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ON SOME PROPERTIES OF THE SOLUTION
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OF THE DIFFERENTIAL EQUATION u” + u-—u

r
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Summary. In the paper it is shown that each solution u(r, «) of the initial value problem (2), (3)
has a finite limit for » — o0, and an asymptotic formula for the nontrivial solution u(», ) tending
to 0 is given. Further, the existence of such a soluticn is established by examining the number of
zeros of two different solutions u(r, &), u(r, a).
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1. INTRODUCTION

If u is a spherically symmetric solution of the equation
(1) du =u — u?

in R® which can be obtained from the Klein-Gordon equation in nuclear physics,
.then u = u(r) satisfies the initial value problem (for short, IVP)

2) u"+gi=u—u3,0§_r<oo
r
(3) u(0) =a, uw(0)=0

where r denotes the distance from the origin, « € R and the condition u’(O) =0
arises due to the regularity of the solution to (1) at 0.
By the transformation

@

y=ru
the IVP (2), (3) changes into the problem
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() Y=y -

(6) y0) =0, »(0)=a.

Under a solution of (2) in [0,h) (0 < i < o) each function ue C'([0, h)) N
N C*((0, k)) which satisfies (2) in (0, k) will be understood. Similarly the solution
of (5) can be defined. Since for the solution y of (5), (6) we have y(r) = y'(¢) r with
0 = ¢(r), 0 < ¢ < r, by substituting y into (5) we obtain that lim y"(r) = 0 and

r0+
hence each solution y of the IVP (5), (6) in [0, k) belongs to the class C*([0, h))
and both IVP-s (2), (3) and (5), (6) are equivalent to each other.
Local existence and uniqueness theorems have been proved by G. Sansone in [5]
pp. 7—13. They are given here as

Lemma 1. For the IVP
"o__ y — N _
(7) Y=y =, W0)=0, y(0)=ua

where k > 1 the following statements hold:

(i) Uniqueness statement: For each a € R there exists at most one solution of (7)
in any interval [0, h], h > 0.

(ii) Existence statement: If 0 < o < 1, or a > 1, then there exists a solution y
of (7) in an interval [0, h].

As to the remaining cases, the functions y = 0 and y(r) = r are solutions of (7)
for « = 0 and o = 1, respectively, while for « < 0 the existence of a solution to (7)
follows from the following statement:

If k is odd (and this is the case of (5)), and if y is a solution of (7) in [0, k), then
so is —y.

By this lemma as well as by the above mentioned equivalence of the IVP-s (2),
(3) and (5), (6) we conclude that the problem (2), (3) has a unique solution for each
«€ R in an interval [0, h), 6 < h < oo.

2. GLOBAL PROPERTIES OF SOLUTIONS OF EQUATION (2)

Consider a function E € C(R?, R) which is defined by the relation
(8) E(x,y) = 3y + 3x* — 3x*, (x,y)eR*.
It is easy to show the following properties of this function:
(a) E(—1,0) = E(1,0) = —% < E(x. y) for each (x,y)eR? (x,y) * (—1,0),
(x, 7) # (1,0).
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(b) E(R?) = [~1, ).

(¢) For each c e [—1, ) the set

(9) E(x, y) =c
is symmetric with respect to the x-axis, to the y-axis and with respect to the
origin.

(d) If =% < ¢ < 0, then the set (9) is a pair of closed curves the parts of which over
the x-axis are determined by the function

y(x) = V(2 = Ix* + x%), 0<x; <x<x,, —X,<x<—X

where x; < X, are positive roots of the equation

(e) If ¢ = 0, then the set (9) is a closed curve passing through the origin the part
of which in the first quadrant is described by the function
y(x) =xJ(1 —3x*), 0= x=42.
(f) ¥ ¢ > 0, then the set (9) is a closed curve the part of which in the first quadrant
is described by the function
y(x) = V(2c = x* + x*), 0 x<x,,

where x, is a positive root of the equation

2

Ix* - Ix? =c.

o

Using the properties of the function E we will prove

Theorem 1. If u is a solution of the equation (2) on an interval (a, b) where
0 < a < b < 0, then this solution can be extended in a unique way to the interval

(a, ). Each solution of (2) in (a, o) is bounded together with its first and second
derivative in a neighbourhood of co.

