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CONNECTION BETWEEN ASYMPTOTIC
PROPERTIES AND ZEROS OF SOLUTIONS

OF y' = q(t) y

MirOSLAV BARTUSEK

(Received June 28, 1971)

1.1. Consider a differential equation
(a) ¥ =4q)y, qeC°a,b), b= oo,

where O[a, b) (n being a non-negative integer) is the set of all continuous functions
having continuous derivatives up to and including the order » on [a, b). Let y be
a non-trivial solution of (¢) vanishing at ¢ € [a, b). If @(t) is the first zero of y lying
on the right of ¢, then ¢ is called the basic central dispersion of the 1st kind (briefly,
dispersion).

The properties of dispersions can be found in [1]. If (¢) is an oscillatory (f — b )
differential equation on [a, b) (i.e. every non-trivial solution has infinitely many zeros
on every interval of the form [to, b), t € [a, b)), then the dlspersmn has these pro-
perties:

1. ¢(t) € C3[a, b)

2. ¢'(t) > 0 on [a,b)
(1) 3. p(t) >t on [a,b)
4. lim @) = b.

Let ¢, be the n-th iterate of the dlspersmn @; then @, has the same propertles (1)
and .

@) Y ea(t) = @,() y*(),  te[ab),

(see [1], § 13).
A solution y of (¢q) belongs to L?[a, b) if

b
JlypPpd <o, p>o.
a :

-1.2. We shall need another property of dispersions:
Let ¢ be the dispersion of an oscillatory (¢—b_) differential equation (g), g € C°[a, b).
Then for i, € [a, b), t = to there exist numbers n, x such that

@3) t= gu(®), €l plt))-

1.3. Results being derived in [2], [3] give us a certain review about the relation
among the dispersion of (¢) and the behaviour of solutions of (¢) on [a, b). Some results
from [2], [3], [4] are summed up in the following Theorem (see [2], Theorem 4, [3]
Theorem 3, [5] p. 6).
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Theorem 1. 1. Let (g), € C°a, b), b < oo be an oscillatory (¢t —b_) differential
equation and let @ be its didpersion. Let t; € [a, b).

A If (i) ¢'(t) =< const <1 on [ty, d),

or (#) ') =1 on [to, b),
or (138) @’(t) = const > 1 on [t,, b),
then (t) b < oo and every solution of (q) tends to zero for t — b
or (13) every solution of (q) is bounded on [ty, b),
- or ' (1355) b = oo and every mon-trivial solution of (q) is unbounded on [t,, b),
respectively.

B. Every solution of (q) is bounded on [ty, b) if, and only if a constant N exists such
that

(4) o'a() = N
for x € [to, @(to)) and all integers n.
C. Every solution of (q) belongs to L?[ty, b), p = 1 if, and only if

o @(to)
6 wauwww<w

n=0t,

2. If oscillatory (t — b_) differential equations (q), (q), ¢, ¢ € C°[a, b) have the same
dispersion, then the statement ‘‘Every solution is bounded for t — b_’" holds either for
both (q) and (q) or for neither of them.

Remark. The necessity of (5) was proved by the author of [3] in his Seminar in
Matematicky tstav CSAV Brno. See the remark in [3], too.

2.1. Let (g9) be an oscillatory (¢ — b_) differential equation. Let @, be the n-th
iterate of ite dispersion @ and let y be & non-trivial solution of (g). Let ¢, € [a, b) and
¢ = ty. According to (3) numbers 7, x exist such that

t = (Pn(x)’ reE [t(" ‘P(to))
Thus it follows from (2) that
(6) YAt = @ol@) . y¥(=).

As y? is a continuous function on [to, @(fo)] there exist a constant M > 0 and
& number 2z, such that

O=yx) =M, yiwo) =M, x€[t, )l
Finally according to (6) we have
0 <) < Mo (@)
Y2 @n(%o)) = M pp(wo).-
We shall utilize these facts for the proof of the following

-Theorem 2. Let ¢ be the dispersion of an oscillatory (¢ — b_) differential equation
(2), ¢ € C°[a, b) and ty € [a, b). Then

(7
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a) Every solution of (9) tends to zero for t — b_ if, and only if
(8) lim g, (z) = 0

n-»oo

uniformly for x € [to, P(t)).

b) If the sequence {@,(%)} is unbounded at least for two different values z1, x2 € [to, @(to))
then every non-trivial solution of (q) s unbounded.

c) If the sequence {@,(x)} does not tend to zero for n — oo at least for two different
values x;, x; € [to, p(to)) then no non-trivial solution of (q) tends to zero for ¢t — b_.

