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REMARKS ON POLYNOMIAL METHODS FOR SOLVING SYSTEMS
OF LINEAR ALGEBRAIC EQUATIONS
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Summary. For a large system of linear algebraic equations Az = b, the approximate
solutior zj is computed as the k-th order Fourier development of the function 1/z, related
to orthogonal polynomials in LZ(Q) space. The domain  in the complex plane is assumed
to be known. This domain contains the spectrum o(A) of the matrix A. Two algorithms
for z; are discussed.

Two possibilities of preconditicning by an application of the so called Richardson itera-
tion process with a constant relaxation coefficient are proposed.

The case when Jordan blocs of higher dimension are present is discussed, with the follow-
ing conclusion: in such a case application of the Sobolev space H*(2) may be reasonable,
with s equal to the dimension of the maximal Jordan bloc. The paper contains several
numerical examples.

Keywords: Fourier Expansion, Orthogonal polynomials on Lz(ﬂ) space, approximate
solution of linear algebraic equations, Richardson Iteration, preconditioning

AMS classification: 65F10

1. INTRODUCTION
Consider a system of linear algebraic equations
(1) Az =b

with an n x n non-singular matrix A, in general complex and non-hermitian.
Let Q be a bounded (open) domain of the complex plane C containing the spectrum
o(A) of A, and such that
0¢ 0.
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We assume that 2 is known; in other words we assume that we are able to estimate
roughly the location of the spectrum o(A) of A. For any open K with a regular
Jordan boundary I such that

o(A)CKCKcCHQ

and for any complex function f analytic on , the well known Dunford integral
formula reads

f(4) = % /r f(z)(z - A)~tdz

where I is taken with positive orientation.
Let ||-|| be any operator norm of an n x n matrix, and let ||- |}z, be the supremum
norm on K. The last formula implies that

r -
WA < B sup (2~ 41 lhzee = Ol
2n 3€l
where the constant C depends on A, K and the norm || - ||, but not on f. It is easy

to see that C' depends strongly on cond(A).
Put now f(z) = ¢(z) — wn(z), where @(z) = 1/z, and wy(z) is a complex poly-
nomial of degree < N; we get

2 147! — wn(A)|| < Clle — wNllKeo-

This estimate suggests the following

General Algorithm:

1. find a polynomial wy approximating ¢(z) = 1/z on Q in the || - ||, norm;

2. take zy = wy(A)b as an approximate solution of (1).

Various realizations of this algorithm are possible; for example:

(i) interpolation over Q [3],

(ii) optimal L?(f2) approximation,

(iii) optimal C(K) approximation in the || - ||,, norm.

We shall discuss here only the second possibility: optimal L?(2) polynomial ap-
proximation.

The interpolation method ensures the so called optimal convergence when N —
oo (see Section 2), provided the interpolation knots are chosen in a special way.
L. Reichel p.>poses to construct to this end a certain conformal mapping related to Q.
Once the interpolation knots, are given the interpolatory polynomial is constructed
by successive application of the Richardson iteration formula. However, here the
problem of the order of interpolation knots arises, [3].
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We can avoid these difficulties by applying the optimal L?(£2) polynomial approxi-
mation of ¢(z) = 1/z in order to define wy. Also in this case wyn converges optimally
when N — oo, however, we have to restrict ourselves to simply connected domains 2
(see [2]). Moreover, the algorithm of construction of the optimal polynomial wy (z)
is a little more complicated than in the case (i).

In order to overcome the drawbacks of this method we may divide the whole
process into two stages:

Stage 1. Construction of wy for a given . This preparatory stage may be
accomplished even a long time before actually solving the problem (1), and the
results represent a certain information which enables us to construct on the second
stage the vector zny = wn(A)b for any matrix A such that o(A) C Q. The problem
of the computing time on this stage seems to be not very essential

Stage 2 is the solver. It should rapidly calculate the vector zy = wy(A)b.

Since the quality of approximation depends on N, and not on the dimension n
of the system (1), we hope that methods of this kind may furnish a class of rapid
solvers for big systems (1), when N < n.