Proof. The uniqueness of the extension follows from the fact that the function
f(r,u,v) = —20/r + u — u? is continuous and locally Lipschitz continuous in the
variables u, v on the set (0, oo) x RZ.

Let u be a solution of (2) in (a, b). Multiplying the identity (2) in (a, b) by the
function u’ we get the identity

w(ryu(r) + w*(r)u'(r) — w(r)u'(r) = -

g‘/l(r)
and hence

(10) %HW%MM=~%#@,a<r<h
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< r<b we have E(u(r), u'(r)) < E(u(ro), u'(ro)). As the set of all (x, y)e R?
for which E(x, y) = E(u(ro), u'(ro)) is compact by the above analysis of the func-
tion E, both functions u, u’ are bounded in [ro, b). This implies that the solution u
can be extended to the interval (a, oo). The extension will also be bounded together
with its first derivative on each interval [ry, c0) where a < ry. On the basis of (2)
the second derivative of this solution will be bounded in the same interval, too.

Thus the composite function E(u(+), u'(+)) is nonincreasing and hence for a < ry <

Corollary 1. The problem (2), (3) has a unique solution in [0, ) for each o € R.
Any other IVP for the equation (2) at ro, 0 < ro < o0, has a unique solution
extending to an interval (a, o0) where 0 < a < 0.

J. Chauvette and F. Stenger in [3], pp. 229—230, assert that numerical experiments.
indicate that each solution of (2) approaches either 1 or —1 or 0 as r — c0 whereby
only countably many solutions tend to 0. This statement is certainly true for constant
solutions u,(r) = 0, u,(r) = 1 and u3(r) = —1 of (2) in [0, ).

Let u be a nonconstant solution of (2) in (a, o) where 0 < a < co. In the proof
of Theorem 1 it was shown that the composite function E(u(+), u'(+)) is nonincreasing
(in fact it is decreasing since the zeros of u’ are isolated) and hence there exists

(11) lim E(u(r), u'(r)) = ¢y .
r-*oo
The property (b) of the function E implies ¢, € [ -1, o0).

Lemma 2. Let u be a solution of the equation (2) in the interval (a, ). If ¢; = —4,
then either lim (u(r), u'(r)) = (1, 0) or lim (u(r), w'(r)) = (-1, 0).

Proof. If ¢, = —1, then for each ¢,, —% < ¢, < 0 there exists an ry, a < ry <
< o0, such that for all r > r, the trajectory (u(r), u'(r)) of the solution u lies in the
interior of exactly one of two closed curves E(x, y) = ¢,. Suppose that it lies in
the interior of the right curve ¢ .. Then for an arbitrary neighbourhood U of the point
(1,0) there exists a ¢3, —% < ¢3 <0 such that the right curve ¥, E(x, y) = c}
together with its interior lies in U, and for ¢} there exists an ry such that for all
r > ry the trajectory (u(r), u'(r)) of u lies in the interior of ¥, and hence in U.
This means that

lim (u(r), u'(r)) = (1,0).
If the trajectory (u(r), u'(r)) of u for r > rq lies in the interior of the left curve ¢_.
of the system E(x, y) = ¢,, then we get

lim (u(r), w'(r)) = (—1,0)
and the lemma is proved.
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Let ¢; > —% and let r, be such that a < ry < co. Then the trajectory (u(r), u'(r)),
ro < r < o0, of the solution u starts on the curve

(12) E(x, y) = E(u(ro), w'(ro))

(or on one of the curves if E(u(ro), w'(r,)) < 0) and the whole trajectory lies in the
interior of that curve up to its initial point, intersects all curves (9) for ¢; < ¢ <
< E(u(ro), u'(ro)) (Whereby for ¢ < 0 we consider only the curves (9) which all lie
either in the right half-plane or in the left half-plane), in the upper half-plane it
moves from the left to the right while in the lower half-plane it moves from the right
to the left, and it lies in the exterior of the curve

(13) E(x,y) =c¢;.

