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PARTITIONS AND CONGRUENCES IN ALGEBRAS
I. BASIC PROPERTIES

TRAN DUC MAIL BRNO
. (Received Septemb¢f 10, 1973)

0 A partition in a set G is a system A (possibly empty) of nonempty rhiltually
disjoint subsets in G [4, 2, 7, 10, 11]. The empty system A will be called-an empty
partition and will be denoted by 0.

The elements of a partition 4 in G are called blocks of the partmon A; they are
nonempty subsets in G. Let us denote by UA. the union of all blocks belonging  to
the ‘partition 4. A.is, of course, a partmon on UA4. The set U4 will be called a
domain of the partition A.

0.1 Now, let 4 be a symmetric and transitive binary relation in the set G A is an
equivalence relation in the set U4 = {xe G : xAx}. To find it out, it suffices to
verify that 4 is a binary relation in the set UA. Thus, let x, y € G, x4y hold; then
from the symmetry of the relation A there follows yAx and from the transmwty
xAx, yAy; thus x, ye U4: - -

From the preceding consideration and from the fact that there exists a 1-1
correspondence between all partitions on a set and all equivalence relations in' the
same set, there follows the existence of a 1 - 1 correspondence between all partitions
in the set G and all symmetric and transitive relations in G (cf. also [10], sec. 4 and 11).
We shall find it useful to hold, if need be, the partitions in G for symmetric and
transitive bmary relations in G and vice versa.

0.2 Let (G, Q) be a umversal algebra with the system of operatxons Q, and let A4
be a partition (symmetric and transitive binary relation) in the set G. We say that 4
is a congruence in the algebra (G, Q) if for arbitrary n-ary w € Q there holds: a;, b,€ G
aAb; i=1,2,...,n) = a, ... a,wAb, ... b,o. A congruence A in an algebra
(G, Q) will be called a congruence on the algebra (G, Q) if A4 is a partition (equivalence
relation) on the set G. The empty partition is a congruence in the algebra (and not
a congruence on a nonempty algebra). It will be suitable to hold also the empty set
for an algebra with an arbitrary system of operations Q (though Q contains nullary
aperations). From this reason the empty set can be considered as a subalgebra of
orbitrary algebra (G, Q).
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0.3 Notation:

P(G) - system of all partitions (symmetric and transitive binary relations) in the
set G.

II(G) - system of all partitions (equivalence relation) on the set G.
H'(G) — system of all congruences in the algebra G.
%(G) - system of all congruences on the algebra G.

A number of papers have been devoted to the study of partitions in a set. From
them there are quoted [2, 3, 4, 5, 7] used in the present paper. The subject of our
interest will be to investigate the structure of the set P(G) of all partitions in a set G,
and the structure of the set X'(G) of all congruences in G, where G will be a universal
algebra or especially an Q-group.

0.4 The known facts summarized in the following theorem will be used without
any further quotations. -

The set n(G) of all partitions on a set G is a complete semimodular, relatively comple-
mented lattice, [8] Th. 67. The lattice P(G) is complete, semimodular and upper-
continuous, in general, it is not relatively complemented, [5] Th. 4.5, 4.1 and 5.3.
n(G) is a closed sublattice of P(G). The set €(G) of all congruences on an algebra G
is a closed sublattice of the lattice n(G), [8] Th. 84. The lattice €(G), where G is an
Q-group, is modular, [6] IV, 2.2. The congruences on the group or on a relatively
complemented lattice commute, [8], p. 170, [9] § 4, Theor. 7. If G is a lattice or an
1-group, then €(G) is a distributive lattice, [8] Th. 90, [1] XIV § 5, Th. 10.

0.5 The system P(G) of all partitions (symmetric and transitive binary relation)
in a set G is a complete lattice with respect to partial order defined as follows: 4 < B
if xAy = xBy (4, B € P(G)). 1t is a matter of routine to prove that the greatest lower
bound and the least upper bound in P(G) are constructed in the following way
[2] sections 13,14):

x(ApAds) y = x4,y for all «

A = there exist elements Xo = Xy Xpseees Xpaqy Xy =Y and iﬂdiCCS
pAg) Y
«

Oy, ..., 0, such that x4, X;, ..., X,—y Az X,.
As it is obvious the greatest lower bound and the least upper bound in #n(G) are
constructed in the same way (see [4], 3.4 and 3.5, [3] I, 3.4 and 3.5, [11]).

