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A FIXED POINT THEOREM IN LQCALLY
CONVEX SPACES

By C. T'udor, Bucharest

Received July 3, 1967

In this paper there is extended a fixed point theorem obtained in [1]
to locally convex spaces. Therefore, let £ be a Hausdorff locally convex
space and &7 a sufficently and directed familly of seminorms that gives
the topology of E.

Let @ be a mapping of the family . satisfying the condition

(1) plp(x)] = p(x)  (xeH)

and H a closed, convex and bounded subset of E.

Theorem. Let f be a mapping from H into H such that:

(i) for all x e A
2) [f(@y) — f(®3) |a S | 2y — %3 |g(a) (21, x, € H)

(ii) there 8 a compact set M < H such that for every xe H the
sequence {f"(x)} has an accumulation point in M (f(" = f.f L f1 =f.

Then f has a fixed point in H.

Proof. We can suppose that H contains the null element of & such
that if we put f, = ¢ . fwith0 < ¢ < 1,f (x) = (1 —¢).0 + ¢f(x) e H,
that is f, is a contraction of H.

For every a €./

|fq(x1) _fq(x2) la £ ¢ 12— %3 g (x,, z, € H)
such that, forn = 1,2, ... and ze H
|7 @) — fo(@) o = . | @) —f77@) lpw =
S A7) — 720 lyw = - S ¢ 1(®) — 2
It follows that
| fatF(@) — fi@) | £ (@1 4+ o+ @) [ @) — @ g =

T | ) — =)

é_ —
l1—g¢g lo(a)

Consequently, for each z € H the sequence {fj()} is a Cauchy one.
1t results that there exists x, € H such that:

If (zq) _'xq lw(a) -—<_' ]-'—_'Q’
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Indeed we can take x, = f3(x) with a sufficient large n.
On the other hand

(3) x.f(xq) - xq s(;(u) pS lf(xq) - qf(xq) Iq(u) +
+ lfq(xq) - (13,1 l ¢(a) = (l _—Q) ”f(x//) l g(e) + l_l =
Sy —

where 7 is a positive number independent of x, since the set H is
bounded.

Hence, if n =1, 2, ...
@) 1" ) — @) o = 1M =2 by S - = M=) 7
Since the sequence {f"(z,)} has an accumulation point
Y€ M,

for every ¢ > o, there exists n such that:

(5) M) —y, 3¢ [BZ«x @)
From (4) and (5) it follows that:

LW — ¥, la S 1 fly)— =) o + 1 M) — (=) lo +
+ 1 M®) — Y, la S 1y, — @) Iy + 17 H2) — () o +
+ 1 fx) —y,laS e+ (1—q) .7+ ¢
that is )
1Y) —ygla S 1—9q) .1

Let {g;} be a sequence of real numbers such that
Limg;=1 (0<g¢g;<1l,i=12,..).
1—>0
We consider a convergent subsequence {y,; } of the corresponding
sequence {yq } < M.
If Lim y,; = y € M it follows that
Lim | f(y5,) — ¥4, la < im (1 —¢q) .7 = 0.

1—>®0

Since f is a continuous mapping, it holds

If@)—yla=0
for all x eo/. Hence f(y) =y, q . ¢ .d.

When the space E is normed there is obtained theorem 5 given
by D. Gohde in [1].
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