Archivum Mathematicum

Vaclav Havel
Free extensions of coupled systems

Archivum Mathematicum, Vol. 3 (1967), No. 2, 65--68

Persistent URL: http://dml.cz/dmlcz/104631

Terms of use:

© Masaryk University, 1967

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides
access to digitized documents strictly for personal use. Each copy of any part of this
document must contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech
Digital Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/104631
http://project.dml.cz

65

FREE EXTENSIONS OF COUPLED SYSTEMS
VAcrav Haver (BryNo)

Received May 21, 1965

A coupled system consists of ,points’* and ,lines* such that each
point (line) can be understood as a set of certain pairs of lines (points).
An important particular case of a coupled system is of course an ,,inci-
dence structure‘‘.l) In the present Note we deduce some results on free
extensions of coupled systems parallelly to any known properties of
free extensions of incidence structures.2)

A coupled system is defined as a quadruple (Sy, f;, S;, f;) where S,
8, are nonempty sets and f; is a mapping of a certain set Dom f; =
c{X < 8;| card X = 2}into S;; (4,5) = (1,2),(2,1). If Dom f;, =
={X < §;| card X = 2} for ¢ = 1, 2, we get a complete coupled system
If S;, S, are finite sets we get a finite coupled system.

Let € = (S;,fi;1=1,2), € = (S}, f{ ;2 = 1, 2) be coupled systems
such that S; = §;, Dom f; = Domf;, ffa,b} = c = f{a, b} = ¢ for
i =1, 2. Then we say that € is a coupled subsystem of €' and write
ce.

5& family € = (€7),ep of coupled systems € = (8%, f7; v =1, 2) is
said to be compatible if fX{a, b} = ¢, fi{a, b} =d >c=d (fora, Bl
and 7 = 1, 2).

If & is such a compatible family then there exists the coupled system

ver= (US Uf’;,z_l2)suchthat forz——12Dom(Uf7)—
el

= U Domf" a,nd Ufy {a,0} =c<>gyel:fi{a, b} =c. A" compa,-
tlble family S is sald to be intersecting if N Dom f% # () for i =1, 2.

yel'

If S is an intersecting family then there is the coupled system r\ Cr =
(nS nf z—l2)suchthatforz_l2Dom(an nDomf”
and nﬂ{a, b}=c<>vyyel:fi{ab}=c. o
Let € = (S;, fi; 1=1, 2) be a coupled subsystem of a complete
system € = (S,, f;; ¢ = 1, 2). If & is now the family of all complete

coupled systems G’ satisfying € ( €' (€ then & is intersecting so that

there exists the coupled system N @'. It will be called generated by €
(U

1) See G. Pickert: Projektive Ebenen, Berlin—Gottingen—Heidelberg 1955; p. 2.
) Ibid., pp. 12—26,
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with respect to €. If, in particular A €' = @, then € is said to be gene-

C'e€
rated by G.

Let € = (S,, fiii=1,2), € = (S, fi; ¢ = 1, 2) be cc .pled systems.
Any mapping of € onto €' is defined as a pair ¢ = (0, 0,) where ¢, is
a mapping of S; onto S; for i = 1, 2. Such a mapping o is called an
epimorphism between € and €' if for every {z, y} € Dom f; with oz # oy
it follows {ox, o;y} € Dom f; and o;f{z, y} = fi{ox, oy} for (i, j) =
= (1, 2), (2, 1) and if {{o, oy} |{ 2, y} € Dom f;, o # o,;y} = Dom
fifori=1,2.

If, moreover, there is a coupled subsystem €' ( €, € such that the
restriction of ¢ with respect to € is the identity mapping upon €”
then we say that ¢ is an epimorphism over €. By an isomorphism we
shall mean a bijective epimorphism.

