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A NOTE ON TOPOLOGY COMPATIBLE
WITH THE ORDERING

‘Jiti Rosicky, Brno
Received July 15, 1968

This paper is dealing with two problems formulated in [1]. The
definitions and concepts are the same as in [1]. For completeness we
shall state some of them. If (P, u) is a topological space than by O(u)
we shall denote the system of all open sets in (P, u). If (P, u), (P, v) are
two topological spaces we say that the topology u is finer than v, if
O(u) 2 O(v). We note u < v.

We say that an ordered set P is finitely separable if there exists
points x;,...,z,€ P such that P < (11U ... U (@u] U [®1) U ... U
U [Zn).

The principal concepts in [1] are the concepts of topology compatible
and strongly compatible with the ordering.

Definition 1: Let P be an ordered set and = a topology on P.
We say that » is compatible with the ordering if « is a 7T';-topology and
if for every pair a, b € P, @ < b, there exist a neighbourhood O, of the
point a and a neighbourhood O, of the point b so that

rxeO;=>x <borz|b

ye0,=>y >aorylla
hold.

Definition 2: Let P be an ordered set, u a topology on P. We say
that « is strongly compatible with the ordering, if » is a T';-topology and
if for every pair a, b € P, a < b, there exist a neighbourhood O; of the
point @ and a neighbourhood O, of the point b such that

2€0,,ye 0, >z < yorz|ly.

Some types of topologies compatible with the ordering, for example
an interval topology, has the character that if is T,-topology it is strongly
compatible with the ordering. Problem 4.21 in [1] asks whether this
character has also the ideal topology, i.e. the topology which has as
subbasis of open sets totally irreducible ideals and totally irreducible
dual ideals (see [2]). Its solution gives the following theorem.

Theorem 1: Let P be an ordered set. If the ideal topology on P is T,-topo-
logy it is strongly compatible with the ordering.
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Proof: Let us denote the ideal topology on P by . Let a, be P,
a < b and ¢ be a T,-topology. Then there exist open sets 0;, O, € O(),

ng
go that @ € O;,b € 0,,0, N 0; = & holds. Furthermore O, = {J ) Oy,
. k=1

1

m,
0.=U N Or,s, where Oy i, O, s are totally irreducible ideals or totally

r 8=1

Ny4o
irreducible dual ideals resp. There exists 7o, 7o so that ae [ Ok,
k=1

Mro Nig
be () Or,,s and evidently ) Oi.x = N Otk 0 N Oy, and
8=1 : k=1

1Sk sn'y, 1’4ok < mio
Mry

NOrs= N Orsn N Oy,s, where O, & for 1 < k < n],
8=1 1<s<my, M g< 8 S M1y

Oy, sforl < s < m; are totally irreducible ideals and O; x forn; < k <
< m,, Or,,s for m,, < s < m,, are totally irreducible dual ideals.

LetusdenoteA = () Ok, B= () Oir, 4= [ Or,s,

1Sksn'g i<k = nig 1ss8<sm'r,
B = N  Or,s. Due to the fact that each ideal is a semiideal*) and
M're< 8 = mpy
each dual ideal a dual semiideal, 4, A’ are semiideals and B, B’ dual
semiideals. Because a < b, a € B, it holds b € B. Further b € 4 as on the
contrary case we get a contradiction with the assumption O, n 0, = &.
Analogously we prove that a € 4’, a € B’ holds.

Put Op =4 n 4A',0,=Bn B'. 1t is Oq, 0, €0(t), a €0y, be Oy,
Ous N Op, = @. Let us assume that there exist x, y € P so that x € O,
ye€Op and x = y. Oy being the semiideal, y € O, holds and we get
a contradiction.

We have constructed to the elements a, be P, a < b, the neigh-
bourhoods Og, Op with the demanded properties.

The second problem in [1], problem 5.7., is a question when there
exists the greatest element in & (P), where #(P) is the system of all
topologies on P which are compatible with the ordering. We give a partial
solution of this problem;**) a necessary condition for the existence of
the greatest element.

First of all we give one needful construction.

Definition 3:: Let P be an ordered set, a,b,ce P,a < b < c.

*) A semiideal is a subset 4 of an ordered set P with the property: € 4,
y £ x implies y € 4.

**) The autor has solved this problem completely. The solution will appear in
a forthcoming paper.



21

Put M ={(=] |z < ¢}
WM, = (P —[2) | c € [)}
N ={=) |z > b}
N, ={P—(x] | b€ (=]}
B ={P—{r}|b<x=c}
B = P—{a,b}
Let u(a, b, ¢) be the topology on P, which has as subbasis of open ses
the system S(u) =0, U P U KU N U Bu {B}.
Lemma 1: It holds (1) X e M U MU B=>be X
W) Xe=XnP—Db) =g
(1) X eM U N2 = (b,c] = X
Proof is evident.
Lemma 2: Let P be an ordered set, a,b,ce P,a <b < c. Then u(a,b,c)
€ L (P).
Proof: Let us denote u = u(a, b, c). We shall prove that u is & T';-to-
pology. Let x,ye P,x # y.

I z<y

If b€ (x] then O = P — (z]e M, < O(u), zE 0, y € O.
Ifbe(x]sob £ x < yie.forO = [y)itis0Oe N, = O(u), r€ 0,y € 0.