In practice N < 40; clearly the computing time on the stage 2 also depends on n,
but the complexity of this part of the process is of the order of N multiplications of
A by a vector only.

It is always possible to apply for (1) the so called Gauss transformation:

(3) A*Az = A*b.

The matrix of the system (3) is hermitian and positive definite, and, in principle,
all known methods as that of Tchebycheff, conjugate gradient and others may be
applied here.

Unfortunately, the Gauss transformation squares the condition number cond(A).
The effectivness of polynomial methods depends on the effectivness of the approxi-
mation over the domain  (which reduces to an interval in the case of (3)). Clearly
the global polynomial approximation to ¢(z) = 1/z on Q is not effective when € is
large and/or very close to zero. On the other hand, the measure of the extent and
closeness of g(A) to zero is just the condition number cond(A). Hence it seems to
be better rather to apply a certain preconditioning process shrinking the spectrum
o(A) and/or moving it farther from zero that to apply the Gauss transformation.
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2. OPTIMAL L?(Q2) APPROXIMATION OF ¢(z) = 1/z -IMPLEMENTATION
OF THE STAGE 1

The most natural way to realize the stage 1 of the method seems to be the ap-
plication of the Gramm-Schmidt orthogonalization process to a certain set of basic
polynomials, in order to generate a system of orthogonal polynomials Py, Py, Ps, .. .,
Py and then to calculate the Fourier coefficients ¢ of the function ¢(z) = 1/2. We

then get
N
wn(z) = chPk(z).
k=0

It is worth noting here that orthogonal polynomials in the complex domain obey
in general the quasitriangular recurrence formula

E+1
(4) 2Pi(2) = Y i P;(2)

j=0
and not (except a very special cases) the three-term one. Hence in this case the
Lanczos type orthogonalization process (4) is no more superior to that of Gramm-

Schmidt
k+1

(5) ®i41(2) = ) miPj(2),

j=0

because both produce quasitriangular matrices of coefficients. Here {®;} are certain
given basic polynomials, subject to orthogonalization. There is at least one advantage
of the Gramm-Schmidt process: it is easy to apply here the Green formula which
replaces double integrals by single ones in scalar products defining the coefficients
vkj and the Fourier coefficients cg of the function ¢(z) = 1/2.

For the coefficients of formulas (4) and (5) we have

(6) agj = / zPi(2)Pj(2)dQ k=0,1,...,N-1; j=0,1,...,k,
a
2 2 : 2\ /2
Qkk41 = (/n [2)°| Pe(2)]*d2 — Z vk ) >0,
ji=0
Ykj =/ (I>,,+1(z)‘}3j(z)dﬂ k= —1,0,1,...,N’1; j=0,1,...,k,
o
k 1/2
me = ([ 1@en@Paa- 3 mlt) " >0
j=0

ckzj(?k(z)/z)dﬂ k=0,1,...,N.
(1}
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By easy recurrence applied to the last three formulas of (6), we get relations
involving only integrals of known functions ®; and ¢(z) = 1/z. This is not possible
for the coefficients ay;.

1 - =
@) 1= ([ @@ 0= T yom)

V-1 =0
k=-1,012,...,N-1; j=0,1,2,...,k;

k 1/2
(7b) rerin = ([ Bra@Paa =3 k)"
0

j=

k-1
1
(Te) = m(/n@k(z)/z) dQ - j;)-yk_l,-cj) k=0,1,2,...,N.

In the recurrence relations (7) the double integrals over {2 may be replaced by single
integrals over positively oriented boundary 99 with help of the so called complex
Green formula:

®) [rem@aa=g [ sene .

Clearly this operation may signifi-ntly simplify the numerical process.
Put, for example,

Bp(z) = (’ _d“’)'c k=0,1,2,...,N

where zp is a fixed point chosen somewhere in the central part of Q and d =
diameter(€2)/2. For many regions Q such a choice ensures a rather stable com-
putational process.