In the sequel we will need the following definitions.

Definition 1. We shall say that the trajectory (u(r), u'(r)) of the solution w winds
up infinitely many times around the curve (13) (if —% < ¢; < 0, then around one
of the two curves (13) which we denote by ¢) if for each half-line p starting at the
origin for ¢; = 0 while in the case —% < ¢; < 0 at exactly that point from the
two-point set {(1,0), (—-1,0)} which lies in the interior of ¢, there exists an in-
creasing sequence {r,} -1, ro <r; <...<r,<... tending to w as n — o and
the corresponding points of the trajectory (u(r,), w(r,)) belong to p.

In the opposite case, i.e. if there exists a half-line p, starting either from the point
(0,0), or from the point (1,0), or from the point (—1, 0) according to whether
¢; 2 0,0or —% < ¢; < 0and the curve ¢ lies in the right half-plane, or —% < ¢, < 0
and the curve ¢ lies in the left half-plane, and there exists a point r; > r, such that
for all r = r; we have (u(r), u'(r)) ¢ py, then we say that the trajectory (u(r), u'(r))
of the solution u winds up finitely many times around the curve (13) (around the
curve ¢ if —% < c¢; <0).

In accordance with the definition of w-limit points and w-limit sets of a trajectory
for the autonomous system we introduce the following definition.

Definition 2. A point (b, c)e R* is called an w-limit point of the trajectory
(u(r), u’(r)) of a solution u, ro < r < oo, if there exists an increasing sequence
{risy,ro<ry <...<r,<..suchthatr,— o asn— o and lim(u(r,), w'(r,) =

n—oo
= (b, ¢). The set Q of all w-limit points of the trajectory of the solution u is called
the w-limit set of the trajectory of this solution.

As the trajectory (u(r), w'(r)), ro < r < oo, of the solution u lies in a compact
set the boundary of which is the curve (12) or one of the curves (12), the w-limit
set Q of this trajectory is non-void. With respect to (11) and to the continuity of E,
Q is a subset of the curve (13) or one of the curves (13) if —4 < ¢, < 0 which as
above we denote by ¢.
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Directly from Definition 1 it follows that if the trajectory of the solution u winds
up infinitely many times around the curve (13) (or around ¢ if —} < ¢; < 0), then
the w-limit set Q of this trajectory coincides with the curve (13) or with the curve ¢.
In fact, for each point (b, c) of the curve (13) there exists a half-line p which starts
at the point determined by Definition 1 and passes through (b, c), and an increasing
sequence {r,} = suchthatrg < ry < ... <r, <... limr, = ooand (u(r,), u'(r,)) e

n—+w

€ p. The points (u(r,), u'(r,)) lie in a compact subset bounded by (12), hence there
exists a subsequence (u(r,,), u'(r,,)) which converges to a point (k, [)€ p. At the
same time (11) implies that E(k, I} = ¢,, hence (k, I) belongs to the curve (13),
thus (k, 1) = (b, c) and (b, ¢) € Q.

Lemma 3. If —1 < ¢, and the trajectory of a solution u winds up finitely many
times around the curve (13) (or the curve ¢ if —% < ¢, < 0) then there exists

fim u(r), (7)) = (0.0).

Proof. Let the half-line p, and the number r; > r, be such as in Definition 1,
that is for all r = r, let (u(r), u'(r)) ¢ py. Clearly the limit set Q, of the trajectory
of the solution u in [ry, c0) is the same as the limit set Q of the trajectory of u in
[ro, ).

We shall prove that Q, is a one-point set. Since the trajectory of the solution u
lies in a compact set, this means that there exists

lim (u(r), w'(r)) = (4o, up)

r— o
and at the same time (uo, u,) belongs to the curve (13). Then w, = 0. since other-
wise u, would not be finite. Simultaneously, E(u,, ug) = ¢, > —1, hence

(14) Iy — lud = ¢,

and further, on the basis of (2), there exists lim u”(r) = u, — ug. This limit should
be 0, otherwise u, would not be finite. Therefore u, is equal either to 0, or to 1,
or to — 1. After substituting into (14) by virtue of ¢; > —1 we get that u, = 0.

