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The graphs considered in this paper are undirected, finite, without loops and
multiply edges.

A graph G is called e-critical (v-critical) if its diameter is changed after removing
any edge (any vertex and all edges incidental with it), respectively. These graphs were
studied in [4], [8], [3]. An w,-graph is a graph of diameter d = 2 and girth at least
d + 2. An @;-graph is a graph of diameter d = 2, girth at least d + 3 and minimum
degree at least two. Obviously, every w,-graph is e-critical, (see [4]) and every @,-graph
is v-critical, (see [3]).

Let G be a graph. Then V(G) will denote the vertex set of G, d(G) the diameter of G,
dg(u, v) the distance between the vertices u, v of G, N(z) the neighbourhood of a vertex z
of G and |A | the cardinality of a set 4. Definitions of notions not included here
can be found in [6].

Definition 1. Let G and Q be vertex disjoint graphs and let R be a graph such that
V(R) = V(G) v V(Q) and G and Q are induced subgraphs of R. Then we say that the
graph R is a Q-extension of G, or that the graph R is a connection of graphs G and Q
and the related notation is R = G @ Q.

In the sequel let 2 be a certain class of graphs. Let  and & be finite sets of graphs
not necessarily disjoint.

Definition 2. We say that a graph G can be constructed from a set P by extensions S
if either G € B or there exists a finite sequence of graphs Hy, H,, ..., H,_, H, such
that HyeB, H, = R, H e N and H,, is a Q-extension of H, for some graph Q € S,
where | £ i<n— 1.

Analogously a class of graphs 2 can be constructed from a set P by extensions S
if every graph R e can be constructed from P by extensions S.

In [5] it is proved that w,-graphs and e-critical graphs of diameter d = 2 cannost
be constructed from a set P by extensions S. We shall prove the same results for
wg-graphs and @,-graphs, where d = 3 and for v-critical graphs of diameter d = 2.
We note that many classes of graphs are constructed from a finite set of primitive
graphs by using finite set of some operations, e.g. [6], [7], [9].

Now we describe two constructions of graphs that will be used later.
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Example 1. Let k > 4, m > 4 be given integers. The following w,-graph D =

= D(k, m) is constructed in [5]. The vertex set of D,

. .
V(D) = {vo, vy, ..., 0} U {uy, g, oo, 53U U X;, where X; = {Xi1, X125 -0 Xim}.
i=1 g .

Let us put X;; = X; — {x;;}, where i = 1,2, ..., k; j=1,2,...,m. The edge set

of D is given by setting the neighbourhood to every vertex of D.

N(@wy) = {vy, 03, «ovs 0};
N(@) = {vg,uy,tys .., th_5} U X, for i = 1, 2;
N(vy) = {vo, u;_>} VX, for j = 3,4,...,k;
. K
Nw) {vy,v5, 04230 U X, for i="1,2,...,k — 2;
Priiz
N(xy) = {01} U {X2i5 X345 oens Xki)s fori=1,2,....m
Tk
N(x2i)={vz,xli}UUin, fori=1,2,....,m

k—2

Nx;) = {v), xl,}u Xyv U {u,), forj=34,.  ki=1,..

P#J 2

The sketch of this graph is in Fig. 1. It is clear that D is e- crltlcal graph. The graph D

is also v-critical one because after deleting the vertex

v, it would be d(vs, ,-) > 2, for i = 4, S, ..., k;
v; it would be d(vo, x;5) > 2, for i=1,...,k;j=12,...,m
w; it would be d(v;+,,x,) > 2, for i=1,2,... k —2;

r =3,4,...,k; r#i+2;, s=12,....,m
x;;it would be d(x3;, x,;) > 2, fori=12,...,m
r =3,...,k;

k

x,; it would be d(xy;, 2) > 2, — forevery zeU X;;, i=12,..

ji=3
x,; it would be d(v,, x;;) > 2, for r =3, 4’. ks
i =12,....m

Example 2. Let kK 2 3 be a prime number. We shall construct a regular graph
C = C(k) of degree k + 1, diameter three and girth six. Thus the graph C will be

e-critical and v-critical one. The vertex set of C,

. . v — .
veo)=vvruyx,vuuz, where U = {ug,uy, ...,
i i=1

i=1

V= {vo,vu "')‘vk}; X = {xil’ x'12’ ceey xi}a Zi = {Zi, le’

It yields | ¥(C) | = 2(k* + k + 1). The edge set of C is determmed by settmg the

neighbourhood to every vertex
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N(u()) = {ul9 uz, eny uk} v {vo};

N(vo) = {vy, v5, ..., 0} U {uo};

N(u) = X, and Nv) = Z;, for i=1,2,..,k;
In addition, let r = 1,2, ..., k; i = 1,2, ..., k and let the arithmetical operations
in indices be computed modulo k. Then we put

NGz) = {o} v {x0, 7, o w0,

N(Zrz) = {Uz} v {x,l, -\'rz+1, e x,:+k+1}‘

o<

% Xy
X 4
[l W
W ]
/‘ 10v
{
/
K}
Xy
ul
X
V‘ {17
%Y
Fig. 1
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Analogically in general form

N(zi) = {Ui} v {xrl, x3+(i—1)’ xr3+z<i—x)~ ey x,:+(k—1)(i—1)}9

N(x)) = {"i}f v {Zrl’ zrz—(i—l)’ 23—2(:'—1)’ s Z’:—(k—l)(i—l)}'
This construction is illustrated by the graph C = C(3) in Fig. 2. If k is not a prime
number, then the graph C(k) contains a 4-angle. From the construction it follows
that C(k) is a regular graph of degree k + 1. One can verify that the diameter of C(k)
is equal to three and its girth is six by verifying separate cases.