~

0.6 When studying the structure of the set #°(G) of all congruences in an algebra G
we state first of all that 2#°(G) is a complete lattice (1.1). The domain U4 of a congru-
ence A € X(G) is a subalgebra of G (1.3). The nullblock A(0) = {x € G : xA0} of a
congruence A4 in an Q-group is an ideal in UA and there holds 4 = UA4/4(0) (1.4).
In 1.5 and 1.6 there are described the domain and the nullblock of the greatest lower
bound and the least upper bound of a congruence system in an algebra or in an
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Q-group, respectively. The remainder of the paper concerns the following problem.
Let &(x,) and x(y5) be polynomials on a lattice (in indeterminates {x,} and {y,},
respectively), let {4,} and {Bg} be two systems of congruences in an Q-group G.
There are being looked for the conditions for the validity of implication ®x(4,) =
= xp(Bp) = Px(A,) = xx(Bp). For the particular polynomials ®(x,) = x(x,) =
= an, the solution of the problem is given in section 1.7. A certain sufficient con-

dmon (distributivity of the lattice 2#'(G)) for the validity of the mentioned im-
plication is found in sections 1.9, 1.10 and 1.11.

1.0 We shall investigate the structure of the set #°(G) of all congruences in an
algebra G. Some results will be derived only from the particular assumption that G
is an Q-group. An Q-group is interpreted as a universal algebra whose operation
system is the set Q enlarged by one binary (group addition), one unary (x - —x)
and one nullary (0) operations.

1.1 Let (G, Q) be an algebra. Then XA '(G) is a complete lattice with respect to the
order given by inclusion (of binary relations). For {A,} € X' (G) there holds \yA, =

a
= ApA. If G is an Q-group, then the set of all nonempty congruences in G is a closed
sublattice of the lattice H°(G).
Proof. The first statement will be proved by showing that 4 = ApA4, belongs

to A '(G). The statement regarding Q-groups follows from the fact that G,,;, (= parti-
tion containing only one block {0}) is the least nonempty congruence in G.
If A is the empty partition, then 4 € X' (G). If A is nonempty, let w € 2 be an
n-ary operation (n = 1), a;Aa;,i = 1,2,...,n. Thena;Aa; forallaandi = 1,2, ...,
..,n hence a,...a,wAa] ...a,0 and thus a,...a,wAda] ... a,0. A€ X(G) is
proved.

1.2 Let (G, Q) be an algebra, {A,} € #(G). Then V,A V,,B,, where by B,
is meant the congruence A, Vx ...VyA, for arbitrary ﬁmte chalce Ays.oiy Ay, in
{4.}-

Proof. Since V,A V,B = VPB = A, for all o, it is sufficient to prove that

A= V,,B isa congruence m G. Let us take an operation in Q, for the sake of simplic-

ity a bmary one and let us donete it by o. A similar proof can be given for the opera-
tions of other arity (= 1). Thus it will be proved xAx’, yAy' = (x o y) A(x’ 0 y").
From the definition of v, we get:

xAx' = there exist x,,...,x,_,€G, B,,, ..., B, €{B,} so that

’
xB, xB,,x; ... X, 4B, X',
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yAy' = there exist yi, ..., Yu—1 € G, B;,, ..., B, €{B,} so that

VB;s,y1B,,y; ... yM“lBme’-
Hence C
(x 0 y) (By, VY Bs)) (x1 ©¥) (B, Vx Bs) (x20) ...
voe (%=1 09) (B, Vo B5)) (x' 0 y) (B, Vi B;) (X' O)) ...
(%" 0 Yu-1) (B, Vo Bs,) (X" 0 »).

1.2.0 Corollary. Let (G, Q) be an algebra, {4,} an up-directed subset of A (G).‘
Then ,Vx Aa = vP 4 '

1.2.1 Definition. If A is a pattition in a set G, then the set {xeG: xAx} is denoted
by U4 (see 0.1) and is called a domain of the partition A.’

1.3 U4 = {x e G : y € G exists such that xAy for arbitrary partition Ain the set G
Hence A is a partition on UA. Let (G, Q) be an algebra. For every A € #(G), UA is
a subalgebra of G.

Proof. The inclusion {x € G : there exists y € G such that x4y} < {xe G : xAx}
results from the fact that the relation x4y implies y4x and both imply xA4x. The
inverse inclusion is evident. The other statements are obvious, too.

1.3.1 Let (G, Q) be an algebra. As it was said above, the empty set is also mcluded
among subalgebras of the algebra G. The subalgebra generated in G by a subset
" € < G is denoted by ((S) and in case € = @, by (€), is meant the empty subalgebra
in G.