Let P, be the intersection point of the half-line p, with the curve (13) (or with
that curve from the pair given by (13) in the neighbourhood of which the trajectory’
of the solution u lies for all sufficiently great ). If ¢; = 0, we consider the intersection
point P; = 0 if such a point exists. If Q; has at least two different points P,, P
which lie on the curve (13), then observing the rule that the movement along this
curve in the upper half-plane goes from the left to the right and in the lower plane
in the opposite direction we conclude that the movement from P, to P or from P; to
P, passes through P,. Consider the case that the movement from P, to P; passes
through P;. Then the trajectory of the solution u for all sufficiently great r lies in
the neighbourhood of the curve (13) and the movement from the neighbourhood
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of P, into the neighbourhood of P; intersects the half-line p,. This contradicts the
assumption of the lemma and hence the proof of the lemma is complete.
Now we prove

Theorem 2. Let u be a solution of the equation (2) in the interval (a, ), 0 <
< a < w. Then

limu'(r) =0
and either
(a) limu(r) =0
or
(b) lim u(r) = |
or
(c) limu(r) = —1.
Proof. By Lemma 2, if ¢, = —%,then the case (b) or the case (c) occurs. Lemma 3

implies that for ¢, > —1 the case (a) occurs provided the trajectory of the solution u
winds up finitely many times around the curve (13). Hence it is sufficient to show
that this trajectory cannot wind up infinitely many times around the curve (13).
Suppose the opposite and consider the case ¢; + 0, ¢; > —1.

Integrating (10) in the interval [r,, c0) where a < r, < o0 we get that

© 12( 4
(15) j 2070 g < o .
ro i

Let ¢ > 0 be sufficiently small (so that the whole curve (13) does not lie in the strip
—& <y <¢). Let us introduce the system of intervals {(a, by)}i%; in [ro, )
in which

(16) u'?(r) > e*.
.Note that there exist u, > 0, M > 0 such that on each interval (a,, b,) we have

[w(&)] = [ ax Z 1805

and simultaneously in [ro, ) we have |[u"(r)] £ M.
By these inequalities we get

g — & = lu'(fk) - u,(ak)l < M(& - a)

and
u, — & < |w(by) — w(&)| £ M(by — &).
Hence
Uy — &
(17) by — a, 22 °M =K, k=1,2,....
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On the other hand, for r € (b, a;+,) we have

(18) |w'(r)] 2 [u(r) = w(r)| -

and thus

2u/( r)>81>0

Iul(ak+l) - ul(bk)l =2 = lu"(’T)l (ak+1 - bk) 2 81(“k+1 - bk) s
which implies that
2e

31

(19) sy — b= =L, k=1,2,....

Let k, > 0 be such that
(20) K = koL.
From (15), (16) it follows that

o0 2 ) by ,, 12 o0 b .2
(21 00>j Mdrzzzj “—('-)dzgzszs—dt
ro t k=1 ), k=1 J g

On the other hand, (17), (19), (20) yield

@ qk+ 1 8

22) 5 —dt>k02f “ar,

k=1 ax

b 2 ar+1 o2

€ €
f —dtgkOJ. —dt
a ! b !

is equivalent to the inequality

because

1 1
E(bk - ak) = ko(”kn - bk);a k=1,2,...

where a, < & < b, <1 < ayy4q.
Then (22) implies that

0 2 ) br 2 e+ 1 2 © bi 52
w = id::}j( dr+ Car) =y (14 L) [ Ear
a ! K=1\J, t b L K=1 ko) Ja t

0
Therefore Y |2 (¢?[r) dt = co, which contradicts (21).
k=1

It remains to investigate the case ¢, = 0. Then we can use (17), but (18) and (19)
can be applied only to that part of the trajectory which does not lie in a neighbourhood
of 0.