Let € = (S;. f;; ¢ =1, 2) be a coupled subsystem of a complete
coupled system € = (8], f/; i =1, 2). Construct a sequence (€"),.
of coupled subsystems € = (E;‘, f& 0= 1, 2) in €' (this sequence will
be denoted as the extension chain over € in €') as follows: Set €, = €.

IfC" is already formed, determine €+1 in such a way that Dom f'“rl
={X < 8} |card X = 2} and §’”+1 = SPUT? where T? = {f]{a b}

|{a, b} € Dom f"+1 \_Dom f;‘} =(1, 2), (2, 1). Clearly (€")peo i8
compatible and U @ is equal to the coupled system generated by €
n=1

with respect to €.

Let € = (S;, f;; + = 1, 2) be a coupled system. Now we deter-
mine a sequence (€*)52, of coupled systems €* = (S?, fr; i =1, 2)
(this sequence will be called the free extension chain over §) as follows:
Set €% = €. If € is already determined, form €#+! in such a way that,
for(s, j) = (1, 2), (2,1), Dom f?*! = {X < 87| card X = 2} and S}+! =
= 87 U T? where T is a set disjoint to S? ‘and corresponding to Dom
o \ Dom f} in some bijection gi+! so that ff*! |pom m, = f} and

f"+ ]Dom {7\ Dom fr, = g7+l Then (6"),, o I8 compa,tlble and T((S) =

= U € will be called the complete free extension of €. Thus F(€) is deter-
mir';eci uniquely up to isomorphisms. If convenient, we shall use also the
symbol F(€) up to preceding isomorphisms.

Proposition 1. Let € = (8, f;, i = 1,2) be a coupled € = (S,, f;
t = 1,2) be some coupled system generated by &. Then there is an iso-
morphism over € of € onto F(C) iff there is, for each coupled system €' ge-

nerated by €, and epimorphism over € between € and G'.
Proof. Necessity: It is to show that there is an epimorphism over ¢
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between F(€) and € if € is an arbitrary coupled system generated by €.
We shall use the corresponding extension chains (€")°,, (€)% .
and form for each n =0, 1, 2, ... a mapping ¢" = (¢%, ¢%) of € upon €',

The prescription is as follows: First, let ¢° be the identity mapping
upon €. Secondly, let ¢" be already formed. We require that gn+
prolongs (p in such a way that @i+ifr+l{z, y} is equal to fim gz, (p}y} if
¢'r # @}y and to an arbitrary element of S;naf (p"x ¢ty. By
induction it follows that each ¢"(n = 0.1, ...) is an cplmorphlsm over €
between € and €. Now there is exactly one epimorphism ¢ over €
between F(€) and € which prolongs all ¢”. Sufficiency: For given €, €
suppose that to every coupled system €' generated by € there is an
epimorphism over € between € and €. In particular there must exist
an epimorphism y over € between € and F(E). Further we use the
epimorphism ¢ between F(€) and € constructed as abtove. We shall
prove that for " = @ |gn, P* = W|gn, it holds " oy = tdgn, Y" 0 @™ = idg»
(n =0,1,...). In fact, for n = 0, the assertion holds. Lft it hold for
some n. Then for any z e T there is a pair {z, y} € Dom f*! such that

flwyt =2 As z#y, po #py, it must be yz = (U fM){va, gy}

and @,(p;2) = f{pve), g} = fle v} (@, J) = (L.2), (2.1). Thus
@t o Pl = id . (Sumla,rly for the lemzmmg relatlon _yro gt =

= idg) . Consequently v is an isomorphism over € between € and F(G).
Q.E.D.

Let € = (S;,fi; = 1,2)and €' = (S}, fi,; ¢ = 1,2) be coupled systems
such that € (€’ (F(€). € is said to be a free extension of € (and this
relation will be denoted by € (€' if, for (5, j) = (1, 2), (2, 1), z€ S},
ze Tt z = fr*Y{x, y} implies z, y € S} .