If 0 ¢ , the Fourier expansion wy of p(z) = 1/z

N
9 wn(z) = ) ¢ Pi(z)
j=0

converges to ¢ in the L2(Q) norm provided the following condition of Markuszewicz
and Farrell is satisfied:

Q is a bounded, simply connected open domain of C such that ils boundary O is
at the same time the boundary of a certain unbounded domain (see [2]).
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Moreover, the polynomial wy converges optimally to ¢ in the || ||z, norm, where
o(a) C K C K C Q, provided 09 is a Jordan curve. The term optimally means the
following;:

There ezists a conformal mapping Y(w) = cw +co +c1/w+ ..., withc > 0 of the
ezternal domain of the unit disc |w| < 1 onto C\ K. Let C, be the image of the disc
lwl|<r, r>1 by, and

e=sup{r>1]|0¢C,}.

We say that wy converges optimally to o(z) = 1/z if

limsup(||wny — gp||7°°)1/N =1/p (see [2]).
N—oo

&

Fig. 1

In connection with the inequality (2) this condition implies the convergence of the
method. We will extend this convergence discussion in Section 4.

The stage 1 of the algorithm may be implemented exactly as the formulas (5), (6)
and (9) show, with application of the Green formula (8).

As the result we obtain

1. the triangular matrix of coefficients v, ¥ = -1,0,1, ..., N, 7 =0, 1, ..

k+1;

2. the vector of Fourier coefficients cg, ¢1, ..., cN.

This is the information which should be stored. If needed, it may be used as part
of the data for the stage 2 of the algorithm.

*)
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3. IMPLEMENTATION OF THE STAGE 2 OF THE ALGORITHM

At this stage the vector
TN = wN(A)b

has to be computed. Provided that the first stage of the process was executed as
described in Section 2, the most natural way to compute z seems to be as follows.
The data of this stage are:

— the matrix A of dimn xn, n>> N.

— the triangular matrix (y%1), k=-1,0,1,..., N, 1=0,1,..,k+1;

- the Fourier coefficients cg, €1, ..., cN.

Fork=0,1,2,..., N put

(10) Vg = Qk(A)b,
u = Pi(A)b,
T = wk(A)b,
In order to compute zp, the following simple recurrence may be applied:
initiation:
(11) vo = b,
uo = b/7-10,
zo = colo;
iteration
A-z
(12) Vk+1 = P 2 Vg,
1

Uk41 =

k
(”k+1 - Z Vi “J‘) )
j=0

Tk41 = Tk + Ck4+1Uk41-

Yk k41

Formulas (12) follow directly from (5).

It is worth noting that the process (11) (12) seems to be perfectly stable: at any
step the Fourier expansion z}; is computed (orthogonal projection!). Experiments
confirm this supposition.

Observe that the process (11) (12) needs the following, rather extensive working
memory space:

U, U1,...,UN : n(N +1) words,

v,z 2n  words.
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This is the only drawback of the process (11) (12).

It is possible to avoid this inconvenience and to reduce the working memory space,
however, the author does not think this to be very recommendable. In order to do
it, the first stage of the process should be slightly modified. After computing 7x;
and ¢; we may present wy(2) as follows:

wn(z)=ao+ai(z—2)+ ...+ an(z — )V

with o)
¢
z
aj = “’N—f‘) j=0,1,...,N,
J!
21 being a certain chosen point of 2. To compute a; the iterative process similar to
(5) may be applied:

N
wi(z1) = Y PP (1)
k=j

with
. . k+1 .
PE\(n1) = (‘1’931(21) -3 ‘rksz(’)(n)) /‘rkk+1,
=5
k=-1,0,1,...,N,
j=01,...,)N.
Here only two vectors, namely aog, a1, ..., ay and co, ci, ..., ¢y should be stored.

The second stage data are
— the matrix A;
— the vectors ag, ..., ay and cp, ..., cN.
The solver has to compute recurrently:

zg = anb,

Tp41 = (A - zl)(zk + aN-—lc—lb) k=0,1,...,N-1.

