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1. INTRODUCTION

Consider a system of nonlinear differential equations of the form

(A) xo‘+1y’ =f(x, ¥, Z)’ xz' = g(x9 Vs Z),

where ¢ is a positive integer, x is a complex independent variable, f and y are m-
dimensional vectors, g and z are n-dimensional vectors, f(0, 0, 0) = 0, g(0, 0, 0) = 0,
fand g are holomorphic in a neighborhood of (0, 0, 0,) say

(1.1) x| <a, llyl<b Jzll<e

with y = col (yy, ..., y») and || y | = max | ¥, |, a, b and ¢ being positive constants.
Furthermore, the matrices £,(0, 0, 0) and g.(0, 0, 0) are nonsingular. Then, x = 0
is called an irregular type singularity of the system (A).

In this paper, we shall assume that:

L 8:(0,0,0) = diag (1, ..., u,) = 1,(w)

and

(1.2) Re u, > 0, k=1,...,n.

II. For any n + 1 row vector (/, q,,..., [,) of non-negative integers such that

I + %q, = 2, we have
(1.3) e#E L+ Y gy, k=1,..,n
ji=1

III. £,(0, 0, 0) has eigenvalues v,, ..., v, with multiplicities m,, ..., m; (my + ... +
+ m, = m), respectively, and

(1.4) Rev; 2 Rev, 2 ... 2 Rev, > 0.

* This work is partially supported by a Faculty Research Fellowship, Western Michigan Univer-
sity, 1973.

129



Under these assumptions, we shall reduce the equations (A) analytically into a form
as simple as possible.

In addition to I, II and III, with more restrictive conditions that the coefficients
up to the degree of z7 are all diagonal when f(x, 0, z) is expanded in powers of z,
namely the so-called conditions (4,), a similar reduction is made and a general
solutions of the reduced equations are studied in [3]. This paper will not assume the
conditions (4,) as in [3], thus the reduced equations can not be solved by quadrature
as in previous case. A much simpler case of the equations (4) is originally studied
by M. Iwano [4] by the use of two fundamental existence theorems. We shall employ
these theorems as well as the method of proof here. But we will use somewhat dif-
ferent approach of successive approximations method which is developed in [2].

2. PRELIMINARY REDUCTION

Without loss of generality, we can assume that & = £,(0, 0, 0) is in the Jordan
canonital form

2.1 A =73 OVl + D),
i=1
where 1,, denote the m by m identity matrix and
0 0
5i2 .
2.2) D, = d;;=1o0r0.
0 Sim, 0
Let
2.3) A4 =%, (i=1,..,)
ox
and . )
2.4) A;f(x) = A(x) — A)x), Gj=1,....,8i#])).

A sector O, < arg x < 0O, is said to have Property-t with respect to A,(x) if

~

2.5) |arg A,(x)| < 32_7r (mod 2r),

for ©, < arg x < ©@,. Note that for a given set of complex constants {v,, ..., v,},
we can choose arg v; properly that there exists a non-empty sector which contains
a preassigned direction in the complex plane and has Property-t with respect to
{A1(), ..., 4,(x)}.

The symbol f[x; z] denotes a polynomial of degree ¢ in x. f[x; z] is said to have
Property-o with respect to x for || z | < c if the coefficients of this polynomial are
holomorphic functions of z for || z || < c.
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A vector f(x, y, z) which is holomorphic in (x, y. z) for

(2.6) 0<|x|<a, 0, <argx < 0,, Iyl < b, Izl <c

is said to have Property-ll with respect to y and z in (2.6) if its components admit
uniformly convergent expansions in powers of y and z for (2.6) and if the coefficients
of these expansions are holomorphic and bounded in x for

2.7) 0<|x|<a, 0, <argx < 0,
and admit asymptotic expansions in powers of x as x tends to 0 in (2.7).

For a row vector p = (py, ..., P,) of non-negative integer elements, denote

|| =p1+ ...+ pnand y?P = yRiys* ... ypm.
We have established in [3] the following.