Again integrating (10) in (a, 00) we get
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E(u(r). w(r) = j 220 o
and hence
@) W) = w¥() - ’) j s R U
If we put
10) = () = 32,
or) = ()., a<r<w,

then we can write (23) in the form
o(r) = f(r) + f 4o() dt
from where we get
/() + 24 )
and therefore
(24) o(r) = f(r) + ’%[cl — 4 f(ndt], a<r<ow,

where rg € (a, ) is a chosen point and ¢; = [v(ro) — f(ro)] 75-
Comparing (24) with (23) we get that the function

o(r) = r%[cl C 4l f()dl], a<r<oo

is decreasing and lim g(r) = 0.

r—+o

By means of this function we define a pair of functions
(29) Wr) = e, = [, 4 f(1) de,
x(r)=r*, a<r<ow.
This pair defines a new function y, of the variable x by the relation
yi(x) = y[r(x)]
where r(x) is the inverse function of the function x(r) given by (25). Hence y, is

given parametrically by the pair (25). Then

J’1()— () —f(r), a<r< o
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where x = x(r). For any two points x, > x, > a* we get that

(26) yi(x2) = yolxy) = [2yi(x)dx = = [ 4r° f(r)dr.
Since g(r) = yy(x)/x is decreasing to 0 for x — o0, we have that
(27) yi(x) >0 forall x> a*.

By the properties of the function f it follows that in the interval (a, oo) there exists
a sequence of intervals (a,, by), k = 1,2,..., in which f(r) <0 while f(r) 2 0
in (by, a4q)-

Let ¢ > 0 be arbitrary. Then there exists an ro > a such that for all (q, b,) in
(ro, o0) we have

{28) [w(r)| <& and |f(r)| <e.
Further, there exists a ¢, € (a, by) such that

w'(by) — v'(ay) <2

29 by — a, = =
@) iy ’ u"(c) J2 - 2

since

e = = 2 e - )
and
CI.)

Ck

| (ca)| = |ule) — w(e)| — > J2 - 2s.

In the interval (b, a, ) there exist two subintervals [¢;, di], [fx, 9i], be < & <
< d, < fi < g < ayy,, With the property that

[u(dy) — u(cy)] = 2 — 26 and  |u(gy) — u(fi)| = V2 — 2e.

As |w/(r)| £ 1/J/2 + & for r > r,, we have
(30) d, — ¢, = lu(dk\ - u(ck)[ 2 -2 S
wEl 1,
V2
and similarly
(31) g —fizl.
At the same time
(32) f(r)ze in [¢,d] aswellasin [f, 9] -

In view of (28), (29) and (30), (31), (32) we have
— [ 4r f(r)dr — [ 4r° f(r)dr £ 0
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and

— [% 4 f(r)dr £ —¢ [4r*dr < —¢.
Hence

— (P43 f(r)dr — [ 48 f(r)dr < —e¢

and by (26) we conclude
Y [— 4 f(rydr — [perr 4P f(r)dr] =
k=ko

= lim yl(x) - .Vl(xl) = —00,

X— o0

which contradicts (27). This contradiction completes the proof of Theorem 2.

3. ASYMPTOTIC FORMULAE FOR THE SOLUTIONS OF (2) TENDING TO 0

First we derive the estimates for the solutions from below. To this aim we need
the following lemma.

Lemma 4. Let 0 < § < 1. Then the general solution z of the differential equation

(33) o+ E (i -spz=0
r ‘

is the function

1 _, - 1 _
2(r) =ci e 4y - T >0
r r

where ¢y, ¢, are arbitrary real constants, and hence its Cauchy function satisfies

1 t e(1—6)(r—1) _ e—(l—’&)(r—t)

Kyr,t) = - — >0
5( ) 1—96r 2

Sfor0<t<r.

The proof can be done by direct calculation.
Suppose that u is a nontrivial solution of (2) on (a, o) such that lim u(r) = 0.

r—*oo

Then there is an r, > a (without loss of generality we may assume that r, > 1)
such that

(34) lu(;)] <1 for r£r< .
It is easy to see from the equation (2) that #/(r) = 0 cannot occur in [ry, ®) and

thus we have two posibilities:
either

(35) u(r) >0, u'(r)<0, uw(r)>0 in [ry o)
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or
u(r) <0, w(r)>0, w(r)<0 in [ry, ).

