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0. INTRODUCTION

M. Novotny [3] proved that finitely characterizable languages are preserved under
strong homomorphisms. Finitely characterizable languages have been defined by
the use of configurations. Taking semiconfigurations instead of configurations we
can define similarly finitely semigenerated languages. The problem is, whether these
languages are preserved under strong homomorphisms. In this paper the positive
answer to the question mentioned above is given.

1. SOME DEFINITIONS

Let V be a set. We denote V* the free monoid over V, i.e. the set of all finite se-
quences of elements of the set V including the empty sequence /. We identify one-
-member sequences with elements of the set V; it follows V < V*. If x e V*, x =
= %1 ... T, where ;€ V(¢ = 1, ..., ) and » is a natural number, we put |z | = n;
further, we define | 4| = 0.

Let V, U be sets, f a surjection of V onto U. Then there exists the only homo-
morphism of V* onto U*. This homomorphism (denoted as f,) is defined as follows:
for every x € V*, x = z1x;, ... 2n, where n is a natural number and z; € V(i = 1, 2, ...,
.., 1), we put fy(x) = f(z1) f(@2) ... f(zn); further, we define f,(A) = 4.

Let us assume that x € V*, f () = y1y2 ... Ym, Where m is a natural number and
yie U*(t =1, 2, ..., m). It follows that there exist elements x,, x;, ..., ,, of the
set V* such that = xx; ...z, and f,(zi) = y; for ¢ =1, 2, ..., m. It is obvious
that |z | = | fe(z) | for every x € V*.

2. LANGUAGES AND GENERALIZED GRAMMARS

2.1. Definition. Let V be a set, L a subset of the set V*. The ordered pair (V, L)
is called a language. The elements of the set V are called word-forms, the elements of
the set V* are called strings, the elements of the set L are called marked strings.
The set V is called a vocabulary of the language (V, L). The ordered pair (V, L) is
called the language over the vocabulary V.

2.2. Definition. Let V, R be sets with the property R < V* X V*.For z, ye V*
we put z —> y(R) if (z, y) € R. Further, for z, y € V* we put z = y(R) if there exist
elements u, v, t, z€ V* such that x = utv, y = uzv, t - 2(R). For z, y € V* we put
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z = Y(R) if there exists an integer number p = 0 and elements to, ¢;, ....tp € V*
such that x = ¢, t, = y and ti_y = t;(R) for ¢ = 1, 2, ..., p. The sequence of strings
(t1)B=o0 i8 called an z-derivation of y of the length p in R. An x-derivation of length O
is called a trivial derivation of x.

2.8. Definition. Let V, Vr, S, Rbesetssuchthat Vp < V,S < V*, R < V* x V*.
Then the quadruple G = (V, Vr, S, R) is called a generalized grammar.

2.4. Definition. Let @ =V, Vpr, 8, B> be a generalized grammar. We put
#(G) = {z; x€ V} and there exists some s € S such that s %, z(R)}. The language
(Vr, Z(@)) is called the language generated by the generalized grammar G.

2.5. Definition. A generalized grammar G = (V, Vr, S, R) is called a generalized
special grammar if V = V. In this case we write (V, 8, R) instead of (V, V, S, R).

2.6. Definition, A generalized grammar G = {V, Vp, S, R) is called a grammar
if the sets V, S, R are finite.

2.7. Definition. A grammar G =V, Vp, 8, R) is called a special grammar if
V = Vr, in this case we write (V, S, R) instead of {V, V, S, R).

3. SEMICONFIGURATIONS AND STRONG
HOMOMORPHISMS

3.1. Definition. Let (V, L), (U, M) be languages, f be a surjection of ¥V onto U.
The surjection f is called a weak homomorphism of the language (V, L) onto (U, M)
if f,(L) = M. The surjection f is called a strong homomorphism of the language (V, L)
onto (U, M) if fg{ (M) = L.

3.2. Remark. It is obvious that each strong homomorphism is at the same time a weak
homomorphism and a bijective weak homomorphism is strong.

3.3. Definition. A bijective strong homomorphism of (V, L) onto (U, M) is called
an isomorphism.

3.4. Definition. Let G =<V, Vy, 8, R), H= (U, Ur, P, Q> be generalized
grammars, f a surjection of V onto U. The surjection f is called a strong homomor-
phism of G onto H if following conditions are satisfied:

(A) For every z € V, the condition z € Vr is equivalent to f(z) € Ur.