Theorem 1. Assume that the Assumptions 1 and 11 are satisfied. Let 0, < arg x < 6,
be a sector with Property-t with respect to {Ax), Ajj(x)|i,j=1,...,81i#j}
containing the positive real axis. Then, there is a transformation

(Tl) y = P(X, Z) Y + d)(x’ Z)’ z = l/I(X, Z)
such that

(i) P(x, Z), &(x, Z) and ¥(x, Z) are m by m, m by 1 and n by 1 matrices, respecti-
vely, ®(x, Z) and ¥(x, Z) are in the form

2.8) ®(x, 2) = ¢[x, Z] + x"7'9°(x, Z),  ¥(x, Z) = Y[x, Z] + x"*Y°(x, Z)

where @[ x, Z] and Y[ x, Z] have Property-c with respect to x for | Z || < ¢, . P(x, Z),
®O(x, Z) and ¥Y°(x, Z) have Property-Ul with respect to z in

2.9) 0<|x|<a, 0 <argx<§¥,, 1 Z1I <e
for suitably chosen a, and c,, and, in particular

G
(2.10) PO,0)=0, ¥xZ] =1
VA

n

0

(ii) The equations (A) are reduced to
XY = (o + C(x,Z))Y + Y YPF,(x,2Z)
Ipl22

®) xZ' = ln(u) Z + D(x, Z) Y + Z Y”Gp(x, Z)b
lplz2

where the right hand sides are uniformly convergent for
211) 0<|x|<a, O <argx<8, [Y[I<b, [Zl<e
Jfor suitable by, C(x, Z), D(x, Z), F,(x, Z) and G(x, Z) are m by m,n bym,mby1
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and n by 1 matrices respectively, whose elements having Property-X\ with respect to Z
2.9) and

(2.12) C(0,0) = 0, D(0, 0) = 0.
In particular, C(x, Z) is in block-diagonal form

s
(2.13) Cx,2)=)Y @ C(x, Z),
j=1
where C{(x, Z) are m; by m; matrices, respectively, and having the forms

(2.14) L Cix, Z) = ¢j[x; Z] + x"MICl(x, 2)

with c;[x; Z] having Property-c with respect to x for | Z || < ¢, and Cj.’(x, Z) having
Property-X with respect to Z in (2.9).

This Theorem is proved by applying a reduction from a particular solution
constructed by Iwano [4] and the block diagonalization similar to that obtained by
the author in [2].

3. MAIN REDUCTION

In order to study the main reduction of the equations (A), denote given p =
= (py, ..., pm) according to the multiplicities of v;, (i = 1, ..., s)

(31) ﬁl = (p19 "-’pml)’ 1;2 = (pm1+ls --"pm1+mz) ""ﬁs = (pm—m,+1’ ""pm)'
Namely, p = (p,, ..., p,). Let
'%J:{p'v]:ZlI’?LIvl’|p|g2}9 (i=15"'1s)’

3.2
R=R Y ...UA,.

Then, by Assumption III. £ is a finite set.
Consider the monomial of the form

3.3) {Q;5(%) = A(x) — igllﬁ,-lAi(x)lj =1,..,52=|p| S M}, .

where M’ is a sufficiently large positive integer. Since all these monomials have the
same degree with respect to x ™%, it is easy to verify that in the sector 6, < arg x < 0,,
there exists a subsector 0, < arg x < 6, which has Property-t with respect to the
monomials in (3.3) and contains the positive real axis. Then by virtue of Assump-
tions III, the sector 0, < arg x < 0, has Property-t with respect to all the monomials

(3.4) (2,,(x) = 4,(%) —é“},ui(x)u — 1., slpl2 2
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The main result of this paper is the following:
Theorem 2. Assume that Assumption 111 is satisfied. Then, there exists a transforma-
tion

(T,) Y=u+ ) uPAd,x,v), Z=v+x" Y u’B,x,v),
Ipl22 Iplz2
such that
(i) 4,(x, v) and B,(x, v) are m-column and n-column vectors, respectively, and have
Property-W with respect to v in

(3.5) 0<|x|<a,, 0,<argx<y®,, lvll < e
for suitable positive a, and c,, and the right hand sides of (T,) converge uniformly in
(B6) O0<|x|<a, O,<argx<b,, Jul<by, Jvl<ec
for suitable positive b, ; ‘
(ii) (T,) reduces (B) to
X"’ = (o + C(x,v)) u + Y uPH,(x, v).
(C) pER

’

xv' = 1,(W v,
where H(x, v) are m-column vectors and have Property-W with respect to v in (3.5).

The proof of this theorem is to be given in two parts; formal reduction in § 5 and
analytic reduction in §§ ¢—38.

4. FUNDAMENTAL EXISTENCE THEOREMS

In order to prove Theorem 2, we need two existence theorems. These are first proved
by Iwano [4] by the use of Tychonoff type fixed point theory, and later by the author
[1] by means of successive approximations. The proof will not be repeated here.

For an a-column vector y with elements {y;}, 1,(y) denotes the diagonal « by «
matrix with {y;} as its diagonal elements, while x” denotes the a-column vector with
{x"} as its elements. Also, ¢’ denotes col (¢, ..., e™).