Suppose that w(r) > 0 in [ro, 00). The other case can be dealt with by considering
the function —u which is also a solution of (2).
By Lemma 4 u satisfies the equation

(36) u(r) = A 1e”’ + B1 e — J‘ Ko(r, t) u(t) dt
r r ro

where

(37) u(r0)=A1—e"°+B—1—e"’=co>0,
o Fo

-1 1
u’(r0)=Ae—'° — — — | + Be™ L——l; =¢ <0.
r(z, To) fo To

After simple calculations we get that
= 3e"[co(ro — 1) — ¢y7r6] s
B =1e™™[co(ro + 1) + ¢y70] -

Since ro > 1, ¢y > 0, ¢; < 0, we have that 4 > 0. The inequality Ko(r, t) > 0 and
hence

1
0<u(r)§Ale"'+B—e', r=rg
r r

yield that B > 0. On the other hand, this implies that co(ro + 1) + ¢;ro = 0 which,
on the basis of (37), is equivalent to the inequality

w'(ro) 4o +1 >0,

u(ro) Fo
But we can vary r, and thus we obtain the inequality
(38) f‘(_")g_l_l forall r=r,.

u(r) r

By integrating (38) we prove the following lemma.

Lemma 5. If u is a nontrivial solution of the equation (2) in (a, ) with the
property lim u(r) = 0, then there is an r, > max (1, a) such that for all r = r,

r—+o

sgn u(r) + sgn w'(r) + sgn u’(r)
and

u(r) = u("o) roe™ l e™ if u(r)>0 in [ro, oo)
r
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or

u(r) < u(ro) roe™ L if u(r)<O0 in [re, ).
r
Let 0 < & < 1. As the equation (2) can be written in the form
u"+2—u~——(l —Vu=u—-(1-06"u—u’,
,

u satisfies the equation

1 1 -
u(r) = A; e 479" + B - e 7" 4
r r

+ [ Ko O [(1 = (1= 0)) u(t) — w’(1)] dt.

Let |u(r)] < 1in [ry, o0), u(r) > 0, u'(r) < 0 in the same interval. Then there exists
an r; > ry such that

[t = (=0 Tu(r)— u’(r)>0 forall r=r.

This implies that

(39) u(r) > A, 1 e =9 L B, 1e(l“")’ , r=rg.
r r
Further,
1
(40) u(r,) = A4, - e 79 L B, rie“_")” =d, >0,
1 1

ey = o (-

1

ril(l - 6)) +

o 11
+Ble(l 5)1<__;2_+___(1—6)>=d1<0.

1 ry

_ After some calculations we get the relation

1
Ay = ——[do(r(l = 8) = 1) = dyr ] et >0,
1 2(1-—5)[ 0( 1( ) ) 1 1]
because d, > 0, d; < 0 and r; can be taken sufficiently great.
Further,
(41) B, = hl—‘ [do(l'l(l -8+ 1)+ diry] e~ (1=dr

21 - 5)
By (39) we obtain that

1 1 _
1>u(r)> A, -e 0"+ B~ e r>p.
r r
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hence B; < 0. On the basis of (40), (41), the last inequality is equivalent to the
inequality

f‘(_”l)§_<1_5+]_>_

u(ry) ry

As we can vary r;, we come to the inequality

e fi-0s).

and integrating we conclude that

P B
u(r) < u(ry) re " = eI oy >y
Hence the following lemma is true.

Lemma 6. If u is a nontrivial solution of the equation (2) in (a, %) with the
property limu(r) = 0, then there exists an ry 2 ro > max (1, a) where ro, was

r— o

determined in Lemma 5, such that

(42) u(r) < u(ry) rie =om ! e (1-ar
r

v

ry if u(r)>0 in [ro, ),
and

u(r) = u(ry) rett=om 1 e Ty dif u(r) <0 in [re, ).
r

1%

Remark. Lemma 5 and Lemma 6 describe the asymptotic behaviour of the
solution u of (2) which tends to 0 as r — co. The estimate (42) can be improved.
To this aim we write (36) in the form

u(r) = Lo (A 4 1 [ tet wd) dr) + LB — 1 1 et ud(i) i) .
r r
Further,
B — i te”u(t)dt = B — (e ud(t)dr +