No problem with large working space in this version, but now the nice feature of
the stable process, computing at any step of the iteration the orthogonal projection,
is lost. Perhaps, we can meet certain serious stability problems. Another possibility
is to present wy(z) as the interpolatory polynomial with certain fixed knots, say zi,
22, ..., 2N+1, and its coefficients expressed by successive divided differences. But
now returns the old problem of the proper choice of interpolatory knots and their
order.
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In the end, observe that, if needed, in order to get a better approximation of the
solution of (1), the whole process of the stage 2 may be recycled in the following way.

Put

(13) go = zn = wn(A)d,
so=rn=0b-— Azy,

qk+1 = Q¢ + wn(A)se

with
sp=b—Aqx k=0,1,2,....

We take q; as the k-th cyclic approximation to £ = A~1b. Observe that for the

residuals s; we have

sk41 = b— Aqr — Awn(A)si = (I — Awn(A)) sk

and hence

sy = (- AwN(A))kso =(I- AwN(A))krN.

It is clear that the cyclic process will converge when ¥ — oo provided |1 —
zwn(2)] < 1 for all z € Q; this is a very week requirement concerning the ap-

proximation of ¢(z) = 1/z by wn(2).
4. PRECONDITIONING BY RICHARDSON ITERATION

Consider the Richardson iteration algorithm
(14) Ye+1 = Y + h(b — Aw),

where yo is arbitrary and A # 0. It is easy to find the general solution y; of the

difference equation (14):
(15) ve = Ao~ (I - hA) eo]

where gr = b— Ayr k =0, 1, 2, .... The process (14) converges iff the spectrum

o(A) is contained in the interior of the disc |1 — hz| < 1, or if

|1/h = 2| < 1/h.
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fig. 2

If the process (14) converges, then yi — A~'b when k — oo.
For the residual vectors gr we have

Ok = (I - hA)kQO = Vk(A)Qo
where
(16) Ve(2) = (1 - ha)?

is the so called residual polynomial: Vk(O) = 1. Such a polynomial always defines an
interpolatory polynomial gi_1(z) of degree < k — 1 for ¢(2) = 1/z, with knots being
just the zeros of Vj; we have

(17) Vk(z) =1- zqk_l(z).

This is a general rule (see [1]).

Since Vi(z) has a unique zero of multiplicity k: 1/h, hence 1/h is the unique knot
of multiplicity k of gx—1(2) for interpolation of ¢. Moreover, the vectors y; and gx_1
are connected by the relation

e = Yo + qr-1(A)eo-

Proposition 1.

1-(1—h2)k
(18) qr-1(2) = —(—;——f’—;

moreover, the following recurrence relation holds:
(19) 90(z) =h, q(z) =h(2-hz), @(z)=h+gq-1(2)(1 - h2).

428



Assume now that the domain Q containing the spectrum o(A) of A is contained
in the interior of the disc |z — 1/h| < 1/|h|. Choosing h > 0 small enough, we get
the configuration as in Fig. 3.

Fig. 3

Clearly, the best approximation is attained near the knot 1/h, i.e. the Richardson
iteration process shrinks the spectrum of A towards zero. Hence we have:

Preconditioning by pre-iteration
Suppose the situation is as in Fig. 3.
— First execute several steps of the Richardson iteration

Yr+1 = Y + h(b - Ay)

with h small enough, in order to ensure the arrangement as in Fig. 3. This preiteration
cuts the part of the spectrum close to 1/h-the high part of the spectrum of A.

— After, say, m steps of the Richardson process, start the polynomial method with
a polynomial wy ensuring the best approximation near zero, and neglecting the far
regions of the spectrum.

We get

(20) INtm = Ym + wN(A)Qm

with
om =b— Aym = (I = hA)"go.

For the residual vector we have
rm4N = b— Azmyn = (I — Awn(A))(I — hA)™go.
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The first bracket from the left reduces the residuum on the part of Q close to zero.
The second bracket reduces it on the part of  far from zero.