Given a system of nonlinear equations of the form:

4.1 xtly' = J(x, 1, 0, x{' = K(x, n, 0).
Here we assume that:

(i) x is a complex independent variable and o is a positive integer.
(ii) n and { are a- and f-column vectors, respectively.
(iii) J(x,n, ) and K(x,7,{) are a- and B-column vectors, respectively, whose
components have Property-U with respect to # and { in the domain

4.2) 0<|x|<¢ O<argx<O, |nl<d |¢l<d,

where 0, O, ¢ and d are constants with ¢ and d positive.
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(iv) The matrices J, and J, satisfy
J,(0,0,0) = 1,(5) + D,  det 1,(») # 0,  J(0,0,0) =0,

where y is an a-column vector with elements {y;} and D is an « by o nilpotent matrix
in lower triangular form.

(v) Equations (4.1) possess a formal solution

=3

4.3) n~y x'J;, (~ Yy x'K,,
i=0 i=o0
where J; and K; are constant a- and fi-column vectors, respectively, and in particular
I Joll <d, 1Kol <d
Let
Q) =T (j=1,2..,9).
ox

The first existence theorem is as follows.

Theorem A. Assume that in the sector @ < argx < O, there exists a subsector
O* < arg x < O* which has Property-t with respect to {Q,(x), ..., Q,(x)}. Then, (4.1)
have a unique solution {F(x), G(x)} which is holomorphic and bounded in x for
(4.9 0<|x]| <&, O* < argx < 0%
where 0 < &, < &, and which admits asymptotic expansions of the forms (4.3) as x
tends to zero in the sector (4.4).

Let u be a given n-column vector with elements {u, | Re u, > 0}. The second
existence theorem concerns about a system of equations similar to (4.1), except that
the vectorial functions J and KX, besides x, n and {, depend on an arbitrary function
of the form V(x) = 1,(x*) C, where C is an arbitrary n-column vector. Namely, the
following system:

4.5) Xy = T VX0, 0, X = K, V()i ).

Here we assume that
i) J(x, v:n,{) and K(x, v; 1, {) are a- and B-column vectors, respectively, which
admit uniformly convergent series in powers of  and { in the domain

.(4.6) O<|x|<¢ O<argx<O, |vll<d, |[¢&f<d,
whose coefficients are functions with Property-1l with respect to v in
@.7 0<|x|<¢ ©O<argx<® |ov|<d

with 4 a positive constant.

134



(ii") The matrices J, and J; satisfy
4.8) J,0,0;0,0) = 1,(y) + D, det 1,(y) # 0, J«0,0;0,0) = 0.

(iii") Equations (4.5) have a formal solution of the form
4.9) n~ Y V(x)(x), {~ Y V(x) K (x),

lal=0 lgl=0

where ¢ = (qy, ..., g,) With g, non-negative integers, J,(x) and K (x) are «- and
B-column vectors functions, respectively, holomorphic in
(4.10) ' 0<|x|<¢ ©O<argx<©

and admit asymptotic expansions
4.11) J (x) = 'ZOqux", K, (x) = .}:Oinx"
i= i=

as x tends to zero in (4.10). In particular,
I Jo(x) || < d, [ Ko(x) | < d.
Now, the second exigtence theorem is stated as following:

Theorem B. Assume that, in the sector O <argx < @, there exists a subsector
O* <argx < O* which has Property-t with respect to {,(x), ..., Q,x)}. Then, the
equations (4.5) have a solution of the form {F(x, V(x)), G(x, V(x))} whenever x and
V(x) are in

(4.12) 0<|x]| L&, 0* < argx < 0%, | o) < &,

where 0 < &y < &,0 < 0y < 8. Furthermore, this solution admits uniformly convergent
expansions of the form (4.9) so that F(x, v) and G(x, v) are a- and B-column vector
functions with Property-U with respect to v in the domain (4.12).

5. FORMAL REDUCTION

For a row vector p = (py, ..., p,) and a column vector y = col (V15 .- » Ym)s
denote by p.y =pyy + ... + PV

Let A(x, v) denote the m-column vector consists of the diagonal elements, in its
corresponding order, of &/ + C(x, v).

Differentiate (7,) formally, and by (C), we get

5.1 x7HY = (o + C(x,0)) u + Y uH,(x, v) +
pER

+ Y u{x" A (x,0) + p.h(x,0) A, + ¥ Jo(x,v) A + Ry(x,v; Hy, A,)})
lplz2 lal=|p|
q#p
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(5.2 xZ' =1,(Wv+ Y u"{x**'B,(x,v) + p. h(x,v) B, +

Ip|22

* IZI J(x,0) By + S,(x, v; H,, B,)},
q#p

where f,(x, v) are positive integer multiple of the off-diagonal elements of the matrix
& + C(x,v), R, and S‘,, are linear combination of H,, with coefficients depending
on A,, and B,, (| p'| < | p|) respectively.

