * 6 W , ^ /f 

Let oQ be directed by a relation ^ in such a way that all 

{ X ' X ^ A } , , are finite. For ^re S 

zy 6 S put xX a*- if ( end only if ) there are 

£ , A z ^ ^ with X Z A n , A ^ A ^ 

^ ( A z ) � ̂  ©asy 'to see that is transi-

tive. If 4. ¿A) , then i" ^ / 

is equal to X , hence compact,, Condition (1) implies. 

X * 
( since A. is directed ) that { * * S * * ^ » 



,  form  a  ­ ^ ­ b a s e. 

3„4e  The  cartesian  pro duet  of  *A  ­spačes  i s  a  ~\  ­space. 

Proof.  Let  i j  ,  f  <?  2  ,  be  4  ­speees,  S  ~  p S  , 
Let  ^  ,  /4j  be  (  for  O  )  as  in  3 . 1.  Put  { X f  \  &^  *fof\ 
í f  (  and  only  i f  )  ^  ď~ ̂   ­'  for  every  f  \  put  '  ' 
A  ~  J)  A  f  •  Then  /̂   ,  ř  possess  (.  for  5"  )  propert ies 
required  in  3 , 1, 

3.5«  Theorem*  The  cartesian  product  of  loeal ly  compact  para­
• eompact  spaces  i s  a  ^\  ­space. 

Proof..  Let  S  be  loeal ly  compact  paracoapact.  Then  there 
i s  a  loegll^y  f i n i t e  open  oover  /  2ť <x\  such  tb­­.it  <̂ c*   are  i 
compact.  Clearly,  there  ex is ts  a  subcover  (fy/jl  '^d  pointa  \ 
'Ztfé&G  such  that  no  A  #  l i es  in  tl#,  ,  /J^/3'  , 
By  a  well  known  theorem,  there  exist  open  /Ł?  vvith  /Jr̂  ^ ĵgp  , 

7p  <  Má  ,  U ťn  ~^­  S  .  The  col lect ion  of  a ll  ^ 
has  propert ies  indicated  in  3 .3;  hence  S  i s  a  v^  »space. 
Now  apply  3 „4. 

Remark.  I t  i s  easy  to  see  that  ­Á X  ^  ~  ^Ý  (^) 
for  any  locr ' l l y  compact  ^  ;  neverheless,  I  do  not  know  whether 
/Ł  X  (S)  •*•  ^y(S)  holds  whenever  S  i s  a  pro duet  of 
I oe.3 l ly  c omp a c t  sps ce s • 

3.6 .  Corollary .  Le t   H donet e th e spac e o f  rationa ]  numbers , 

p tha t  o f  irratione l  on.es .  Then .  - £  Y  (H) - *   ­&*/(%)  •• » 

Proof .  B y  ̂ 4 ,   ^ l t ( R ) ^  ̂ ;  hence ,  ^  an d ̂ 7 beln g 

associated ,  -^yT^T- )  " » "^ *  »  Sinc e 7  i s  homeornorphí c t o 

th e produc t  o f   >fo diseret e countabl e spaces* ,  s e háve ,  b y 3,5 , 

JiyLj) -   ­š ,  henc e  JL  Ý  (R)  ­=*  & . 

Remark.  Th e conjectur e seem s probabl e tha t   *VK YÍR)­  4L^(J) 
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