+ 3 [ete tud(t)dt =B —a+ [P tetud(t)dt.
As

lim u(r) = lim —l—rJ. te' u*(t)dt = lim
ro

r—o row 4lC

! te'u¥(t)dt = 0,
reo2re”" ),

the equality B — a = 0 must be valid and hence the modified form of (36) is

(43) u(r) = - e"(A + 3 [l et w(r)de) + — e 4 [P e u¥(t)dr.
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Further, on the basis of Lemma 6 we have that

r . r 1 r ]
J' te! Lt"’(?) dt < (,3‘[ = et—3(l—6)t dt = 63'[ _Ze~2r+3az dt, r=r,
t t
ry

ry ri

and the last integral is convergent as r — oo if § < %. Then
T et wd(ryde = % [ et ui(t)de — 4 [P et ui(r) dt,

and the following lemma is true.

Lemma 7. If u is a nontrivial solution of the equation (2) in (a, ) with the
property limu(r) = 0, then there exists a constant A, such that u satisfies the

r—= o
integral equation

(49) ()= At e+ [P Ko ) ud(n)dr.

To investigate the existence of a unique solution of (44) we begin with the following
lemma.

Lemma 8. Let 0 < 6 <%, K 2 4, > 0, r, 2 K*/(24;) and let
E = {ue C([r )0 S () 5 e, 1y S 7 < oo}.
Then the operator T defined in E by the relation
(45) Tu(r) = A, )l e+ [P Ko(r,t)u(r)dt, ry<r<ow, uek

maps E into E and is antitone.

Proof. As 6 < %, for each u € E the integral [} u*(t)e't dt converges as r — oo,
hence T is well defined and the function Tu is continuous. As Ko(r, t) < 0 for t > r,
Tis antitone in E, that is if u;, u, € E and

uy(r) S uy(r) forall r=ry, then Tuy(r) = Tuy(r)

in [ry, »).
Further,
1 -r K —r+or
(46) TO) = A,-e "< —e , 1 Sr<ow,
r r
and

w Bz
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if and only if

3 © K3 1 1
K e T lc-l'”"‘ dt — —e'| e #BMdr<A,-e",
2r r t? 2r rt r

r=r,.

The left-hand side of the last inequality is smaller or equal to

3 0 K3 © 1 K3
K er [Pl gmavanrgr < Zer | Sdr =",
2r .t 2r L1 2r?

Hence (47) will be satisfied if

3
K1
2r? r
and this is true for all » > r,. As T is an antitone mapping, (46) and (47) imply
T(E) < E.
In C([r;, o)) consider the sup-norm |- |. Then the following lemma holds.

Lemma 9.If0 < 6 < tandr, 2 K?|24, is sufficiently great, then the operator T
given by (45) is contractive in E.

Proof. Let u,ve E. Then [u*(t) + u(t) o(t) + v*(t)] < (3K?[*) e 207", r, <
<t < o and hence

)

3K? 5
() () = T(&) ()] = 57 (Kol 0] 2= €74~ du = o
T, Sr<ow.

As lim 3(K?[r) [© (1/t)e*7"*?% dt = 0 in view of the inequality & < , there

exists an r, = K3/24, such that for all r = r, the last expression is smaller than 1
and hence T is contractive.
Finally we prove a theorem which improves the result by G. Sansone in Theorem 5,

[5]. p. 18.

Theorem 3. For each nontrivial solution u of the differential equation (2) with
the property lim u(r) = O there exist numbers r, > 1,0 < Ay < A, such that
1, 1,
(48) As-e " S |u(r)| S A,-e7", rzr,.
r r

Proof. We know that there exists an interval [ro, 00) such that either u(r) > 0
holds in this interval or u(r) < 0 in [ry, o). Consider only the case (35). Lemma 5
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gives an estimate from below
1 -r
wr) 2 As-e™", rgSr<ow
r
while Lemma 6 yields an estimate from above

1 _ -
ur) < K-e 4" i <r<ow.
r

Lemma 7 says that u is a fixed point of the operator T. As u € E and by Lemma 9 T'is

contractive in E when r, is sufficiently large, u is the unique fixed point of this operator

and the method of successive approximations is applicable. Since T is antitone, the

inequalities 0 < u(r) < (K/r)e”""®" yield the estimates u = Tu < T(0) =

= Ay(1/r) e™" for all sufficiently large r. Hence (48) is true and the theorem is proved.
Lemma 8 and Lemma 9 imply the following theorem.