On the other hand, substituting (T,) into (B), we get

(5.3 MY = (o + C(x,v))u + ; uP{( + C(x,v)) 4, +
. Ipf=2

F(x,v) + kp(x, v; 4,, B,)},
(54 xZ' =1,wv+ ; u{x°1,(u) B, + G,(x,v) + S,(x, v; 4,, B,)},
Ipl22

where I?,, and S, are m- and n-column vectors linear in known vectors whose
coefficients are polynomials of A4, and B, (| p'| < |p]).

Let V(x) = 1,(x*) C, where C is an arbitrary constant n-column vector; namely,
V(x) is a general solution of the second equations of (C). Compare the coefficients of
u? in (5.1) with (5.3) and (5.2) with (5.4), and replace v by V(x), we have for | p | = 2,

(5.5
x4, = {o + C(x, V(x)) — p. h(x, V(x)) 1} 4, — Z fq(x, V(x) A, +
q P
+ Ry(x, V() + Hy(x, V().
(5.6)
x**1B, = {=p.h(x, V(x)) 1, + x" 1, (W)} B, — Z fq(x, V(x))B + S,(x, V(x)),
q#n

where

R,=R,—R,+F,, S,=85,-85,+G,.

We shall determine 4, and B, successively from (5.5) and (5.6) in the increasing
order of | p |, and choose H, in a manner that 4, and B, are as simple as possible and
they have Property-U with respect to v in the domain of the form of (3.5).

Let A,;, H,; and R,; (i = 1, ..., s) be m;-column vectors according to (3.1) such

hat
A,,=col(;1p,,...,,2,,), H,=col(f{,,1,...,ﬁps),

R, = col (R,;, ..., R,y).
Case I. If p is in R; for some j, then choose

(5.7 A,(x,0) = 0
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Case II. If p is not in #;, then, choose
(5.8) H,{(x,v) = 0.

In order to determine A4,; in Case II and all the B,, let
59) Ay =col{AylpER; (=19, |p|l=M}

By =col{B,||p| = M}.

Then, «,, and B,, satisfy the following equations:
(5.10)  x"*loty, = Fu(x, V(X)) Ay + Hy(x, V(X)) dy + T ylx, V(%))
(5.11) x* B = Gy(x, V(x)) By + Ly(x, V(X)) By + Lul(x, V(x)),

where the matrices #y, # v I u» Gu> Ly and &, are of known quantities having
Property-2 with respect to v in (2.9). Furthermore, &, and ¥,, are non-singular at
(0, 0) while ), and &, are singular at (0, 0).

Put
(5.12) = o yo(x) + z; 1 V(x)! &/Mq(x)
(5.13) B, = Byolx) + Z V()" B ppq(%).

lgl=1

Then each of 7y, Ay, By, and By, satisfies a certain differential equation. By
the fact that #,,, 9,, are non-singular at (0, 0) and ,,, £, are singular at (0, 0),
we can get &y, A py, Byo and By,,, successively in | g |, as formal power series
solutions of their respective equations. By means of Theorem A in § 4, we can find
A po(X), o pg(X); Bpro(x) and By ,(x) holomorphic in a domain of the form
(5.14) 0<|x|<ady, 0,<argx<6,, (0<d <a),
and admit aforementioned formal solutions as their asymptotic expansions as x
tends to zero in 0, < argx < 0,.

Thus (5.10) and (5.11) have formal solutions (5.12) and (5. 13), respectively.

Now, by the use of Theorem B in § 4, (5.10) and (5.11) have solutions &Z(x, V(x)),
and By(x, V(x)), respectively, whenever (x, V(x)) is in
(5.15) 0<|x|<df, 6,<argx<f,, |vl<ei,

(0<di=4di,0<c; ¢y,

and admit uniformly convergent expansions (5.12) and (5.13) so that they have
Property-U with respect to v in (5.15). It is noteworthy that (5.15) is valid for all M
when M is large.