Proof. a) Let every solution of (g) tends to zero for ¢t — b_. Let ¢, t, € (fo, @(to)),
t1 < t, and let y1, y2 be linearly independent solutions of (g) such that y,(t;) = O,
¥a(t) = 0. Then

viw 0 for ze[LEE o)
yi(x) =0 for =ze [to, tl;tz ] .

We have also
min  y}x) = M1>0
[t ]

min  y3(zx) = M, >0
xs[to,'—‘g@]

It follows from the assumptions that for arbitrary ¢ > 0 there exists ¢{; << b such
that

(9)

Y <e. M, t3 <t <b.
yit) <e. M,
According to (1), (3) a constant N, exists that for n > Ny and z € [to, ¢(f,)) we have
@n(%) > t3. But it follows from (6) that
thh+ 1t

7o) = gDl < Ml =, ze [ AT gtw)

2

We can see that for arbitrary ¢ > 0 a constant Ny(e) exists such that for n > N,
z € [to, ¢(to)) We have @,(xr) < & and this is the condition (8).

Let (8) be valid and let ¥ be an arbitrary non-trivial solution of (¢). Then for ar-
bitrary & > 0 an index No(c) exists such that

Pu(@) = y}(@n(@))¥3(@) < Mae| Mz =5, zE [to, b+ tz)_

&
ar 0

@nlz) < i z € [to, @(to)), M = max Y3 (zx) > 0, n > Np.

€[to,p(to)]
Then according to (6) we have
€ .
PO s M=e ¢ =gyt

and the theorem is valid in this case.
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b) Let z, 5 x, and the sequences {g;(%:)}, {@,(z2)} are unbounded. Let 4 be an
arbitrary solution of (g). If y(2;) # 0, then by means of (6) the sequence {y(@a(z1))} is
unbounded. If y(x,) = 0, then y(x;) 7 0 and by virtue of (6) the sequence {y(pn(2))} is
unbounded and the theorem is proved in this case. :

c) This case can be proved by the same method as in b).

The next Theorem follows from Theorem 2.

Theorem 3. If oscillatory (¢t — b_) differential equations (), (§), ¢, 4 € C°[a, b), have
the same dispersion then the statement
““Bvery solution tends to zero for t —b_"
holds either for both (q) and (g) or for neither of them.

2.2. Theorem 2 will be the starting point of our considerations. Further we shall
examine a differential equation

(a) ¥y =4qt)y, qeC°a, ),
(g) being an oscillatory (¢ — oo) differential equation.

2.3. The case if (¢) is an oscillatory equation on [a, b), b << o0 can be reduced to the
case 2.2. by means of the following transformations:

1
= b———-——_—’ :Z ’
- : — Y0 = Z@

v(z) = zZ(x).

The equation (g) will be transformed into the equation

1
.3 1
—_— xe b —a’ .

v = por
We can see form (10) that the oscillatory behaviour is invariant and the solution of
() is

1
y(t) = (b - t)v (-1):7)

3.1. In this paragraph we shall study the behaviour of solutions of (¢) when ¢ — oco.
First let us prove the following

Lemma 1. Let (q), (q) be oscillatory (¢ — o) differential equations, ¢, q € C°[a, ).
Let pq and @y be the n-th iterate of dispersions of (q) and (§), respectively, to, ¢, € [a, o),

=t If -
(11) o(t) = @(¢), te[t1, o),

then there exist integers n, m such that

a2 Fnskll) > Pmarld), L€ [to, 00)

for every non-negative integer k.
Proof. According to (1) and (11) there exist integers n, m such that

(13) Pnlt) > Pm(t)s  @mlt) > b1,  te[to, ).
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We shall prove Lemma by induction. For £ = 0 Lemma is valid according to (13).
Let the statement be valid for £ < I. Then according to (11) and because @, @ are
increasing functions we have
Prit1(t) — Pmytyr = ¢(‘Pﬂ+l(t)) — HPm(t)) =
2 P(Pnrilt)) — G(Pma(t)) > 0.
Thus the statement is valid for £ = ! 4 1 and Lemma is proved.

Remark. If we assume that ¢, ¢ € C°[a, ©), ¢, @ > t, @ increasing instead of ¢, @
to be dispersions, the Lemma is also valid. We utilized namely only these properties
of ¢.

