Archivum Mathematicum

M. Jakubickova

On the existence of a bounded solution of a non-linear differential
equation

Archivum Mathematicum, Vol. 4 (1968), No. 4, 217--222

Persistent URL: http://dml.cz/dmlcz/104669

Terms of use:

© Masaryk University, 1968

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides
access to digitized documents strictly for personal use. Each copy of any part of this
document must contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech
Digital Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/104669
http://project.dml.cz

217

ON THE EXISTENCE OF A BOUNDED SOLUTION
OF A NON-LINEAR DIFFERENTIAL EQUATION

M. JARKUBICKOVA, BRATISLAVA

Received March 16, 1968

In this paper the existence of a solution of the differential equation
(1) ¥y —y=[flzy, Y)

which is bounded together with its first derivative on the whole real
line, is proved under the condition that the function f is continuous and
bounded.

Let us consider first the existence of a bounded solution of the linear
differential equation

2) y' —y =f),
where f(x) € C°(I), I = (—o0, o0) and | f(z) | £ K on I. It is clear that
this equation has at most one such solution. We are going to give the
proof of the existence of a bounded solution of the equation (2) as
follows. A hint of this proof was given in an exercise in the book [1],
p- 297.

Homogeneous boundary-value problem

y' —y =0, zel{—a,a)

3) y(—a) = y(a) = 0,
where ¢ > 0, has only a trivial solution. Therefore the inhomogeneous
boundary-value problem (2), (3) has one and only one solution

4) Ya(@) = [ Galx, t) f(t) dt, x € {(—a, a)

where -

(_e_2a+t + e-.t) (__eza+x + e~%)
2(e?® — e-20)

(_e2a+t + e—z) (_e—2a+x + e—z)
2(e?% — e29)

_a<x§t

(5) Go(z, 1) =

a

t<«x

fIA

is the Green’s function of the problem (2), (3). The solution ¥a(x) can
be continued to the whole interval I. Further there exists

©) vo) =lim o) = — 3 [ et p

a—>ao
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where the convergence is uniform on every closed interval (—b, b,
b > 0. For x € (—b, b, a = b the inequality

, f G, ) () at + 5 f e-la-tl () dtig 1 f Glale, ) £(0) dt +

l ! ~lz—t| dt' ‘lf—lx—tl_ tdt_lf —lz—tl ) dt
+g [etma 4|5 [er= gy p [otgon

—a —0

is true. Assuming that ¢ = 2b > 0 we estimate first the first term on
the right side of the inequality.

‘ f Ga(z, t) f(2) dt—l—:‘lz— f e-17-tl _f(t) dti

=<
¥ 20+t —t —20+2 —T o
g\ (—e?a+ _;(:m)(_———:_m; +e )f(t)dt—{—% f -2 _f(t) dtl 1
. —2a41 -t 2a+2 —2 1 3
| [ D jha [ etr0a| s

K

x
S gy ] 1947 R e o)
J

+ f [ et | e—(t+2) e—28(el-% | e—(t-2)) | dt} —

z

K
= m (e® + e30 — 2e~%) (% + e~%) <

< 2K eb
= 2(62“ . e—za)
K.eb €
—_— —a —~5a -3a —
=T —oa) (e® 4 e 2e73) < 5

for a sufficiently great a.

Similarly we get for a sufficiently great a, that for the second term
the inequality

1 -] . a " .

(e 4 e3¢ — 2e-%) =
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holds. Since (6) fulfils the conditions of the theorem on the differentiating
of the parametric integral the following relation
x ©

1
M =g [erpou—g [enrpou-

= [ et=% f(t) dt + y(=)

is true. Applying the same theorem to (7) we get

x 1 oo
v =—y [ertgoa—g [t 0t fo) =y + o).

We see that (6) is a solution of the differential equation (2). This ends
the proof of :

Lemma: Let f(x) € C°(—o0, o0) and | f(z) | £ K, K > 0, 2 € (—o0, ).
Then there exists one and only one solution y(x) of the equation (2) which
s bounded together with its first derivative in (—oo, 00). This solution is
gtven by the formula

mw—%fﬁmﬂme

and on each interval (—b, b) ts a uniform limit for a — oo of the solutions
Yu(@) of the boundary-value problem (2), (3).

Theorem: Let f(z, y, y') be a continuous bounded function of x, y,
y' € (—o0, 00). Then there exists at least one solution of the equation (1) on
the interval (—o0, 00) which is bounded together with its first derivative
in (—o0, 00).