(B) For every z € V*, the condition = € S is equivalent to f,(x) € P.

(C) For every z, y € V*, the condition (z, y) € R is equivalent to (f.(x), f.(¥)) € @.

3.5. Definition. A bijective strong homomorphism of G' onto H is called an
somorphism.

3.6. Theorem. Let G = (V, Vr, S, R), H = (U, Uy, P, @ be generalized gram-
mars, f a strong homomorphism of G onto H. Then the following assertions hold true:

(I) Fort'e U*, se V*, (2, y') € Q the following conditions are equivalent:

(A) ' = fu(8) (=, ¥}

(B) there exist t€ fi\(t'), x € fx'(z'), y e f&1(¥') such that t = s({(z,y)}).

(II) For t' € U*, s€ V* the condition t' = f4(3) (@) is equivalent to the existence
of te f\(t') such that t = s(R).

(III) For t' € U*, s€ V* the condition t' = [«(3) (Q) is equivalent to the existence
of t € fy\(t') such that t = s(R). )

(IV) For z € V* the condition z € £(Q) is equivalent to f, (x) € L(H).

(V) fIVz is the strong homomorphism (Vr, £ (G)) onto (Vy, £ (H))
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Proof. ¢’ = f,(s) ({(z’, ¥')}) means, in other words, that there exist elements
w', v' € U* such that t' = w'2"v’, f,(s) = u'y’v’. It means that there exist elements.
u€ fil(w'), x e fyl(@'), ve fi'(v') such that s = wyv, uzv = s({(z, y)}). Thus, assertion
(I) is proved.

It is obvious that assertion (II) follows from (I). The assertion t' = f.(s) (@) is
equivalent with the existence of an integer p = 0 and strings ¢’ = ¢y, ¢}, ..., t, =
= fx(8) in U* such that ¢;_, =t  (Q) for i = 1, 2, ..., p. According to (II) there is
possible to prove by induction that the existence of such a ¢, is equivalent with the
existence of elemensts ¢, € V*(i = 0, 1, ..., p — 1) such that t, € fyl(t)), ti_1 = t:i(R)
fori =1,2, ...,p—1, ty_1 = s(R). This is equivalent with the existence ofte fy!(¢')
such that ¢ . s(R). So the assertion (III) is proved.

Now, the following conditions are equivalent for x € V*: (1) f,(x) € U}, and there
exists 8’ € P such that s’ = f,(x) (Q); (2) z € V% and there exists s € fy!(s’) = S such
that s = a(R). From it follows the proof of the assertion (IV).

Assertion (V) follows obviously from (IV) and from 3.1.

3.7. Definition. Let (V, L) be a language. The element x € V* is called necessary
in the language (V, L) (which we symbolize by v (V, L)) if there exist elements.
u, v € V* such that uav e L.

3.8. Definition. Let (V, L) be a language. For elements z, y € V* we put z >
> y(V, L) (x can be substituted by y in the language (V, L)), if u, ve V*, uave L
imply uyv e L.

3.9. Lemma. Let (V, L), (U, M) be languages, f a strong homomorphism of the
language (V, L) onto (U, M). Then following assertions hold:

(A) For every x € V* the condition x v (V, L) is equivalent to fy(x) v (U, M).

(B) For every x, y€ V* the condition x > y(V, L) is equivalent to fy(x) > fy(y)
(U, M).

This lemma can be found in [3] as the lemma 1.

3.10. Definition. Let (V, L) be a language, z, y € V*. We say that z is a semiconfi-
guration in the language (V, L) with the resultant y if following conditions are
satisfied:

(1) y» (V, L)

@)y >x(V,L),y #z, |yl ||

We denote by E(V, L) the set of all pairs (y, ), where z is a semiconfiguration of
the language (V, L) with the resultant y.

3.11. Definition. We put R(V, L) = {(y, z);y» (V, L), y > 2(V, L), |y| < |« |}.

3.12. Remark. From the definitions of the sets E(V, L) and R(V, L) it follows that
E(V,L) < R(V, L) and also, for every s, t € V*, the condition s = t(E(V, L)) implies
s = HR(V, L)) and for every s, tc V*, s 5 t, the condition s = t(R(V, L)) implies
s = U(HE(V, L)).