Therefore, 4,(x, ¥V(x)) and B(x, V(x)) are obtained for all p in (5.15). Consequently,

H,;(x, V(x)) for p net in %; is obtained from (5.5). Thus the right hand side of
(T,) are obtained as a formal series.
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6. ANALYTIC REDUCTION

Let {U(x), V(x)} be a general solution of (C) which is holomorphic in the domain
(5.15). As we have seen in § 5, the equations (B) have a formal solution of the form

Y ~U(x)+ Y Ux) Ay (x, V(x)),
6.1) LE
Z~V(x)+x7 Y URX) B,(x, V(x)),
Iplz2
where A4,(x, v) and B,(x, v) have Property-U with respect to v in (5.15).
In order to prové the uniform convergence of (6.1), let
’)’_I:Revj, Iypl=ylli,1|+‘},2‘ﬁ2l++’YS|PSI,
and N be a positive integer. Put

Py(x,u,v) =u + Y uPA,x,v),
6.2) [yl <N
On(x, u,0) = v+ x" Y u"B,(x,v).

lypl <N

We make a change of variables
(6.3) Y = Py(x, Ux), V(%)) + 1, Z = Qu(x, U(X), V() + {
to equations (C). Since {U(x), ¥(x)} is a formal solution and

2P U, V() = X7 2 Py, UG, V() +

+ 5y Pl U VO (o + O, V() UG + 3 UG Hyfx V() +
+ 3" Pal, UG8, V) 1) V()

this expression is determined uniquely as a function of (x, U(x), ¥(x)). Similarly,
d . . .

1 F;Q” (x, U(x), ¥(x)) is determined uniquely as a function of (x, U(x), V(x)).
Thus, {n, {} satisfy the differential equations

xo+1 '—(Zva 1n)n + F(x, U(x), V(x); n, ),

x{' = G(x, U(x), V(x); 1, ),

where F(x, u, v; ,{) and G(x, u, v; n, {) are, respectively, m- and n-column vector
functions holomorphic and bounded in (x, &, v; 1, {) for a domain of the form

(6.4)
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65 {0<lx|<€~, 0, <argx <0, Jlull <dn, |v]| <dy,
®. Inl <dv, 121 <dy,

for suitably chosen positive constants {y, dy, and dj.

Since (6.4) have a formal solution

(6.6) n ~I Y U A (x, V(x), §~x° U(x)? B,(x, V(x)),

vp|ZN lyp|ZN

v

the functions F and G satisfy the inequalities

67 {II FCeu, 03,0 ) £ AU |+ 181D + Bullla Y,
1 GG uy o3, O 1 £ AU |+ 181D + Bulllwlll™,

A

for (x, u, v; 5, {) in (6.5), where A is a positive constant independent of N while By
is a positive constant may depend on N. Here the norm ||| u ||| is defined to be

6.9) ulll = max (@}, &, = | & ",
j=1

with u = col (@, ..., dy), 4; = col (U1, -5 Ujm) according to (3.1). Furthermore,
F and G satisfy the following Lipschitz condition:
69) {n Fx w0, 8 = FOo w00, O | S Aln' = 0" 1+ 18 = 8,
I GG, uy 030", 8 = GO, w0502, ) LS AU — 0 |+ 18 =22 D).
for (x, u, v; n', &) and (x, u, v; 2, £?) in (6.5).
Let
A(x) = col (A,(x), ..., A1(x), A(X), ...y Ap(X), ...s ALX), ..., A(X)),
where A(x) is defined in (2.3) and appears m; times. Put
(6.10) n=1,"pr, {=0.
Then, (6.4) becomes

6.11) {P' = X777 1(e™ ™) F(x, U(x), V(x); 1,(e*™) P, Q),

Q' = x"'G(x, UR), V(x); 1,(e"™) P, Q).
For two n-vectors v and v with elements {v,} and {,}, respectively, we denote
[v] < [P]if |vx] < || fork =1,...,n.
The task of proving uniform convergence of (6.1) becomes proving the following:

Theorem 3. Let ¢ be a preassigned positive constant, and N be a positive integer
satisfying
(6.12) N=-

soaes max 24, v, (vl = max [v; D).
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Then, (6.11) have a unique solution {@y(x, U(X), V(x)), yy(x, U(x), V(x))} such that
(6.13) [on] = Kyl UG 1IN, 1w | = Kn [l UG Y

for suitably chosen positive constant Ky whenever (x, U(x), V(x)) is a domain of the
form

6.14), {0 < | x| < éyw(arg x), 0, <argx < 0,,

Mulll < éy,  [v] < onlxarg 0)].