Proof: Onthe basis of the lemma the solution of the integro-differential
equation

1 @©
(8) Mﬂ=—§fVWWNwWMW&

will be a bounded solution of the equation (1) which has a bounded first
derivative. The existence of the solution (8) we shall prove with the
help of Tychonoff fixed point theorem.

Let B = C1(—o0, o) be the space of functions on which a countable
system of semi-norms

Pnly(z)] = max [ max |y(z)|, max |y'(@)|], =»=12..
z€{—n,n) TE{—n,n)
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is defined. By the family of these semi-norms E is complete locally
convex space. Let M ={yx)eE :|y(x)| = K, |y'(®)| 22K, ze
€ (—o0, o0)}, where the constant K is such that | f(z, ¥, ") | £ K for all
x, ¥, y'. The set M is closed, convex and bounded. Let

(©) Ty) = — 5 f ela=tlfit, y(t), y'(0)] &

be the operator defined on the set M. We shall prove that it is continuous
and compact on the set M and T'M < M. Let ¢ > 0 and the natural »

10) n > ln%

be arbitrary numbers. Then for the y(x), yo(x) € M and x € (—n, n) the
inequalities
—2n

1 ,
() |7y —Twla) S 5§ f e+ fTE,y(0),y' (0] —/Tt 9olt), 5(0) | &t +

~—00
2n

4 et f | 1Tt 9(6), ¥'(O1— fT6, yolt), yo(®)] | dt +

—2n

+ f =11t 90) ¥/ O) — T, yol). v | e} <

—2n 2n el
< %{2]( f e—%+t dt + —;— e-lz-tl dt + 2K f et dt} <
—o —2n 2n
€ €

< -n 4 = - 2

< K.e ™+ 9 + Ke™" < 3
hold if p2n(y — Yo) < 6, where § > 0 is sufficiently small. Using the
relation (7) we get

[(Ty(@)) = ———;— f eIzt flt y(t), y' ()] &t + f =%+t flt y(t), y (O] dt.

Then under the assumption (10) and considering (11)

€

(12) [ [Ty@)] — [Tyo(@)]' | £ 5 +

w|
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[ et v, v o1 — i, o0 & < 5 +

3 , 2
- f e |1t (0, 3O — 16 yol0), y)] | At < 5 + Fe=e.

It follows from the relations (11) and (12)
PalTy(@) — Tyo(w)] < &, if panly(x) — yo(x)] < 6

and thus continuity of the operator (9) is proved.

The compactness of the operator (9) will be proved by the application
of the Ascoli-Arzela theorem. It is therefore sufficient to show that
Ty(z) are equi-bounded and equi-continuous on each of the intervals
{(—n, n).

Let y(z) € M. Then

oo

1Ty(x>[=f—-;— f eatlft, (o), y'(t)]dt{ <X f olatl @ — K

—o —a0
x

|
Ty |5 | f e+t _fTt, y(t), y'(8)] } + K 5 2K.

—

Hence 7M < M and at the same time also the set T'M is equibounded.
The equi-continuity of the functions from 7'M on the interval {—n, n)
will be proved in the following way: Let ¢ > 0 be an arbitrary number
and let
|2y — 22| < &, < X, T1,%26{—n,n).
Then

| Ty(e) — Ty(es) | = 5 | (65 — e-7) f e STt y(t), y' (O] &t +

g

+ f (et — e~att) . fIt, y(t), y'(t)] df +

£21

+ (e% ._-exZ) f et f[t, y(t)’ ?/’(t)] ds ‘ s
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<

l@]v—-

[e""l |2y —ax | K f etdt + K f (e%T1i—t 4 e~Ttt) dt -
—w® £

+ex:|x,-—x2]fe—‘dt]§-;—(K]xl~—le+2K|xl—zz -+

+K|x,—le)=2K]x,—xzi<—;—,

1| [ ‘
| Tyl — Tty | S | [ (eoimt—enteet i g0, y @) |+

+ | [ (e-mist — e=amst) _flt, y(t), y'(0)] &t \ +

+] f e=Ttt  flt, y(t), y' (1)) dtl <
1

S2Kk|ei—z |+ K|loy—x |+ K|joy—x, | =4K |2, — 22| < &,

what ends the proof of the equi-continuity of 7M. It follows from what
was proved that all assumptions of the Tychonoff fixed point theorem
are fulfilled, so that there exists a fixed point of the operator (9) on M,
which means that there exists at least one solution of the equation (1)

which is bounded together with the first derivative on the whole real
axis. ’
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