3.13. Lemma. Let be s, t € V*. Then s = t(E(V, L)) iff s & t(R(V, L)).

Proof. I. Let us have s, te V*, s & ¢(E(V, L)). Then, by 3.12, s 2 t{(R(V, L))
holds.

II. If s,t € V*, s = t(R(V, L)), then there exist elements ty, 1, ..., tp € V* such
that s =ty, tp =t and t;_y = H(R(V, L)) fori =1, 2, ..., p. If t;_; # t; is valid for-
t=1,2, ...,,p, then a by 3.12, the condition #;_; = t;(E(V, L)) is satisfied for
t=12,..,pandsos = BV, L)).

TI1. Suppose s, t€ V*. Let (t1)2_, be an s-derivation of ¢ of length p in R(V, L)
and k an integer k{1, 2, ..., p} such that tx_; = tx. If we cancel the string #; in
(t)?_o we obtain an s-derivation of ¢t of the length p — 1 in R(V, L). Repeating this.
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procedure we obtain an s-derivation of ¢ of length ! < p in R(V, L) such that t;_1 # &
fori=1,2, ...,1. By I, this s-derivation is an s-derivation of ¢ in E(V, L), and so
s = HE(V, L)).

3.14. Definition. Let (V, L) be a language. For z€ L we put z e Bg(V, L) iff,

for every t e L, the condition ¢ = x(E(V, L)) implies |¢| = |z |.
For xe L we put z€ Bg(V, L) iff for every t e L, the condition ¢ = x(R(V, L))
implies |t | = |z |.

3.15. Theorem. Let (V, L) be a language. Then Bg(V, L) = Bgr(V, L).

Proof. If xe€ L, xe Bg(V, L), te L, t 2 x(R(V, L)), then, by 3.13, it holds true
thatt = x(E(V, L)) and according to the definition of Be(V, L), we have |t| = |z|.
Thus, x € Bgr(V, L).

If re L, xe Bg(V, L), te L, t _ z(E(V, L)), then, by 3.13, it holds true that
t 2 z(R(V,L))and s0 |t | = | z |. It follows that « € Bg(V, L).

3.16. Lemma. Let (V, L) be a language. Then the following assertions hold:

(A) For every x € L there exists s € Bg(V, L) such that s = z(E(V, L)).
{B) For every z € L there exists s € Br(V, L) such that s = z(R(V, L)).

Proof. There exists at least one element s € L such that s . z(Z(V, L)). One can
consider for example the trivial s-derivation in E(V, L). If the element of minimum
length from those mentioned above is chosen, there is evident that this element be-
longs to Bg(V, L).

That is the proof of assertion (A).

Assertion (B) follows from 3.15, 3.13 and (A).

3.17. Definition. Two definitions are condensed in 3.17; the first is obtained when
reading the conditions denoted by 1° the second is obtained when reading the condi-
tions denoted by 2°. 3.23 must be interpreted similarly.

Let (V, L) be a language. If s, € V* are the strings such that 1° s = {(E(V, L)),
2° s = {(R(V, L)), we put 1° | (s,1) [z = min{| q |; (p, q) € B(V, L), s = t({(p, 9})},
2° | (s,t) |[r =min{| ¢ |; (p, 9) € R(V, L), s = t({(p, 9)})}-

If s, t € V* are strings and ()7 is an s-derivation of ¢ in 1° E(V, L), 2° R(V, L),
p > 0,then we put 1°|| (¢)?_¢ ||g = max {| (i1, ) [g; = 1,2, ..., p}, 2° |t llr=
= max{| (ti_1, &) [r; ¢ =1, 2, ..., p}. The number 1° || (¢)?-o ||z, 2° || (tc)Po ||r is
called the norm of the s-derivation (£;)?_o of ¢ in 1° E(V, L), 2° R(V, L). The norm of
a trivial s-derivation in 1° E(V, L), 2° R(V, L) is defined to be zero.