Here, x(t) is an n-column vector with elements {y(t)}, and w(t) and x,(t) are positive,
continuous and bounded functions of 0, < t < 05, on(x, u, v) and Y y(x, u, v) are m- and
n-column vectors, respectively, whose components are holomorphic and bounded
Sfunctions in (6.14)y, 6y and &y are suitably chosen positive constants, and

(6.15) ¢y max oft) < 1.
025t<02
The convergence of (6.1) follows from this Theorem in the following manner.
Owing to the transformations (6.3) and (6.10), the functions
Ux)+ % U(x)" A,(x, V(%)) + 1) on(x, U(x), V(x)),

lypl<

Vo +x T UG B, V() + s, UG, V()

lypl<N

(6.16)

are a solution of (B) provided that (x, U(x), V(x)) is in the domain (6.14)y. Let N’
be an integer greater than N. Then,
(%) T UG 4,(x, V() + 0w (5, U, V()

N=|yp| <N’

x* Y U(xY B,(x, V(x)) + ¥y, (x, U(x), V(x))

Nglypl <N’

6.17)

are a solution of (6.11), satisfying (6.13) if (x, U(x), ¥(x)) belongs to the common
part of the domains (6.14)y and (6.14)y.. Hence, by the uniqueness of solution,
(6.17) must coincide with {@y(x, U(x), ¥(x)), ¥n(x, U(x), V(x))}. Thus the solution
of (B) expressed by (6.16) is independent of N, provided that N satisfies (6.12). We
denote this solution by {(p(x, U), V(x)) ¥(x, U(x), V(x))}. Then, by analytic
continuation, the functions @(x, u, v) and Y(x, u, v) are defined in the domain

(6.18) {0 < | x| < {owlarg x), 0, <argx < 0,,

Hulll <o, [v] < dolx(arg x)].

where &, = sup &y, d, = sup dy. By the facts that w and y are positive, continuous
and bounded functions, (3.6) and (6.18) are equivalent in the sense that (6.14)y is
contained in (3.6) if y and &y are chosen suitably, and vice versa.
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On the other hand, since u = 0 is an interior point of (3.6) in which ¢@(x, u, v)
and {J(x, u, v) are defined, therefore, by Cauchy’s Theorem, ¢(x, U(x), ¥(x)) and
IZ/(x, U(x), V(x)) can be expanded into uniformly convergent power series of U(x)
whenever (x, U(x), ¥(x)) is in (3.6). Clearly, from Theorem 3, we know that ¢ and ¢
admit the asymptotic expansions (6.1). By the uniqueness of the asymptotic expansions,
these asymptotic expansions must coincide with the uniformly convergent expansions.
This proves the uniform convergence of the formal series (6.1).

Thus, the transformation (T,) converges uniformly in (3.6).

7. A FUNDAMENTAL LEMMA

In order to prove Theorem 3, a fundamental lemma is needed and to be established
here.

Since — A (x) are the dominating terms of the monomials Q;,(x) defined in (3.4)
when | p|is large, let0;_ and 6, be directions in x-plane along which Re { — A4 ,(x)} = 0
and situated immediately above and below the positive real axis. We can choose
arg v; so that

1 n 1 n
(7.1 0;- =?(argvj+—2—), 0;, =?(argvj-—?>.
Put
(7.2) 0 = min{0;_}, 6, =max {0;.}.
i=1 j=1

Then we can assume, without loss of generality, that the angles 6_ and 0, satisfy
n T
(73) 0§0j_—9_§—0_——68, 0§9+—0j+§?-68,
and the angles 0,, 0, appeared in Theorem 2 satisfy
/4 — 1
(74) 9+‘(?+68)<92<62<9_+—E—68

for a preassigned sufficiently small positive constant &.
We define a continuous function L(t) for 0§, < t < 0, by

a(t — 0_ + 4de), 0. —2<t<0,,
(1.5) L(t) = % 0, +26<1<0. — 2

0’(t—-0+—48)+7'€, §2§t§9++28.
Then, by virtue of (7.4), L(t) satisfies the inequality

(7.6) oe<L(t)<n—oc for §,<t<0,.
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Now () and x,(t) (k = 1,2, ..., n) are defined as

t

() o(t) = exp J cot L(t)dr
0o
and
(7.8) x(1) = exp {(Re 1) fcot L(z)dt + (Im ) (00 — 15,

where 6, is a fixed angle satisfying 0, < 0, < 0,. Then, these are strictly positive,
bounded and continuous functions in 0, < ¢ < 0,.