Let G be an Q-group, A an Q-subgroup of G. On the basis of the above agreement
concerning subalgebras, W = @ is not excluded. The ideal in A generated by a set
€ < A is denoted by ({E> )y and in case € = @, by ((€))y, is meant the empty set.
If 0 # 4 € #(G), let us denote A(0) = {x € G : x40}. The set A(0) is called a null-
block of the congruence A. The same terminology will be used also in case 4 € P(G),
0eU4.

1.4 Let G be an Q-group, O # A a congruence in G. Then A(0) is an ideal in UA,
A@©) # 0 and A = UA|A(0). The empty congruence A in G gives U4 =0 and
A(0) = @. For formal reason, it is writen also in this case 4 = UA4/A4(0), and 4(0) is
considered as an ideal in UA.

Proof. Since b\y 1.3 A # 0 is a congruence on the Q-group U4, the statement
follows from [6] III, 2.5.

1.5 Let (G, Q) be an algebra, {A,} < X' (G) or < P(G), respectively. Then there
holds with respect both to X" and P: U(AA,) = N(UA,). If G is an Q-group, then
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when using notation B = n(UA) C= n [A4,0)] there holds (A,A,) ) =
= (/\,A,) (0) = € and A,A = B/C = /\,A

Proof. Because of U4, 2 U(AA,) for all (/\ refers both to X" and to P —
see 1.1), we shall have U( AAa) = n(UAa) The reverse inclusion follows from the
following: xe n(UA J=xelU4, for all a= x4d,x for all a= x(AA DX =
= XE€ U(AA,)

If now G is an Q-group there holds:
xe(AAy) (0)<> x(AA,) 0= xA4,0 for all « <> x € 4,(0) for all a<> x € (4,(0).
The ;emaining stat;ment results from 1.1 and 1.4. )

1.5.1 Let 4 be a binary relationina set G,& & G. The intersection of the relation A
and the set € is denoted by 4 n€ and defined by the rule 4 "€ = 4 N (€ x €)
(or x(An€) y = x,yeC, xAy) [3] 1, 2.3, [4] 2.3. If 4 is a partition in .G, so is
A€ If Gis an algebra, € a subalgebra in G and A4 a congruence in G, then A 7 €
is a congruence in G (also in €).

1.6 Let (G, Q) be an algebra’ {A,} < #(G) or < P(G). Then U(V,(,A ) =
= <U(UA,)> or U(VPA,,) = U(UA,), respectively. If G is an Q-group, {4,} =
= J((G) then(V,A )(0) ((U(Aa(o))»m = <(VPAa) (0)> g, where U = <U(UAa)>

Proof. Let 4 = Y ,A4, and C = AnA. C is a congruence in the algebra G.

Since A = A, for all o, we have U4 2 % and therefore UC = U4 n A =A.
If xA,y for some «a, then xAy, x,ye U4, = A so xCy and hence C = 4, for all «,
thus C = A. From this we conclude A = UC 2 U4, thus A = UA.

The second equality: evidently U(VPA,,) 2 U4, for all «, thus U(Vp4, 2
2 U(UA ). Conversely, x € U(VPA ) = x(VPA,) x => there exist x,, ..., X,—; € G,

A,l, ooy A, €{4,} such that XA X1 AgyXs oo Xyo 1 Ay x = XAy x, => x€ U4, =
= Xxe€ U(UA ). By this the reverse mclusxon is proved and so the equality U(VpAa) =

U(UA )-
Let G be now an Q-group, {4,} € X(G),J = ((U(A,(O))))m By 1.4 A(0) is an

ideal in 2, A(0) 2 A,(0) for all « thus A(O) 2 J. Again by 1.4, we have A = A/A(0) =
> A/J =z UA4,/4.0) = A, for all « which implies 4 = A/J = 4. We have obtained
the equalities A/A4(0) = 4 = A/J hence 4(0) =
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The remaining equality may be obtained from that proved above as follows:
(Vordd © 2 (Vrdo) ©0) 2 A,(0) forall « =
= (YJA,) 0= <<(YPA1) 00y 2 <<9(Aa(0))>>m = (Yan) 0) =
= (Yan) 0 = <<(YPA4) 07 -

1.6.1 Remark. From Theorem 1.6 it is evident that the lattice J'(G) is not a sub-
lattice of the lattice P(G). Indeed, U(4v,B) = (U4 u UB) holds for 4, Be A(G)
while U(4v,B) = U4 U UB.