Lemma 2. Let @y, be the n-th iterate of the function ¢, ¢ € C1[a, 00) and let ty € [a, o).
a) If Pty =1 for t = 1o,
then  @u(t) =t + n[p(t) —t], £ [, ).
b) If 'ty =1 fort =t,
then qqu(t) < ¢ + n[g(t) —t], t € [to, ).
Proof. Let us define: ¢o(t) = ¢.
a) We have
@it) — @i1(t) = @ (E)@ia(t) — @i2(t)] = @i_a(t) — @i_a(t),
(14) Ee (@iat), @iat), 1=2,3,...
When we sum up the inequalities (14) for ¢ = 2, 3, ..., j, then

1) — 1(t) = @5(t) — polt)
(15) P1(t) — @1a(t) = @a(t) — @olt).
Let us sum up (15) for j =1, ..., n. Then finally

@alt) — @o(t) = n@a(t) — @o(t)]

and the statement of Lemma is proved.
b) We can prove this case in the same way as a).

3.2. Now some comparison theorems will be given.

Theorem 4. Let (q), (¢) be oscillatory (¢ — o0) differential equations, ¢, ¢ € C°[a, )
and @ and @ dispersions of (q), (q), respectively. Let to, t, € [@, ), to < t;. Let

'ty = ¢'(t),  te[to, ),
(p(t) ; ¢(t)’ te [tl, w)y

and at least one of the functions ¢', @' be non-decreasing. If every solution of (q) tends
to zero for t — oo, then every solution of (§) tends to zero for t — 0, too.

Proof. From the assumptions of the theorem and according to Lemma 1 we
have: There exist integers n,, mg such that

¢Pno+k(x) > ¢m0+k(x), TE [t09 w)’
k=1,23 ...
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If ¢’ is a non-decreasing function, n > my, then

n—1 n—1

7z = T1 o(oe) = [1 ¢/t <

Mo — 1 n—mo+ne—1
=1 ¢@@). 1 ¢(eu@) = K@) gpinem, (),
i=0 i=n,

where

Mo—

1
K(z) = ]1) @'(@i(2))] pn,(x) > 0.

1=

Similarly if ¢’ is a non-decreasing function, n > mg, then

n—1 n—mo+no—1 mo—1
(@) = iﬂ) Plg) = ] ¢'<<pz(x))-.£{) P (i) =

n—mo+no—1

é (p;np (x) . H ‘P'((Pi(x)) g K(Z) . (p;l+no-'mo (x)

i=no
Let us put: ¢ = max{g(t), @(to)}
Finally we can see that in both cases
(P;z(x) g Kl‘P'r:+n.,_mo(x), TE [tO, C]
(16) 0< K;= max K(z)< 0.
x € [ty, C]
If every solution of () tends to zero for ¢ — o0, then according to (16) and Theorem 2
every solution of (¢) tends to zero for ¢t — co.
3.3. Theorem 5. Let (q) be an oscillatory (¢ — o) differential equation, ge C° [a, ©)
and let @ be its dispersion, to € [a, 0] . Let
1< 9'(t) = wpl), t € [to, ),

y(t) € C°la, ), lim p(¢) =1
t—>o00
and at least one of the functions @', p be non-increasing. If the series

(17) Tiplo+il)—1} < o0, b= gl —to

then every solution of (g) is bounded on [to, o0).
Proof. Let x; > z;; then

~

(1) — @(z2) = @'(8) (1 —2) = 21— 23, £ e (2, 21),

(18) P@1) — 21 = @(22) — 22
and from this
(19) h = p(@) —z = @(te) —to = h, z € [to, @(to))-

By Lemma 2 and (19) we have:
a) If p is a non-increasing function, then we have for x € [f,, ¢(to)):
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n—1 n—I1

n—1
Pnlx) = [__[ofp'(%(x)) < _l;[ow(tm(w)) éi[:IOw(x +ih) =

=< Hozp(to + ih).

b) If ¢’ is a non-increasing function, then we have for z € [to, p(to)):

n—1

n—1 ]
@n(@) = [Iow’(%(x)) =< _l;]otp'(h + iz) %Q p(to + ih)

= [T wtto + it
Thus we can see that
(20) 7@ < [T plto +i), aelho, glto).
But it is known ([5], 0.255) that the continued product (20) converges if and only

if the infinite series Y. {y(fo + k) — 1} converges. From this and from the assump-
=

tions the inequality
pur) < K < o0, x € [to, @(to)),

s valid and the theorem follows from Theorem 1.
Remark. The condition (17) from Theorem 5 is valid if

Ylto + A} —1

This statement follows from Raabe’s convergence test for the series (17).
3.4. Now let us take notice of some particular functions. In Theorem 5 we can put:

(1) limn[w( 1]> 1.

c
y)——:l—}—m, e>0,c>0,te[ty, 0),t > 0.