(2) x>y

Let ¢ € [¢). Then for O = P — [z) there holds O € M, = O(u), z € O,
yeO.

If c € [%) then ¢ = > y and for O = (y] there holds O e M; = O(u),
z€0,yeO.

@) z|ly

If x = b then it is sufficient to put O = B. Let z £ b. If b € (] then
forO =P —(z]itisOeN; < O(u),z€0,y€0.If ce [x) thenforO =P —
— [2)is O e M, < O(u), x e O, y € 0. It remains the case b € (z], ¢ € [x),
i.e. b < z < ¢ as simultaneously we assume z 3= b. Then for O = P —
—{x}itis 0eB < O(u), z€ 0, yeO.

We have proved that » is a T',-topology. Let x,y € P, # < y. According
to (1) there exists a dual semiideal O, € O(u) such that z ¢ 0., y € 0.
According to (2) there exists a semiideal O, € O(u) such that x€ 01,y ¢ 0.
Let us assume that there exists z € O; so that z = y. Due to the fact
that O, is a semiideal it is y € O, what si a contradiction. Analogously
for 0,. We have proved that u € #(P).
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Now we can prove a theorem partially solving problem 5.7. in [1].

Theorem: 2 Let P be an ordered set which contains an infinite bounded
interval [z, y], where if z is @ minimal and y a maximal element in P,
either x is the least or y the greatest element in P. If #(P) has the greatest
element then the set P is finitely separable.

Proof: If z is a minimal and y a maximal element in P than according
to the assumption the set P contains either the least or the greatest
element, i.e. it is finitely separable.

Do not let « be a minimal element in P. We put = b, y = c. There
exists a € P such that @ < b. Let us study the topology u = u(a, b, ¢).
Let O be an open set of the topology u such one that ac O = P — [b).

It holds O = U n 04, ; where Oy,; € S(u). Let us denote 0; = n 0y,5.

We can suppose that O; # @ for each ¢ holds. Because a € 0 b €0
there are these possibilities for chosen ¢ = 4.

(x) a €04, be 0y,

Then there exists jo such that a € 0, 4,, b € 0y, 5,- Because 0;,, 5, € S(u)
then according to the assertion of (¢) lemma litis Oy, ;,€ M U Ny U {B}.
But a € B so that 0,5, # B. From (ii) lemma 1 it follows that 0;,, 5, € 1.
Then 0y,,;,€ M, ie. Oy, < Oy, 5, < (c].

(8 a,bEO0y,.

From (ii) lemma 1 it follows that Oy, ;€ RN, for each j. Let N =
={1,2,...,n} be the set of indices j, Ny ={je N | Oy, ; # B}, N, =
={jeN|0,s€c B}

Let us assume that there does not exist j € N such that 0;, ;€ M.
Because b € 0;,, jo € N exists such that b € Oy, s,. From (i) lemma 1 and
from the previous result one gets that Oq,;, = B ie. N —N; # @.
It holds P —[b) 2 Oy, = n 0,1 = Bﬁ n 0y,,7 2 (b, c]nnot ;- Be-

cause (b,c] n (P-—-[b)) = z so (b, c]ﬂ n 04, = g From the

previous result and from (iii) lemma 1 follows tha.t ®,cIn N 04,5 = 2.
Jj€N,

But here is the contradiction with the fact that the set (b, c] is infinite and

the set N, finite.

Therefore it exists j € N such that 0;, ; €M, ie. Oy < Oy, 5 < (cl.
(*)We have proved that if O € O(u), a €e O < P —[b) so it holds 0 < (c].

Let » be the greatest element of & (P) and ¢ the interval topology on P.
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It is O(v) = O(u) n O(t). Because ¢ < b there exists O € O(v),a €0 &
< P —[b). According to (*) there is O < (c] and O € O(¢). It holds O =

ng ne
=U N Oi,5 where O;,; = P — (#i] or P—[x}) resp. Then ) O,y <
1 §j=1 j= 1

S (c]ie. ﬂ (P —[#}))n ﬂ (P —(zf]) < (c] so that P —( U[flc‘)U

j=n';+1
ng
v U (x}]) < (c]. It means that P =[2)U... U [2%,) U (@h,+1] U
j=n'¢+1 .

U... U (xi ] U (c] i.e. the set P is finitely separable.
If x is a minimal element in P and y is not maximal we shall make the
proof dually.

The theorem can not be reversed. We shall show that there exists an
ordered set P fulfilling the assumption of the previous theorem, which
is finitely separable and &% (P) has not the greatest element.

Example 1: Let P be an ordered set constructed according to the
diagram where the interval (b, c] is & chain of the type w* and {by, ...,

., bn, ...} is an antichain.

Fig. 1.

A set P is finitely separable because P =[a). Let O e O(u),
a0 < P —[b) where u = u(a, b, c). According to the assertion (*)
mentioned in the proof of previous theorem it is O < (c] so that O = {a}.

We shall show that {a} € O(¢). This will prove that .V(P) has not the
greatest element.
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Ny
Let us assume {a} € O(¢) i.e. {a} = n U Oy, 7, where Oy, ; = P — (]

or P — [z}) resp. There exists i, such that {a} = n 0y,.5 = n (P — [x})).
But this is impossible as the set {b;, b,, ..., } is 1nﬁn1te
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