Using 1.6 and 1.4, we have the following.

1.6.2 Corollary. Let G be an Q-group, {A,} < H(G), A = UYUA4,), J=
= (CUA4u0))) Dy Then V yA, = U|J.
1.7 Let G be an Q-group, {A,}, {B,} systems in #(G), £, = U(V,4,), &, =

= U(YpBﬂ).
If it is true

a) <U(¥PAW) = <U(YPB,)>
and at the same time one of the conditions b, b, b":
b) £,1 Vied, = 2,1 Y,B,,
b) £,0 (V4 (0) = £, 0 (Ypr) ©)
b) (Vpdo) (0) = (Ypo) ©),

then VJ(’Aa = VJ’Bﬂ'
a B

Proof. If we prove 1) U(V x4, = U(V,By) (=) and 2) (Vx4,)(0) =
a p a
= (VxB,) (0) (=J), then by 1.6.2
B
VJ(’Ag ==QI/J = YxBﬂ.

~

The equality 1) follows from a) and 1.6. We shall prove 2). First, it is clear that
b="b ‘
Next, from the relations

(VxA)(0) 2 2, n(Vx4,) 0) 2 (VpA4,)(0) 2 A,0) for all o there follows
(by 1.6) ‘ )
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(VxA 2 0) 2 8 n (VJVA ) 00>y 2 <<(VpA,) 00y 2 <<U(A,(O))>>y =
= (Van) (0)

thus (Van) 0 =& n (Van) 05> = <<(VpAa) (0)>>y- If b') or b7) holds,

then from the preceding equalmes and from analoglcal equalities for By there
follows 2). :

1.7.1 Remark. In 1.7 it is possible to put the following weaker conditions instead
of b") or b”), respectively:

K81 N (Viud) 00y = K8 N (\ﬂ/pr) 0>y

or

V4 000y = «(Y"Bﬁ) ©0>0y-

1.7.2 Corollary. Let G be an Q-group, {A,}, {By} systems in A (G). Then
Ved, = YPBp = Vxd, = ‘\B/xB/r

In the proof of 1.7 there was proved the following statement completing the second
part of 1.6:

1.7.3 Let G be an Q-group, {A4,} a system in A (G), & = U(VpA,), A = U(V;p4,).

Then
(Vx4,) (0) = {8 0 (Vd,) (0> ).

1.8 Definition. Let  be a system of operations, / a nonempty set, {x, : a € [} a set
of some elements. A polynomial (over Q in indeterminates x, (« € I)) is defined (by
way of finite induction) as follows:

a) Every x, (e € I) and every symbol of nullary operation in Q is a polynomial.

b) If w € Q is an n-ary operation, n = 1, v,, ..., v, polynomials, then v, ... v,®
is a polynomial. :

If (G, Q) is a complete lattice, we admit even infinite lattice operations.

Let a, be an element of an algebra (G, Q) for every a € I. By the value of a polynomial
&(x, : € I)in a, (a € I), is meant an element in G which we have got by substituting
a, for x, and by replacing the symbols of nullary operations by corresponding elements
of the algebra G and by applying the operations w, as prescribed in (G, Q). We denote
by ®g(a, : a € 1) (or briefly by ®(a,); similarly P(x,)).

1.8.1 Let us recall Corollary 1.7.2 to Theorem 1.7: For congruences A4,, B; in
an Q-group there holds Vpd, = VB, = VA, = V. B,.
a B a B
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It is a question whether there does not hold the following more general theorem:

(1.8,1) Let Q' denote the system of the lattice operations, let &(x,) and x(ys) be
polynomials over Q. If 4, and B, are two systems of congruences in an Q-group G
then (1.8,2) @p(4,) = xp(Bp) = P¥(A,) = 1x(Bp)-

The meaning of such a theorem consists in the possibility of transferring the first
equality in (1.8,2) from P(G) to X#'(G). A special attention should be paid (and this
is in possibilities of the theorem) to transferring the identity from P(G) to JA(G).
In more details:

If the equality &(x,) = x(x,) holds for all systems {4,} < P(G) (or & X(G))
according to P(G), then it holds also for all systems {4,} < #(G) according to
X (G). :

The rest of paragraph is devoted to the just mentioned problem.

1.9 Let the lattice of all subalgebras of an algebra (G, Q) and the lattice of all
subsets of a set G be denoted by the symbol § = S(G) and M = M(G), respectively.
Let the symbol Q' denote as above the system of the lattice operations.