Then
to+nh+h & —h?
. [( t0+nh+h)1+£ ] . (1+€)( to+nh ) (to-*—ﬂh)z
liman|{——— — 1| =lim
n—>o b+ nh n—>o0 1
oz
ey to +nh +h\e n2h2 .
—r}fi(l—{—e)( to + nh ) (to + nh)? =d+ea>1

and we can see that the inequality (21) is valid.

Theorem 6. Let (g), q € C°[a, o) be an oscillatory (t — oo) differential equation and ¢
its dispersion. Let ty € [a, oo) and
¢
Hi+e

1<) <1 +- telte, ), fo>0 &>0, ¢=0,

¢, € are arbitrary constants. Then every solution of (¢) is bounded on [ty, oo).
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Theorem 7. Let (), g € C°[a, oo) be an oscillatory (t — oo) differential equation and ¢
its dispersion. Let to € [a, co) and

(p’(t)gl——?, te[ty, ©0),0<C<t.

Then every solution of (q) tends to zero for t — oo.
Proof. By the app].ication of Lemma 2 we have

n—1 n—1
lim g, (z) = hm H @' (pi(x)) = eXP{hm Z In (¢'( svz(x)))}

i — < i n{1——~
s e |im ST R - )
where
t = @lto), h = max (@) —=z) > 0.
z€[to,¢(to))
As

c ¢ C
J— < _— _ —
E In (l t] 'Lh) = f In (l i yh) dy o
=0 0

we can see that ¢,(r) converges uniformly to zero for € [ty, p(f)) and the theorem
is also valid according to Theorem 2.

4.1. This paragraph will deal with the relation between the dispersion of (q)
and the property of every solution of (¢) belonging to L?[a, co), p = 1. The Theorem
1 gives the necessary and sufficient condition for every solution to belong to L?[a, o),
p = 1. We can simplify the condition for the monotone functions.

Theorem 8. Let (g) be an oscillatory (¢ — oo) differential equation, q € C°[a, oo),

to € [a, 00). Let @n be the n-th iterate of the dispersion @ of (q) and let ¢’ be a monotone
Sfunction on [ty, 00). Then every solution of (q) belongs to LP[ty, 00), p = 1 if, and only if

(26) Z (nlto] " T < oo,
Proof. Let ¢’ be a non-decreasing function. Then for x € [to, @(to)) we have:
n—1 n—1
(27) @) =il=—!) @' (@i(x)) éil;% @' (@i(@(to))) = Pn+1 (fo)/ @' (to)
n— n—1
(28) 7a(@) = 1 ¢'(9s(@) 2 I] ¢'(gutte)) = on (- .

a) Let every solution belongs to L?[t,, c0), then the formula (5) is valid and accord-
ing to (28) we have

o g(t) (t)

el ZO tf [@al to)] ds Z [@nl t)]
’ 2 __ n=Ui n=0
o] T =22t S A < oo

and we can see that the condition (26) is valid.
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b) Let (26) be valid. According to (27)
o @(lo)

lto) —to_ <
ol a s ot 3 gt < o

Thus (5) from the Theorem 1 is valid and by means of Theorem 1 every solution of
(9) belongs to LP[to, ).

If ¢’ is a non-increasing function then the proof is similar.
4.2. Now some kind of comparison theorems will be given.

Theorem 9. Let (q), (q) be oscillatory (t — o) differential equations, q, g € C<[a, o),
to € [a, ). Let @ and @ be dispersions of (q) and (q), respectively.
Let

@'(t) = @(t), o) = @(t), tefty, )

and at least one of the functions @', ¢’ be non-decreasing. If every solution of (q) belongs
to LP[ty, o), p = 1, then every solutwn of (q) belongs to L?[t,, o0), p = 1.