According to (6.8), let

(1.9) U(x) = col (0,(x), Uy(%), ..., Uy(»)),
where U #(x) is an mj-column vector

(7.10) Ux) = col (Uj(x), Uja(%), ..., Ujm (X))
Then,

UG = Ipsax {®;(x)}, Pi(x) = | U,(x) 1%
@.11) i=1 )
with | Uy(x) | = max {| U() 1}

We shall establish the following fundamental

Lemma F. Let {U(x), V(x)} be a general solution of the equations (C). Let x,, u', v’
be arbitrary values in a domain of the form

0<|x|<&o(argx), ~ 0, <argx <0,,
[v] < olx(argx)], =l <3,

where x(t) is the n-column vector with elements {y(t)}, and & and 6 are constants to be
determined. Choose the integration constants included in {U(x), V(x)} so that U(x,) =
= u' and V(x,) = v'. Then, there exists a curve I'y, connecting the point x, with the
origin such that: \

(i) The curve I',, is entirely contained in the domain

(7.12)

(7.13) 0<|x|<tw(argx), 0, <argx<b,,

except for the origin,
(ii) As x moves on the curve I'x,, we have the following inequalities:

| (7.14) [V(®)] < d[x(argx)], 0, <argx < 8,,
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sin 2ae

(119 STz 22 e UG 1.

(7.16) Fd;(m U(x) |||¥ e Re4s) Y SIN NSln 20¢

=X UG I e R,
(Nsin 20e = 4| v ||; ji=1..9),
with s the arc length of I',, measured from the origin to the variable point x.

To prove the lemma, let the polar coordinates of the variable point x be (¢, t).
Then the curve I',, is defined as follows:

If6, <argx; <0, + 2eo0rf_ — 2 <argx; < 0,, I',, consists of a curvilinear
part I'":
t
(7.17) e=1|x,|exp j cot L(t)dr
argxi
for argx; <t <6, +2 0or 0_ — 2 <t =< argx,,

and of a rectilinear part I'":
t

(7.18) 0L o= |x,|exp f cot L(7) dr, t=0, + 2¢ or 0. — 2e.
argxy

If 0, + 2¢ < argx, < 0_ — 2, I',, consists of a rectilinear part I'"” only:

(1.19) 0<osIx| =argx,.

From the definitions of I',, and the functions w and y, the curve I',, is contained
entirely in (7.13) except for the origin. Also, V(x) satisfies (7.14) as x moves on I, .
In order to show (7.15), let

(7.20) H,((x, v) = col (H,jy, ..., Hyjmj)-
By (7.11)
L@ =L o, =L oo (or some )
(7.21) o L
= E" U1t ot -5;" u;ll.
But

o d . d ) d '
(122) | U; | IE“ gl =d—s(1og R ||)=Es—(Relog|Un(x)l) (for some 1)

1 < dU, 1 dx
__Re—-—(long,(x)) Re(U e H—Fx’-}?ﬁa

143



) Uiy Uju(x)
— Re [{vj +0,_, ——U——— +ZC”‘(X’ V(x)) Uﬂ(’;) +
+3 g()(c) ) Hp(x, V(x))} dx]

a+1 ds

where 6,_, = 0ifI=lorm; + 1,(i=1,..
matrix C(x, V(x)).

Since || ¥(x) || is uniformly bounded in the domain (7.13), by (2.12), we can choose

¢ and 6 such that max | C;,(x, ¥(x)) | is as small as one wishes in (7.12). Also, without

loss of generality, 8, and || H,(x, ¥(x)) | can be assumed as small as one wishes.

., 8 — 1), C), is the (I, k)-element of the

Furthermore,

UGy |Ul(x)|“’"|uz(x)n'“' NZO1EN
Jl(x) J(x) ”

_ (‘Pl(x) )minl ( ®,(x) )wlft:l ( d(x) )ys\}sl
?,(x) D(x) T\ 24(x)
for p and j such that I?,,-(x, v) 5= 0; namely, y; = |+
have for x on I',,,

(7.23)

IIA

1

.. + 9 ps |. Thus, we

C U(x)?
(7.24)  |8,-1 1 + m.max | Cy(x, V(x))| + X, U( ) | H,j(x, V(x))| <
peal Un(x)
f| v’ sin 20¢
<—
where | v|' =min{|v;|},(j=1,...,9).
Since, for x on I'’,
dx _ _wm+n
(725) —ag- = +e ’
according as ¢ satisfies argx, <t < 0, + 2eor 6_ — 2¢ <t £ arg x,. Hence, by

(7.22), (7.24) and (7.25), we get

PARESTAE

s 2
= +07" ' Re{lv;|cos(L(t) — ot + argv;)} — IvI'sin20e

2Qa+l =
> v, sin20e | vi’sin20¢ _ 21v;l = livlI'})sin20e .
= Q¢+1 2Qa+1 2Qc+l
Substitute this into (7.21), since 2| v;| — | v |l 2 v;, we get (7.15) for x on I'.
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For x on I'", note that

1 dx\ - e "
(o) w(00)-

|Vj‘
= —-cos (argv; — at) 2

) e

[vjlsin2oe‘
o+1

By the use of (7.22), (7.24) and (7.25) again, (7.15) follows immediately for x on I'".
Consequently, (7.15) is proved on I, .