1.9.1 Let &(x,) be a polynomial over Q' in indeterminates x,. Let (G, Q) be an
algebra, A, congruences in G. Then

Udy(4,) = 2,(UA,) 2 Udy(4,) = 2y(UA,).
Remark. Because of 1.3 UJJ,,(A,) is a subalgebra in (G, Q) and thus
U,(4,) 2 <Ux(4,)).
Proof. &(x,) = VB”"(x) or = /\'P"(x,) is satisfied for suitable polynomials

¥#(x,) (B € B, card B = 2). Letus assume by way of induction that for every B there
holds

(1.9,1) Uvh(4,) = P5(U4,) 2 UPi4,) = ‘I’ﬁ;(UAa).-

The case #(x,) = V ¥*(x,). By 1.6 and by induction hypothesis we have got
B

Ud,(4,) = U(ny’é’((A)) = (UWUYLU4)) =
~ ]
= <lﬂJ('P§(UA¢))> = yss"g(uA,) = dy(U4,),

thus
U¢x(A¢) = d),ng(LJAa).
Further ’
Udy(4,) = U[YP‘I’,’»(A,) = ULU¥44))].
B
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By induction hypothesis, the last member is obtained in the set
UUPL(4))) = U(V £ P5(4) = Udy(4,).
B 8

Hence .
Ud,(4,) 2 Udy(4,).

Finally by 1.6 and by induction hypothesis
U¢P(Aa) = U(ﬂVP‘Plp’(Aa)) = 'ng(U 'PI‘;(A«)) = y(WgI(UAa)) = ¢M(UA:1)

hence
UQP(Aa) = ‘pM(UAa)
is fulfilled.
The case &(x,) = A ¥PP(x,). By 1.5 one gets
[}

Ud(d,) = U[/ﬂ\x&”f«(A;)] - NIU¥A())

By induction assumption, the last member equals
QS[Tg(UAa)] = ¢S(UA«1)
and contains the set

Q[U ¥h(4)] = U[/ﬂ\,,'lfﬁ(A,)] = Udx(4,).

Thus it is proved
U¢X(Aa) = ¢S(UAa) =2 U(pP(Aa)'

Finally, by 1.5 and by induction assumption there holds

Udy4,) = U[APY’ﬁ(Aa)] = ﬂ[UW (A)] = n[w (U4))] =
= AM[W (UAu)] = d’M(UA ).

This verifies
Udy(4,) = o,(U4,).

1.10 Let &(x,) be a polynomial over Q' in indeterminates x (x € I). Let (G, Q) be an
algebra, A (a € I) congruences in G. Let A (G) be distributive if only the finite lattice
operations appear in @, let it be completely distributive otherwise. Then

UQX(Aa) = dss(LJAa) = <U¢P(Aa)>’ U¢P(Aa) = ¢M(UA¢)'

Proof. Our aim is to prove the equality Ud,(4,) = Udp(4,). The other
equalities follow directly from 1.9.1. As in the proof to 1.9.1 let &(x,) = V‘I’”(x,)

or = AW’(x,) be for suitable polynomlals ¥8(x,) (B € B).
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Induction hypothesis:
Uv%(4,) = (U¥54,)>  forall BeB.
The case &(x,) = V ¥*(x,). By 1.6 there holds
B
(1.10,1)  (Udy(4,) = (l‘J[Vp'I’ﬁ(A.)] = <9[U‘1’f»(A¢)]> = <9 UPEA).
Last but one member contains the set (UW5(4,)) for all B € B therefore also the set

U <U¥E44,)>)>. Conseqgently, it is possible to replace in (1.10,1) the inclusion by
B

the equality. By induction hypothesis, the last member in (1.10,1) equals
<9(U*Pé’r(«4a))> = U[Yxlpfr(/ia)] = Udy(4,).