Proof. It follows from the assumptions of the theorem that the following formula
is valid (by induction):

Let ¢’ be a non- decreasing function on [fp, ). Then

© gt g(to) n—1
L [ loeyeed = Z f [I1 9/ (@enpridt <
w¢)n1 1ip) © g(t) n 1ipf2
=Y [ [l ¢'@e)] p’dt<ﬂ2ﬂf [I1 o(quteon] " dt
?’( ) 2 [ t )]1+p/2
= T¢'(to )]1+p/2 Pallo
Hence the following formula is valid:
0 ¢(to)
(29) 2 [ 19 t)]lwdtSKlZ[«pnto)[w/z
n=0t,
0< K, < 0.

Let ¢ be a non-decreasing function on [fy, 00). We have similarly:

5 [outei < 5 [ﬁo ¢'(¢¢(to))]l+m <

1 ©  @(t) n—1 © @it
= m H”f H [@'(@tnrtrizdt < _(’7(_ n; f [pa(O)+2l2 dt.
Thus we can see that
o @(lo)
(30) Z (@alto)]+P2 < K . z f [+

0 < K, < o0.
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Let ¢’ be non-decreasing. Let every solution of (q) belong to L?[t,, o0). Then it
follows from Theorem 8 that the right side of (29) converges and, according to
Theorem 1, the statement is valid.

If @’ is non-decreasing then the situation is analogous if we use the inequality (30).

Theorem 10. Let ¢ be the dispersion of an oscillatory (¢ — o) differential equation
(9), g € C°[a, ), ¢'(t) = 1. Then there exists a solution of (q), not belonging to L?[a, o),
p=1

Proof.

@  @(ty) o @) n—1

2 f [gy(t)]+2/2 db = Z f [H @' (gu(t))] PPt = Z[sv to) — to]+72 = o0

n=0¢
and the theorem is valid according to Theorem 1.

Remark. Theorems 1 and 10 solve cases when ¢’ =1 or ¢’ < const < 1. The
following theorem can be applicable to the case when ¢’ <1 and gives us some
sufficient condition for every solution to belong to L?[a, o), p = 1.

Theorem 11. Let (q) be an oscillatory (¢ — oo) differential equation, q € C°[a, o0),
to € [a, ) and let @ be its dispersion. Let

P't) = y@), telto, ),
y € C1[a, o), lim o(t) =1,
y non-decreasing. If
lim n29'(ty + h + nh) =& > 0, h = @(to) — to,

n—o0

then every solution of (q) belongs to L?[ty, o) for p > 2/(e . k) —2, p = 1.
Proof. Let t; > t,. Then

@(t) — @(t2) = @'(§) (i —1t) S ti — 1z, E€ (b2, 1),
@(t) — b = @(f2) — ta.
By the application of Lemma 2 and (31) we have

(31)

[

o @t 0o n
Z f t)]l+v'2dt§ Y[ H P(gilto) P2 dt <
n=1 to n=11t, i=1

o @t n

=Y [ [_H (to -+ k) ]1+212 At = (g(to) — to) x [ I wito + w)]oi < oo

n=1t, i=1

for .
n . A
I1 y(to + th) \ 1212 1
= 1+p/2
limn _E_IT_—__ —11l=1im [w(to + b + lnh)] D _
n->w 1—[1 y}(to 4 zh) n—>wo ;;
i=

n—o [w(to + b + nh)]2+pi2 =e.h(l+p/2)>1
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and according to Raabe’s convergence test the infinite series converges and the
theorem follows from Theorem 1.

4.3. Now let us notice some particular functions which could be utilized in the
comparison theorems.

a) Let
(t) = 1—;@—; . ee(0,1), c¢>0,
then _
lim »? (1—e)C =00, h = @(t)) — to

now [t + kb 4 nhP

and we can see that y fulfils all conditions in Theorem 11. Hence we have the follow-
ing

Theorem 12. Let (g) be an oscillatory (t — oo) differential equation, g € C°[a, ),
to € [a, o0) and let

g <1 ——— C>0, ¢€(0,1), t=t,ty >0

where C, & are arbitrary constants. Then every solution of (g) belongs to L?[t,, o0), p = 1.
b) Let
C

pi)=1——. >0

Then
imni—— O >0
now  (to + b 4 nh)?

and according to Theorem 11 we have:

Theorem 13. Let the dispersion @ of an oscillatory (¢ — o) differential equation (q),
g € C°[a, o) fulfil the condition

C
(pl(t)__g_l-—'—t—, te[to, CD), toga, t0>0>0,

where C > 0 is an arbitrary constant. Then every solution of (q) belongs to LP[t,, o)

forpgl,p>2.ﬂo(tL0——tg—2.
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