In order to show (7.16), notice that
(7.26) Re {4;(x)} = —l—%’l cos(argv; — ot).
oQ

We have, by the use of (7.25),

(7.27) —% {Re A,(x)} 2 ’filgéi}‘liaﬁ
for x on I'y,.

Let N be a positive integer such that
(7.28) N sin20e = 4| v ||.

Then, by (7.15), (7.26) and (7.28),

U &™) =

= (N'H U(x)l“*I—:?m U(x)ll] - %s Re Aj(x)) l“ U(x)IHNe—ReAJ(x) >

N sin 20¢ vl ) N _—Red;(x)
> - [U) Y e M~z
(2|x'a+l |x|a+1 ” () I
N sin 20¢ —Re
> N U@E) Y e R4,

4 I X Ia’+ r
Thus, Lemma F is proved.
8. PROOF OF THEOREM 3
Let (x,, u', v') be an aribitrary point in the domain (6.14)y and {U(x), ¥(x)} be the
holomorphic solution of (C) satisfying U(x,) = u! and V(x,) = v'. Notice first that

the equations (6.11) are equivalent to the system of integral equations:
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X1
"

P(x;,u',v") = | x™771 1,(e” ) F{x, U(x), V(x);

Oe

6.1) ) 1L, (e*®) P(x, U(x), V(x)), Q(x, U(x), V(x))} dx,

O(xy,u',v') = x"1G{x, U(x), V(x); -

" 1) P(x, U(x), V(x)), Q(x, U(x), V(x)} dx,

where the path for the first integration is taken along I',, defined in § 7, and that
for the second integration is taken along Ox;.

The successive approximations of (8.1) are defined to be the sequence of functions
{PDO(x,, u, v'), QO(x,, u*, v")} (x = 0, 1,2, ...) given recursively by the formulas:

(8.2) PO(x,ul,0) =0,  Q©x,u',0) =0,

and

X1

PV (x  ul,v') = fx””“ Lu(e™ ) F{x, U(x), V(x);
’ 1,(e*@PP(x, U(x), V(x)), QP(x, U(x), ¥(x))} dx,
(8.3) %
QU D(x,, u', ') = fx_lG(x, U(x), V(x);
’ 1,(e*®) P(")(x, U(x), V(x))s Q(")(x, U(x), V(x))} dx,
(x=0,1,2,..).

Here, the path for (8.3) is the same as that for (8.1).
By the definition of I',,, PM(x,, u*, v') and QV(x,, u?, v!)

4B
(1) 1 1 < N 1 N —Re A(x1)
[P (xl,u 90)]2 Nsin208 I”u “l [e ]’
84 2B
(1), L & __“°N 1N
10k, u', 0') | S eIl u' Il

In fact, the first inequality follows from (6.7) and (7.16) while the second inequality
utilizes, in addition, (6.15). Thus we choose

8By

8.5 Ky = N sin 20¢

and Jy satisfies

(8.6) max (2Ky8y, Oy max | x(1) ) < dy.
0251502
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Hence, we have

K —Re x1
[P“’(xl, ul’ Ul)] < _5)1_“] u! |”N [e Re A( )]~
8.7
K
19 (x,, u',0") || < 7’3—!1! ul |I1Y,

and P, 0 are holomorphic for (x,, u!, v!) in (6.14)y. This can be seen with an
argument similar to that in [1].

By means of mathematical induction and by the use of (6.7), (6.9), (7.6) and (6.15),
we can prove that P®O(x,, u', v') and Q@W(x,, u!, v!) given in (8.3) are all well
defined, holomorphic for (x,, u', v') in (6.14)y and satisfy

[PP(xr,u', ") = PY7D(xy, u', 0] £ ’;ﬁ [t (11 [e7ReAC0],

1 . -
[PX(x;, u', 0')] S K~(7 +o %)m ul || [e7R A0,
(8.8) K
1 Q%xs, u',v') = @7 Ve, uh, o) I < It

1 1
1 QW(x,, ', oY) || < KN(7 T— 5;)ln Y, (=1,2,3,..),

for (x,, u', v') in (6.14)y.

From these, we can prove that P®¥ and Q™ converge uniformly and absolutely to
on(xy, ul, v') and Yy(x,, u', v'), respectively, which are holomorphic in (6.14)y and
satisfy (6.13). Furthermore, ¢y and ¥ are solutions of (6.11). Thus, Theorem 3 is
proved.
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