The case &(x,) = A¥’(x,). For suitable polynomials ¥*’(x,) (B € B, y = I') there
B
holds &(x,) = AV ¥?"(x,). If & contains only finite operations, the sets B, I are

By
finite. From the (complete) distributivity of the lattice 2#'(G) there follows

Axv.f‘[’ft"y(/fa) = foAx‘ngﬂm(Aa)-
B 7 Sers p

If we denote AYP/®(x,) = T'(x,), we have ®,(4,) = V4 T4(4,) and we have
B J

reduced the discussion to the preceding case. In the present situation the induction
hypothesis will concern the polynomials 77 (fe I'®) instead of ¥?. There holds (in
the third equality we use the complete distributivity of the lattice M(G), in the seventh
one, the induction hypothesis):

Udp(4,)) = <U{’\pr?’£”(Aa)> = <Q U U4, =
'y Y
=< U NU¥EP,)> = U UPEP(4,))) =
Sers g S B

= <5} < U/ﬂ\,,'lff;f‘”’(A,))) = <lfJ UTHA> =
= <9 UTJ(j’I(Aa)> = U YJ(TJVI(Aa) = U¢X(Au)

-~

The theorem is proved.

1.10.1 Corollary. Let &(x,) and x(ys) be polynomials over Q' in indeterminates
X, (x€1) and yg (B € J), respectively. Let (G, Q) be an algebra, A,, By congruences
in G. Let the lattice A'(G) be distributive if only finite lattice operations appear in ¢
and y, and let it be completely distributive otherwise.

Then there holds

<U¢P(Aa)> = <UXP(Bp) = Ud,(4,) = UXx(Bp)-
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Proof follows from the fact that by 1.10 there is U®,(4,) = <UPp(4,)> and
similarly for x(Bj).

1.11 Let the conditions of Theorem 1.10 be fulfilled. Then
L@p(A4) 0>y = (Dx(A4,)) (0), where A = U, (4,).

Proof is analogous to that of 1.10. First, let &(x,) = V¥#(x,) for suitable poly-

nomials ¥#(x,) (B € B). The induction hypothesis ’
(V5(42) (0) = KK(¥H(4,)) (0> By, where By = UPi(4,).

There holds (the second equality by induction hypothesis and the third one by 1.6)

L(Pp(A)) 0Dy = <<(Yp‘1’f:(Aa)) 0>y 2 «L,,J K(PEAL) (0)>8,29 =

= <<9(W£(Aa)) 0>y = (ﬂVxY’fr(Aa)) O =
= (Px(4,)) (0) 2 {{(Pp(4,) (0)>Dg.
The last equality is true because for arbitrary Qg € J#°(G) there is
()/pr) 0= (YPQ[I) ), ({,\"’Q") 0 = (/ﬂ\er) (0).

Hence
(L1L1) (@A) 0>y = (Px(4) ©).

The second case &(x,) = A ¥¥(x,). For suitable polynomials ¥# *(x,) there holds
o0 = A w"' (xa)- ﬂ
From the dlstnbutmty of the lattice /#'(G) there follows

Awi” Ay = vaﬂ" 7®4,).
fers

When denoting A ¥’ “”(xa) = T/(x,), it will be ®,(4,) = V,T4(4,) and the
8 s

discussion is reduced to the previous case. In the present situation the induction
hypothesis will concern the polynomials T7/(x,) instead of ¥#(x,). We have got

U PH(AL)) (0> >y = <<<5\pyp¥'f;- "(4) 0>y 2
2 KAUETE ) OYa = U NP, 0)>x =
= <<y(4\W£"‘“’(Aa)) Oy = <<p(T£(Aa» Oy =
= <<th(T£(A¢» 0>y = (Bx(42)) (0) 2 ({(Bp(4)) 0)>Dg.

So the equality (1.11,1) is proved.
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1.11.1 Corollary. Let the conditions of Theorem 1.10.1 be satisfied. Then there
holds
Dp(4,) = XP(Bﬂ) = D (A4,) = X (Bp)-

Proof. By 1.10.1 there holds U = Ud,(4,) = Uy,(B;) and by 1.11.1
(Px(42) (0) = (xx(Bp) (0) (= J). This implies (by 1.4)

Py(A,) = Xx(Bp)-

1.12 Theorems 1.10 and 1.11 are not valid if we omit the hypothesis of (complete)
distributivity of the lattice A (G).

Proof. Let 4, B, C, D be four distinct lines in the plane passing through the origin.
Each of them represents a one-element partition in the plane G considered as the
additive group of ordered couples of real numbers. All these four partitions belong
to X'(G). For &(x, y, u,v) = (XxV y) A (uV v) there clearly holds &,(4, B, C, D) =
= Gpax»> thus U®,(4, B, C, D) = G = (P4(A4, B, C, D)) (0) whereas

®4(4, B, C, D) = {0}, thus (U4, B, C, D)) = {0},
K(@p(4, B, C, D)) (0)>>g = {0} (where A = Ud,(4, B, C, D) = G).
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