Propos1t10n 2. Let € = (S,, fl, 1=1,2), € =(8;,fi;1=12),
€ = (S;,fis1=1,2) be coupled systems such that € (€& (€". Then
Cqeiff & e

Proof. Let (€")%o and (€'");>, be the free extension chains of
F(C) and F(€') respectively. Clearly €'° ( F(€). Let €' ( F(€) be fulfilled.
Then, for (i, j) = (1, 2), (2, 1), each z € §;"+! determines the minimal
index v such that z = f*+l{x, y = x,y} €S? and consequently fi+1
{z, y} € 8;+1. Thus, by induction, €' (F(€) for 2ll » =0, 1, .. and
F(€') = F(C).

Now let (ﬁ'(]@" Let (5, j) = (1,2), (2, 1). If z€ 8] and z € T;” for
some m then there is an index k such that z e T%. Thus f" iz, y} =2 =
=z, yeS; and we have € ( €".

Let € J€". Let (z,5) = (1,2), (2,1). If z ¢ S; and ze T} for some
m then either z € S; or there is b such that z e T;%. By the assumptions
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about € and €” it holds z = fi*{x, y} = x, Y € S; so that € (€.
Q.E.D.

A coupled system € = (S,,fi;t=1,2) is said to be closed if, for
(5, j) = (1, 2), (2,1), to every z€S; there exist distinet pairs {z;, y,},
{5, y,} € Dom f; such that Sy} = fl@e, o} = 2.

Proposition 3. Let C=(S;,fi;1=1,2) be a coupled system and
C=(S;,fi;1=1,2) a ﬁmte closed coupled system. If € ¢ F(€)
then € ¢ G.

Proof. Let (€") , be the free extension chain of €. Since @' is
supposed to be finite there is z e 87U S' with maximal index » such

that ze 81U S5, If » >0 then z = U fM{x, y} for precisely one

{z, y} = 821; here, (3, j) is equal to (1, 2) or to (2, 1) according to the
nature of z. Because of the maximality of » it must be {z, y} € Dom f;
which contradicts to the assumption that €' is closed. Thus » < 0
and consequently €' (| €. Q.E.D.

Proposition 4. Let € = (S;,f51=1,2), € = (S;,fi;1=1,2) be
finite coupled systems. If F(€), F(€’) are isomorphic then & has the common
free extension with an isomorphic image of .

Proof. Let there exist an isomorphism o = (¢,, 0,) of F(€) onto
F(€'). As € and @' are finite, there is a coupled system €* = (S}, f¥;
t = 1,2 (F(€) such that € (€*, ¢€ ( €* and that for (i, j) = (1, 2),
2, 1), if zeT;™ or ze0,T7 respectively then z = fim+l{x, y} implies
x,y€ 8. Thus € ( €* and € (¢! C*. Q.E.D.

Let € = (8;, f;; ¢ = 1, 2) be & coupled system with Dom f; = Dom f,
= (). Then F(€) will be called a free coupled system.

Proposition 5. T'o every complete coupled system € = (S;, fi;1=1,2)
there is an epvmorphism of a free coupled system onto €.

Proof Let €' = (S;, f;; ¢ = 1, 2) with 8= 8,, S; = S, and Dom f; =
= Dom f;, = W. Let (€'");%, be the free extension chain of €. Construct
a mapping o = (0,, 0,) of F(€') onto € as follows: For all z € §;, set
0% = x;4 = 1, 2. Let a mapping ¢”" = (0%, %) of €'" onto some coupled
subsystem of € be already determined. For (i, j) = (1, 2), (2, 1), if
zeT™ z = fi"Yx, y} and ofx # oty or ofx = oty respectively, then
set oftlz = f{ox, oy} or take for ¢7+1z an arbitrary element of S;"+1.
The ma,pping o which prolongs simultaneously all o”; »n =0.1, ...,
presents the required epimorphism of F(€’) onto €. Q.E.D.
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