§ RSEAT
)’35*:@2&“*

Fig. 2
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Fig. 3

Example 3. Let d = 4, m = 2, k = 2 be given integers. Let us put / = (g—),
* =d— —(21— , where [x] is the integle.r part,c-)fl' x. We construct an w;,-graph B =
= B(k, m) as follows: V(B) = {w}u U X;u U YU Z, where ¥, = {x}*_,, Z =

k i=1 i=1
={z}ivy, Y, =UY", for Y"* = {y7*}7y, r=1,2,...,1 — 1. The edge set
s=1

of B is given again by the neighbourhoods. If / > 3, then we put: N(w) = X,;

N(’x}) = {w., xf-},_ for j=1,2,..,k;

NG = {71 x5, for i=273,..,1*=1;j=12,..,k;

N = {(x""o vty for i=1,2,..., k;

Nirh = {x, ¥, for i=1,2,...,k;j=1,..,m _
NOPS) = {pi1s, 5t s), for r=2,...,1=-2;s=1,..,kji=1,...,m
NOY = {yi7 25, 2.}, for i=1,2,....ms=12 ..,k
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If | = 2, then we replace the last three formulas by the following one Ny~ ') =

=8z}, fori=1,...,m s=1,...,k Nz)={yi""), for i=12..,m.
This construction is illustrated in Fig. 3. '

One can verify that the diameter of B is equal to d and the girth of B is equal to 2d
for d even and 2d — 2 for d odd. The graph B is an w,-graph because its minimum
degree is two and its girth is at least ¢ + 3. Thus B is also w,-graph, e-critical and
v-critical graph.

Now we prove the following theorem.

Theorem 1. Let B, © be finite sets of graphs. Let d be an integer. Then the class
of e-critical graphs of diameter d > 2, v-critical graphs of diameter d > 2, w,-graphs
for d 2’2 and w,-graphs, for d > 3 cannot be constructed from the set P by
extensions &.

Proof. Let N be an integer greater than the number of vertices of any graph of
the sets P and &.

1. Let d = 2. The assertion of Theorem 1 can be proved quite analogously as
in [5] by using v-critical graphs D(k, m) for k, m > N + 2. We do not repeat it for
the briefness.

2. Letd = 3 and let k be a prime number greater than N. We prove that w;-graph
C(k) cannot be constructed from P by extensions S. Then the class of w,-graphs
cannot be constructed from any set 8 by some extensions &, since there exist ans
infinite number of prime numbers & > N.

If a graph C = C(k) can be constructed from B by extensions S, then C = G @ Q,
where either GePB, Q€ S or Q€ S and G is an w;-graph. The case GeP, Qe S
never occurs since | V(C)| > 2N. Therefore the second case occurs. If a vertex u
of C(k) belong to Q, then at most one vertex of the set N(u) belongs to G, since
d(x,y) > 3 for every x, y € N(u) in the graph G — u. (This fact follows from the
construction of C.) So the graph Q contains at least 1 + (| N(u)| — 1) vertices,
which is impossible as | Nw) | = k + 1 > N > | ¥(Q) |. Thus w;-graphs cannot be
constructed from P by extensions &. The mentioned proof also proves the same
assertion for w,-graphs, e-critical and v-critical graphs of diameter 3, since we used
only the properties of C(k) diameter.

3. Let d 2 4 and let k, m > N + 2. The w,-graph B(k, m) is not a connection
G @ Q, where Ge P, Q € S because | V(B) | > 2N. Let B = G @ Q, where G is an
w,~graph and Q e S. ‘

If w e ¥(Q), then at least | X, | — 1 = k — 1 vertices would belong to ¥(Q) since
d(x, y) > dfor every x, y € N(w) = X| in the graph B — w. This contradicts the fact
| V(@) | < N < k — 2. Therefore w € ¥(G) is valid.

The vertex x5 e V(G), where 1 < i £ [*, 1 £ 5 £ k, because in the reverse case
there would be dg(w, z) > d for every ze Y'~'s and so the set Y!-1.s belongs to
V(Q) which is in contradiction with | ¥(Q) | < N.
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< m since in the

The vertex y7° € V(G), wherezl él—rié I-1,1 é s < ’.(, 1) )
reverse case there would be ds(xs,Vi ) > dijf i ?éS, i=1,2,..,k and hence
the set {y'~""*}*_, belongs to V(Q), which is impossible.

i#s

Finally, we have z; e V(G) for | < i < m since in the reverse case there would
be dg(y\" ", yi" ) >d for r #5, | £r, s < k. Thus the graph B(k,m) =G
and then the graphs B(k, m) for kK, m > N + 2 cannot be constructed from ‘§ by
extensions S. Hence the class of w,-graphs, d = 4 cannot be constructed from P
by extensions &. This proof also proves the same assertion for w,-graphs, e-critical
and v-critical graphs of diameter ¢ > 4, since we used the property of diameter of B
only. This completes the proof.

The Moore graphs can be defined as a graph of diameter d > 2 and girth 2d + 1,
see [1]. So the Moore graphs of diameter two are w,-graphs. Three such graphs are
known and the existence of Moore graphs of diameter two and degree 57 is possible.

The existence of regular graphs of diameter d = 2 and girth 24 is studied in [2].
We only note that the next corollary follows from second part of the above proof.

Corollary 1. Let  and € be finite sets of graphs. Then the regular graphs of
diameter three and of girth six cannot be constructed from the set P by extensions &.

For constructive description of discussed classes of graphs it is necessary to study
other type of operations, too.
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