If s, te V* are the strings such that 1° s J §E(V, L)), 2°s = t(R(V, L)), we
define the norm 1° || (s, ¢) ||&, 2° || (s, ¢) ||r of the ordered pair (s, ) to be the mini-
mum of norms of all s-derivations of ¢ in l° E(V, L), 2° R(V, L). If te L, we put
1° ||t |1z = min{|| (5,) |Is; s € Ba(V, L), s < ¢(B(V, L)}, 2° || ¢ [Ir = min{|i(s, &)z
s€Bg(V, L), s = t(R(V, L))}. The number 1°||t||g, 2° || t ||r is called the norm of ¢
in 1° E(V, L), 2° R(V, L).

3.18. Lemma. Suppose s,t € V*. If | (s, ) |g, exists, then | (8, t) | r emists and it holds
that | (s, t) |e = | (s, ¢) |R. Further, for te V* t = t(R(V, L)) it holds evidently that
| ¢,t) | = 0.

Proof. The proof follows from 3.12, and 3.17.

3.19. Lemma. Suppose s, t € V*, let (t;)P.o be an s-derivation of t in E(V, L). Then
{t)2_q 18 also an s-derivation of t in R(V, L) and the equation || (t)2.q ||z = H (t)%_0 IR
holds. On the contrary, zf s, te V¥ and if (4)2.q is an s-derivation of t in R(V, L)
such that t;_y # b for 1 = 1,2, ..., p, then (t)?., s an s-derivation in E(V, L) and
the equation || (t)8-o |z = || (t)2-o || holds.

Proof. The proof follows from 3.18 and 3.17.
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3.20. Remark. Suppose s, t € V*. If (t:)P_, 18 an s-derivation of tin R(V, L), then
it is obvious from 3.18 and 3.17 that the elements t; of the s-derivation of t, such that
ti_y = t; have no influence on the value of || (t:)2-o ||R-

3.21. Lemma. Ifs, te V* s 2 (E(V, L)), then || (s, t) |lg = 1| (s, 8) llr-

Proof. The proof follows from 3.17, 3.19 and 3.20.

3.22. Theorem. If te€ L, then ||t ||g = ||t||r.

Proof. Assume ¢t € L. Then, by 3.15 and 3.13, for every s € Bg(V, L), the condi-
tion s = t(E(V, L)) implies s € Br(V, L), 8 = ¢(R(V, L)). Further, by 3.21 it holds
that || (s,t) ||le = || (s, t) ||r, thus, according to the definition of || ¢ || and || ¢||r
it holds that || ¢ ||[g = || ¢ |- Similarly, it is possible to prove that || ¢ |[g = || ¢ ||r;
thus ||t |[g = |[t]|r.

3.23. Lemma. Let (V, L) be a language. Then, for every t € L, there exists a string
1° se Bg(V, L), 2° s€ Br(V, L) and an s-derivation of ¢t in 1° E(V, L), 2° R(V, L)
such that the norm of this s-derivation ts equal to 1° || t ||g, 2° || t ||&.

Proof. According to 3.17, there exists an element s € Bg(V, L) such that || (s,t) || g=
= || ¢ ||g. It means that there exists such an s-derivation of ¢ in (V, L) that its norm
is equal to || ¢ ||&.

Similar proof takes place in the case of R(V, L).

3.24. Definition. Let (V, L) be a language. Then we put Xg(V, L) = {(y, z);
(. 2)€ B(V, L), | x| > ||t ||g for every te L}, Xa(V, L) = {(y, 2); (y, 2) € R(V, L),
|| > ||t||lr for every teL}, Zg(V,L)= E(V,L) — Xg(V, L), Zgr(V, L) =
= R(V, L) — Xg(V, L):

3.25. Lemma. It holds that Xg = Xg, Zg S Zp.

Proof. The proof follows from 3.11 and 3.24.

3.26. Lemma. Let be s, t € V*. Then s = t(Zg(V, L)) iff .= t(Zr(V, L)).

Proof. I. Assume s,t€ V*, s 2 ¢(Zg(V, L)). Then it follows, by 3. 25, that s =
S UZR(V, L)).

II. Suppose s,te V*, s X t(Zr(V, L)). Then there exists an s-derivation (#)?_,
oftinZg(V,L).Ift;_4 # t;(s = 1,2, ..., p), then this is an s-derivation of t in Zg(V, L).
If t;_y = ¢; for some i €{1, 2, ..., p}, then it is possible to omit these #; and to obtain
again an s-derivation of ¢ in Zgr(V, L) which is at the same time the s-derivation of ¢
in Zg(V, L).

