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ON ONE ALGORITHM FINDING ALL BIMATRIX
GAME EQUILIBRIA

VAcrav PoLik

To Professor O. Boriwka, on his 70th birthday
Received April 14, 1969

Consider a two-person noncooperative game I" = {{1, 2}, (d4;, 4,),
(f1, f2)} with real payoffst) (denote by A; the finite set of all ¢’s pure
strategies, by 8; the A;’s probability simplex, construct cartesian
products 4 =:4, ® 4, and 8 =:S; ® S,, prolong the function fi
from vert S on the whole S (in a natural way) and denote by E < §
the set of all Nash I"s equilibria (%, &;) € E iff for all , € 81, 2, € 8, it
holds fi(x1, &) £ fil&%:1, &2), (%1, %2) S fo&1, £2) — see [4])). We say P;
is gy-inclusive (see [6] or [5]) if @; maps S; into F(Si,1) (¢ mod 2) in
such a way that it holds [z, y; erelint T, T € ZF (01) = Di(x;) = Di(y:)]
and [z; erelint L, y;erelint T, L, T € F(o;), L < T = either &y(x;)<
< @;i(y;) or Di(x;) > Di(yi)], where oy is a polyhedral partition of 8;.
Define @; on S; by Dy(x;) = {%iy1 € Siy1 | fia(@i, 1) 2 fia(a, of) for
all o/ € vert Si,1} (¢ mod 2), construct R; = {(x;, 2) € (aff 8;) @ El | z; €
eaff 8;, ze EY, 2 Z fi,1(x:, v/)} for each o/ e vert S;,; and put R =
= : [ R;. Evidently R;’s are halfspaces in Ec°&rd 4« R a polyhedral

2
set, the orthogonal projection of R’s boundary (into aff ;) is a polyhedral
partition of aff S; (its intersection with S; denote by ¢;) and @; is oy-
inclusive. Evidently (&, &) € E iff @,, @, have in (Z,, £;) a coincidence
li.e. &1 € Dy(&,), T € Di(x,)). Choose for each T € F (03) one point 74(T') €
erelint T and the set of all 7;(7")’s denote by X; (i.e. 7¢(T') one-one maps
F (0;) onto X;). Because of [z, #; e relint T, z,, &, e relint L, T € ¥ (a,),
Le F(a2), (&, %) € E = (2, ;) € E] (because @ is 0;-inclusive and it
holds [(relint U) n Pi(x;) # 0@, UeF(Si) = U e F(Dir;))]) and
E 3 () (see [4]), E being closed, we have proved the following statement

1) A Euclidean n-dimensional space denote by E" and the smallest space
containing X < E» by aff X. A nonvoid intersection of a finite number of halfspaces
is called a polyhedral set (say P), vert P is the set of all its vertices, #(P) the set
of all its nonvoid faces (of all dimensions k,0 < k < dim P), relint P the set of all
its inner (in the space aff P) points (for « € E” it is relint {z} = {z}). For X < En»,
dim X = n, a polyhedral partition o of X is a finite set of n-dimensional polyhedral
sets Py’s such that |J P; = X and [Pin P; # 0, Py, Pjeo = Py N P;eF(P;)n
N F(Pj)]. The set of all P;’s faces (for all dimensions k, 0 < k < n, and all P; € )
is denoted by # (o).
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(the constructions of #(01), # (02), X1, X,, (X; ® X2) n E and B are
simple linear programming tasks):

Theorem:2) E = |J [v~1(21) @ 173(x2)] where the sum operates on the

. set Bofall (zy, ;) € (X; ® X2) N Ewithmazimal (in < )1-1(2;) ® 774(x,).
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2) Several constructions of E are known (see [7], [3], [1], [2]). This paper presents
(using ideas of [5] and [6]) the “inclusive’ approach to the results of [7].
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