Preconditioning by pre-multiplication
Consider as before the configuration as in Fig. 3. Define the matrix By k =0, 1,
2, ... as follows:

B = G(A)
with Gi(2) = zqr-1(2), where gr_1 is the polynomial defined by (18). Since in a
certain sense gr—1(A) approximates A~1, hence the spectrum of By = Gi(A) =

Ag-1(A) should be closer to 1 than that of A. From (19) we get the following
iterative process for By:

(21) B, = hA,
Bity1=(I —hA)By +hA, h=1,23....

At the same time, let us define

(22) b1 = hb,
b1 = (I — hA)bg + by.
We have
Proposition 2. If the spectrum o(A) is contained in the open disc
|z—1/h|<1/h—p

where 0 < h < 1, 0 < p < 1/h, then the spectrum o(By) is contained in the open
disc

lz—1]< (1 -hp)* =1—khp+ lc—(—l-c2_'-—l)h2p2+...= 1 — khp + O(h%p?).
Alm Alm
o(A) | 2 m
[\/\f d > Re [7/—)—\ > Re

B
Q
x
>
=S

o)

|-
Q
-
<Q

Fig. 4
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Proof. Since By = Gi(A), let us transform the circle 1/h + (1/h — h2)e®
0 < ¢ < 2r by means of the transformation Gi(z) = 1— (1 — hz)*. We get Gi(1/h+
(1/h = p)ei®) =1 — (=1)*(1 — hp)*ei*e. a

Proposition 3. Equations

(1) Az = b,

(23) Bz = by,

where By and by are defined by (21) and (22), are equivalent.

Proof. We have
Blz =hAz=hb= b]_.

Assuming that Biz = by, by (21) and (22) we get
Biy1z = (I — hA)Br + hAz = (I — hA)bi + by = bpya-

o

Let 2 be the class of problems (1) such that o(A) is contained in the disc |z—1/h| <
1/h — p, and B} the class of the corresponding problems (23). Put (see Fig. 4)

2/h-p 2
cond(2) = =—-1,
ond (%) > hp
_2—khp _ 2
cond(B )—_k_hp_-—m—l
We have
(24) cond(B;) = %(cond(ﬁl) +1) -1
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5. JORDAN FORM AND SOBOLEV SPACEs H*(Q)

First, let us define the class of Sobolev spaces of analytic functions. For any
bounded (open) domain Q C C and any natural k put

k
N, 2
H¥Q) = {f analytic in Q | E/ I_f(’)(z)l dQ < oo},
j=0 a
H°(Q) = L*(Q).
E
In H*(R) the scalar product (f,g)ar = Y, [, f9)(2)70)(z) dQ defines the corre-
3=0

sponding norm || - [|a.

Lemma (see [2]). Let 2 € 0, R = dist(z0,09), f(2) = 3 ai(z — 20)', f € L*(®).
=0
Then ) i
" .
"f"?h 2 _".—4--_1 E (la’-lzRZ(J-{»l)).

j=0

Proof. Put K = {z||z— 20| < R}; then

IFlI3, = /n IF(2)]2d0 > /K FDPaK =YY a3 / (z - 20) 7 = 7a)dK.

j=01=0 K
But
/ (z = 20y (z = 20)'dK = /R 7J+l+1dr/2x elli-Dedy = RYY? {2": ifj=1
“ o o 27+2|0  ifj#£1
Hence

M - )
|f(2)I?dQ ?/ If(2)]*dK = =— |a;[PRG+),
/“ K 2j+2 z% !