3.27. Theorem. Let (V, L) be a language. Then the following assertions hold:

(A) For every te L there exists at least one element s€ Bg(V, L) such that s 2t
(Ze(V, L)).

(B) For every t € L there exists at least one element s € Br(V, L) such that s = ¢
(Zr(V, L)).

Proof. I. According to 3.23 for every ¢ € L there exists a string s € Bg(V, L) and
an s-derivation (¢)2_o of ¢ in E(V, L) such that || (¢)?_¢ ||lg = || t [|g. It follows that
[ (41, t;) | S ||t ||g for ¢ = 1, 2, ..., p by 3.17. Further, for every i =1, 2, ..., p
there exists an element (p;, ¢;) € E(V, L) such that ¢;_; = & ({(p¢, ¢¢)}) and | ¢; | =
= | (fs_1, t) |[E < || t ||g. Thus, (p:, ¢;) € Zg(V, L) for ¢ =1, 2, ..., p and consequently
8 = t(Zg(V, L)).

That is the proof of assertion (A).

The proof of assertion (B) follows from (A), 3.15 and 3.26.

3.28. Definition. Let (V, L) be a language. We put Kg(V,L) =<V, Bg(V,L),
Zg(V, L)), Kp(V, L) = (V,Bgr(V, L), Zg(V, L)). Kg(V, L), respectively Kgr(V, L)
is a generalized special grammar called further a generalized semiconfigurational
respectively R-semiconfigurational grammar.
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3.29. Theorem. Let (V, L) be a language. Then ¥ (Kg(V, L)) = L (Kr(V, L)) = L.

Proof. I. According to 3.27 we have L < Z(Kg(V, L))

II. Let V(n) be the following assertion: if t € #(Kg(V, L)) and if there exists an
element s € Bg(V, L) and an s-derivation of ¢ of length »n in Zg(V, L), then t€ L.

Ift € Z(Kg(V, L)) and if there exists an element s € Bg(V, L) and a trivial s-deriva-
tion of ¢t in Zg(V, L), then ¢ = s€ Bg(V, L) < L. Thus, V(0) is valid.

Let be now m = 0 and assume that V(m) holds. Suppose further that
te L(Kg(V, L), se Bg(V, L) and that (¢)7! is an s-derivation of length m 4 1
in Zg(V, L). Then, according to V(m), it holds that ¢, € L. Further, t,, =t (Zg(V, L)).
It means that there exist elements z, y, », v € V* such that ¢, = uav, t = uyy,
(x, y) € Zg(V, L) < E(V, L). 1t follows that > y(V, L) which implies ¢ € L. Thus
V(m + 1) holds. Hence V(m) holds form = 0, 1, .... It means that #(Kg(V, L)) < L.

The assertion .#(Kg(V, L)) = L has been proved.

III. Suppose t€ L (Kg(V, L)) and s€ Bg(V, L), s = t(Zg(V, L)). Then, by 3.15,
it holds that se Bgr(V, L) and, by 3.26, it holds that s = #(Zg(V, L)). Thus, te
€ L (Kgr(V, L)) and we have #(Kg(V, L)) = L(Kgr(V, L)).

Assume t€ L(Kgr(V, L)) and s€ Bg(V, L), s X t(Zr(V, L)). Then, by 3.15, it
holds that s€ Bg(V, L) and by 3.26, it holds that s = {(Zg(V, L)). It means that
te Z(Kg(V, L)) and we have L (Kg(V, L)) < L(Kg(V, L)).

Thus, the assertion £ (Kg(V, L)) = £ (Kgr(V, L)) has been proved.

3.30 Lemma. Let (V, L), (U, M) be languages, f a strong homomorphism of (V, L)
onto (U, M). Let us have t' € U*, s € V*. Then the following assertions hold:

(A) Ift' = fu(s) (R(U, M)), then there exists t € fy'(t') such that t = s(R(V, L)) and
It 8) IR S | (¢, f«(s)) |R-

(A’) If there exists t € fsl(t') such that t = s(R(V, L)), then t' = fy(s) (R(U, M)) and
| (', f(8)) IR = | (£, 9) |- ) ,

(B) If (t;)2_q 18 a t'-derivation of the string fy(s) in R(U, M), then there exist t; e fri(t;)
fori=0,1, ..., p,t, = s such that (t;)., is to-derivation of the string s in R(V, L)
such that || (t:)P- IR = || (¢;)7-0 I|R-

(B) Ift e fy(t') and if (8)P_, 18 a t-derivation of the string 8 in R(V, L), then (fy(t:))7~o
is a t'-derivation of the string fy(s) in R(U, M) such that || (fx(t:))?_o||r < || (t:)2-0l|r-

(C) If t' = fuls) (R(U, M)), then there exists t € f3'(t') such that t = s(R(V, L)) and
¢ 8)|Ilr = || (¢, fuls)) lIR-

(C) If te fil(t') and t = s(R(V, L)), then t' % fu(s) (R(U, M)) and || (¢', fu(s)) [Ir £
s | (@ 9) lIr.

Proof. O. If f is a strong homomorphism of the language (V, L) onto (U, M),
then it is also a strong homomorphism of the generalized grammar (V, V, L, R(V, L))
onto <U, U, M, R(U, M)). It follows from 3.30.

1. Assume (2,y)€ R(U, M), ¢ = fy(s) ({(2',%)}) and |(t,ffs) |R=19"|.
According to 3.6 there exist t€fil(t), xefyl(x'), yefi'(y') that t = s({(z, ¥)})-
It follows | (£,8) [r S |y |'= 1y | = | (¢, f4(5)) |z and (A) holds.

1’. Assume (z,y)e R(V, L), t = s({(x, ¥)}) and | (¢,5) [r = | ¥ |. According to 3.6
there is ' = fy(s) ({(f+(®), fx®)}) and, further, | (¢, fs()) & < | ful®) | = |9 | =
=|(t,8) |gr and (A") holds. '

2. We put tp =s. Then || (4)?_,|lr=0=]| ()2, |lr- Suppose 0 < k < p
and assume that we have such ¢; € fy(¢)) for ¢ = £, 12’+ 1,...,p that ()2 ; is a
ty-derivation of the string s in R(V, L) with the property || (t0)2_; IR < || (¢)2-% lIR-
Then t;_; = fy(tx) (R(U, M)). According to (A) there exists tx_; € f5 '(f;_1) such that
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i1 = te(R(V, L)) and | (te_1, &) |r < | (-1, t) |r. It follows || (¢e)7-x—1 ||r = max

{1 B, te) [R, || (6)F-p |lR} < max {| (b1, 1) [Rs || (1)2-g IR} = Il (#:)8-k—1 [[R. Asser-
tion (B) could be proved by induction. ;
2'. There is || (fx(t:)?~ Ilr = 0 = || (t)q ||r. Suppose 0 £ k < p and assume

| (fal))¥ollr < || (t)¥_o ||R. There exists the string fx € fi!(fy) such that t; =
= txa(B(V, L)). Then fu(tx) = fyltky) (R(U, M)) and | (felt), fulter)) [R <
< | (t> tk41) IR according to (A’). It follows || (fi(t:))i+d ||r = max {|| (fulte)ioy IR,
| (fultr), fa(tein)) | < max {|| (t:)¥_q |rs | (k) tiy1) |R} = || (84)¥25 ||r. Assertion (B')
could be proved by induction.

3. Let be (¢))2_, a t'-derivation of the string f,(s) in R(U, M) such that
| (¢, f+(8) ||z = || (¢/)2_¢ || r- According to (B) there exist ¢; € fi! (¢;) fori = 0,1, ..., p,
tp = s such that ()?_, is a fo-derivation of the string s in R(V, L) with the property
I (k)2 o llr S || (t))2_0 llr. For t=to, it follows that || (¢, 8) ||r < |I(t:)?-ol|r and
this is the proof of the assertion (C).

3. Let (t)?_o be a t-derivation of the string s in R(V, L) such that || (¢, 8) [|[r =
= || (t:)?_¢ ||r- According to (B’), (fy(t:))?_o is a t'-derivation of the string fu(s) in
R(U, M) such that || (f(t:))?.o|lr < || (t)2.¢ ||r. It follows that || (¢, fu(s)) |Ir <
S (Felt))Po llr < || (t)2o |lr = || (¢, 8) || and this is the proof of the assertion
(¢

3.32 Lemma. Let (V, L), (U, M) be languages, f a strong homomorphism of (V, L)
onto (U, M). Then Br(V, L) = f3\(Br (U, M)) and || z ||r w>1y = || [«(2) ||RWs 1)
for every z€ L.