=

Proposition 4. Let K C Q be compact and f € L?(Q) analytic on . Then

( + D Iflla,
=( :gff( dist(z, 6Q))'

(25) 17PN <

[EA < 1l _
Tt(zlél}.( dist(z, 09)) n(:g}f( dist(z, %))

(26) Pl <

Proof. Since aj = fU)(2)/j!, we get (25) and (26) directly from Lemma. 0O
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Suppose that A has a Jordan decomposition of the form A = TJT-! with J =
diag(Jy, Jz2, ..., Jp], where J; = A\;+E; is the s; x 5; diagonal block with the eigenvalue
P
); and nilpotent Ej, ) s; = n, s = max{s;}.
i=1
If g is analytic on Q, 0 ¢ Q and 0(A) C K C Q, where K is compact, we
get g(A) = Tg(J)T~! and ¢(J) = diag[g(J1),9(J2),...,9(Jp)]. Moreover, g(J;) =

3i—1 . .
g +E)= ) (g(’)(Ai)/j!)(E,:)’. For the operator norm || - || we obtain
j=1

s—-1 s—1
Y ] v 1
o)l < €3 lsllx < 61(2 — ,-+1)||9||no-
j=0 j=0 (lé‘IE, dlSt(Z,aﬂ))

z

However, the formula (26) yields

llgllgas -1
A € Cy 12—,
oIl < @ 3 Gtz o0)
zeK
Let wy be a polynomial of degree N and put g(z) = 1/z — wn(z). This is an
analytic function in . The last inequalities imply

s—1

1
27 A~ —wyA)|| € C ( : ) — wnla,,
en V(AN < Gy :‘Z—-%(ié‘}} Tot(e o) e = wnlla

z

-1 LS BT
(28) 147" = o () < gyl = ol
N z

where ¢(z) = 1/z.

Conclusion. Very often the spectrum o(A) of the matrix A of the system (1)
comes close to the point zero in C. In such a situation

inf dist(z, 0Q)
2€K

is small, and if Jordan blocs of dimension s > 1 occur in A, then comparing the
inequalities (27) and (28) one should conclude that it is perhaps better to minimize
ll¢ — wn|las—1 rather than ||¢ — wn||la,. Hence, if we suppose that Jordan blocs of
dimension s > 1 are present, we should rather apply the norm || - ||as-1 to construct
the p()lynomial wy on the stage 1 of out algorithm.
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7.10~
2.10"4
4-10=* 8.10~7
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01 g %07 a1
2:107%  2.107°
6:107* 2.107% 61071
2:10"%  2.107°
1} [2:207° 6107* 41073
o|1 N =20 10  Re
AIm

8.10~5

7-10778.107 7 4.1¢—4

6. EXAMPLES

FNEY INE

Fig. 5 shows various domains Q. Numbers inside the domains represent values of
|1 — zw(z)n| with N equal to 10 or 20.

Relatively poor approximation was obtained for two last domains, especially for
that which approaches better the entire ring. This phenomenon is comprehensible

because there is no good polynomial approximation for 1/z on a ring centred at zero.
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AIm
0.9 +7 +4 +4 +4 +7
0.7
0.5
0.3
0.1
0
-0.1
-0.3
-0.5
—o.7 .+ L+ .0 o L+
-0.3 0.10.;7 0}’4 1.?4 1.\{5’4 2+2'.’1 > Re
Fig. 6

Fig. 6 Q shows an ellipse with boundary 9Q given by
z=11+4cosep+0.51sinp 0K p<2n

with N = 40. The numbers inside the rectangle represent the exponents of 10 of
|1 — 2wn(2)| calculated in a neighborhood of Q.

In the table given below we present the best and worst coordinates r; of the
residual vector 7 = b — Aw,(A)b computed for the system of 50 equations. The full
complex matrix A was generated in such a way that its spectrum is located in the
central part of the ellipse

z2=5+4cosp+2sinp, 0<p<2n

and all its Jordan boxes are of dimension 2. The degree s of w, was taken equal to
30, 25, 20, 15 and 10.

In all experiments, on the first stage the algorithm given by formulae (7) and (8)
was applied with the use of 16 point composed Gauss-Legendre quadrature. On the
second stage, algorithm based on formulas (11) (12) was applied.

s 30 25 20 15 10
best |107'2 4110151010 4i10~'%|10~° +i10~16| 10~ 7 +i10~1%|10~* +i10~ ¢
worst | 10~7 4i10~7 | 10~ 41106 | 10~* 41073 | 10~3 4+i10~3 | 10-2 +i10~2
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