Proof. 1. It holds that Bg(V, L) < fx(Br(U, M)). Indeed, suppose z € Br(V, L).
Then we have ze L and consequently f,(z)€ M. Suppose s'e M and 3" = fy(?)
(R(U, M)). According to 3.31 (C) there exists s € fi!(s’) such that s 2 2(RB(V, L)).
We have se€ L and it follows |s| = |z|. Further, it implies |s' | =|fs(8)| =
= |s|=|z|=|fy2)]. It follows f,(2) € Br(U, M) and, thus, z€ fi'(Br(U, M)).
This proves immediatly the assertion.

2. It holds that f3!(Br(U, M)) < Br(V, L). Indeed, suppose z€ fy'(Br(U, M)).
Then we have zefy!(M) = L. Suppose s€ L, s 2 z(R(V, L)). According to (C’),
it holds that fy(s) = fi(2) (R(U, M)) and f,(s) € M, fy(2) € Br(U, M). Thus, | f4x(8) | =
= | fx(z) | and it follows | s | = | fu(8) | = | f«(2) | = | 2 |. Therefore z€ Bgr(V, L).

3. Assertions 1 and 2 imply that Br(V, L) = fy(Br(U, M)).

4. For every ze L, the condition || 2 ||[r.1) = || f«(?) ||rw, my holds. Indeed if
z€ L then fy(z) € M and there exists s’ € Br(U, M) such that s" = f,(2) (R(U, M))
and || (s', fa(2)) ||r@w. sy = || fx(2) ||R@w. ). According to 3.31 (C) there exists se
efil(s’) such that s = z(R(V,L)) and || (s, 2)|lrw,0) £ || (8, fx(2)) |lrw, =
= || f«(2) l|lrR@w, m)- Now, we have s € fx (Br(U, M)) = Bg(V, L) according to 3 and
therefore ||z [|r,z)y < | (3, 2) ||rew, 1y S || /%) IR, 1) -

5. For every ze€ L the condition || fx(?) |lrRw,s < || 2llrw.y holds. Indeed
there exists s € Bg(V, L) such that s = 2(R(V, L)) and || (s, 2) [|[rv. 1y = || 2 ||r(v, L) -
According to 3.31 (C'), we have f,(s) = fu(2) (B(U, M)) and || (f4(s), f4(2)) [|lrw, oy <
<1, 2) llrw,ny = || 2|lrw.1). Now, we have f,(s) € fu(Br(V, L)) =
= fu(fs(Br(U, M))) = Bgr(U, M) according to 3 and therefore || f,(2) ||rw, s <
S 11 (fa(s), fa(2) llrR@w. a0y S |l 2 |7, I -

6. It follows from 4 and 5 that || f«(2) l|lr@w, s = || 2 ||Rw, 1) for every ze L.

3.33. Lemma. Let (V, L), (U, M) be languages, fa strong homomorphism (V, L)
onto (U, M). Then, for every x, y € V*, the following assertions hold:
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(A) (3. 2)€ Xr(V, L) iff (f4(¥), fa(2)) € XR(U, M).
(B) (y,2) € Zr(V, L) iff (fu(y), fal@)) € Zr(U, M).

Proof. Suppose z, y€ V*, (y,z) € Xgr(V, L). Then, by 3.24, we have (y, )€
€ R(V, L) and t € L implies |z | > || ¢ ||r, 1y- By 3.30, the condition (f«(¥), f«(®)) €
€ R(U, M) holds. Now suppose z€ M. It follows from the definition of a strong
homomorphism that there exists a string 2z’ € L such that f,(2") = 2. For thisstring,
the condition | z | > {| 2’ ||rw, 1y holds. By 3.32, we have || 2’ ||r(, 1y = || f&(2)l|R(v.2)
= || 2z ||rw, my- Thus, it holds that | fu(x) | > || z ||rw, m) for every z€ M. It means
that (f,(y), f«(x)) € Xr(U, M). Now, suppose z, ¥y € V*, (fu(y), fo()) € Xr(U, M).
Then (fy(y), f«(®)) € R(U, M) and, by 3.30, it follows (y, z) € R(V, L). If t € L then
fat)eM and |fy(@) | > || ful®) [lrw,p- By 3.32, || fult) IR, 20 = || ¢ [|rw. 1) and
therefore | x | > || ¢ ||rw, 1y for every t € L. It means that (y, x) € Xr(V, L).

This is'the proof of the assertion (A).

The assertion (B) follows from (A) and 3.30.

3.34. Theorem. Let (V, L), (U, M) be languages, fa strong homomorphism (V, L)
onto (U, M). Then f is a strong homomorphism K g(V, L) onto Kr(U, M).

Proof. The proof follows from 3.32 and 3.33.

3.35. Theorem. Let (V, L), (U, M) be languages.

A) If f 18 a strong homomorphism of Kg(V, L) onto Kg(U, M), then f is also the strong
homomorphism of the language (V, L) onto (U, M).
(B) If f is a strong homomorphism of Kr(V, L) onto Kr(U, M), then f is also the strong
homomorphism of the language (V, L) onto (U, M).
Proof. The proof follows from 3.6 and 3.29.

3.36. Theorem. Let (V, L), (U, M) be languages, f a surjection V onto U. Then f
8 a strong homomorphism of the language (V, L) onto (U, M) iff f is the strong homo-
morphism of Kr(V, L) onto Kg(U, M).

Proof. The proof follows immediately by 3.34 and 3.35.

4. FINITELY SEMIGENERATED LANGUAGES

4.1. Definition. A language (V, L) is called finitely semigenerated if the sets V,
Bg(V, L), Zg(V, L) are finite.

A language (V, L) is called finitely R-semigenerated if the sets V, Br(V, L), Zr(V, L)
are finite.

4.2. Theorem. Let (V, L) be a language. Then
(A) (V, L) s finitely semigenerated iff the following two conditions are satzsﬁed
(a) The sets V, Bg(V, L) are finite.
(b) There exists a number N such that || z ||g < N for every z € L.
(B) (V, L) 18 finitely R-semigenerated iff the followmg two conditions are satisfied:
(a) The sets V, Br(V, L) are finite.
(b) There exists a number N such that || z ||r < N for every z€ L.

Proof. 1. If the language (V, L) is finitely semigenerated, the sets V, Bg(V, L),
Zg(V, L) are finite. We put N = maxz {| q |; (p, q) € Zg(V, L)}. Let us have an arbitrary
z€ L. By 3.27, there exists 8 € Bg(V, L) such that s . 2(Zg(V, L)). Let (8)*., bean
s-derivation of z in Zg(V, L).
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Then | (Si—1, i) |[g £ N for i =1, 2, ..., n. If follows || ())7.o|/g < N and that
implies || (5, 2) [|[e £ N and finally ||z ||[g S N.

2. Let V, Bg(V, L) be finite and suppose the existence of a number N such that
||z ||lg £ N for every ze L. Let us have an arbitrary (p, g) € Zg(V, L). Then there
exists z€ L such that |p| £ |¢| £ ||z||lg £ N. It follows that the set Zg(V, L)
is finite.

That is the proof of the assertion (A).

The assertion (B) could be proved in a similar way.

4.3. Theorem. Let (V, L) be a language. Then (V, L) is finitely semigenerated iff it is
finitely R-semigenerated.

Proof. The proof follows from 3.15, 3.22 and 4.2.

4.4. Theorem. Let (V, L), (U, M) be languages, f a strong homomorphism of (V, L).
onto (U, M).

(A) If (V, L) is finitely R-semigenerated, then (U, M) is also finitely R-semigenerated.
(B) If V is a finite set and (U, M) a finitely R-semigenerated language, then (V, L)
18 also finitely R-semigenerated.

Proof. The proof follows from 3.32 and 4.2.

4.5. Corollary. Let (V, L), (U, M) be languages, f a strong homomorphism of (V, L)
onto (U, M).

(A) If (V, L) is finitely semigenerated, then (U, M) is also finitely semigenerated.
(B) If V is a finite set and (U, M) a finitely semigenerated language, then (V, L) is also
Jinitely semigenerated.

It follows by 4.3 and 4.4.

I should like to express my indebtness to Professor M. Novotny for all his attention,.
valuable remarks and advices guiding my work.
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