Theorem 4. There exists an uncountable one-parametric system of solutions u
of the equation (2) with the property
(49) limu(r) = 0.

Proof. Let 4, € R and consider the integral equation (44). If 4, > 0, then in
Lemma 8 we choose K = 4,,0 = tandr, = A§/2 sufficiently large. By this lemma

the operator T defined by (45) maps E into itself. From the proof of Lemma 9 it
follows that the operator T is contractive if r, has the property

2 00
&e_'l le"/2 dt <1,
2r, t

r2

Then the equation (44) has a unique solution in E and hence it satisfies the in-
equalities

(50) 0§u(r)§ﬁe_3/4’, r, Sr<o.
.

The same conclusion holds if 4, < 0. In this case the proof proceeds similarly with
the only exception that E = {u € C([r,, ©)): 0 = u(r) = (4,/r)e™**,r, < r < }.
If A, = 0, then (44) has a trivial solution in (0, o).

Let 4, > 0. By (50) it follows that 0 < (r/2) e" u?(r) < (43/2r*)e™**" in [r,, ®0)
and therefore [ (t/2) e’ u?(1) dt exists and the integral equation (44) can be written
in the form

u(r) = (Az - r ; e' u¥(1) dz) L

ra r
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+ J- %e”’ u(t) di 16’ — J. Ko(r, ) u(t)dt,
r r

r2

I Sr<o.

By virtue of Lemma 4 u is also a solution of the differential equation (2) which
satisfies (49).

4, ZEROS OF THE SOLUTIONS OF (2)

Denote by u(+, «) the solution of the initial value problem (2), (3) in [0, ). By
Corollary 1 it exists and is uniquely determined by o. With help of Lemma 4 we
get that it satisfies the integral equation

(51) ufr) = 25 —fKo(r, Nud(i)di, 0<r<w.
r 0

Conversely, if u € C([0, «0)) is a solution of (51), then it satisfies the initial value
problem (2), (3) in [0, o).
Similarly, if we write (2) in the form
" + 2“’ 3

u — =U —Uu
r

we get that u’ = (-, «) satisfies the integral equation

(52) w'(r) = ;15 j.rtz[u(t) — u¥(r)] dt k 0<r<ow

and hence

lim 24/( ) = 11m 3u(r, o) — u(r, o)) = 3{a — o?).

r—-0+ r r—0
Putting this result into (2) we get u(+, o) has the second derivative at 0 and

w'(0, o) = lim w'(r, ) = 3(x — &%)
r-+0+
By means of these considerations we prove the following theorem.

Theorem 5. The solution u = u(r, o) of the initial value problem (2), (3) con-
tinuously depends on o on each compact interval [0, ry], ro > 0. In other words,
if o, = o for n — oo, then the sequences {u(-, «,)} and {w'(-,0,)} converge locally
uniformly to u(+, «) and u'(+, o), respectively, in the interval [0, ).
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Proof. It suffices to show that the above mentioned convergence is uniform on
each compact interval [0, ro]. Let E be the function determined by (8). Since the
sequence E(u(0, «,), u’(0, a,)) = 4o — 17 is bounded, and by (10) the functions
E(u(r, ,), w'(r, «,)) are nonincreasing in the variable r, the curves (u(r, o), u'(r, %)),
0 <r =< lie in a compact set. Thus the sequences {u(r,a,)}, {u'(r,a,)} are
uniformly bounded in [0, ] and from (52) it follows that the sequence {(2u/(r, ,)/r}
has the same property. By (2) we finally get that {u"(r, o)} is uniformly bounded
in [0, ro], too. The Ascoli theorem then gives that there exists a subseuence {a,,k}
of the sequence {w,} such that the sequences {u(r,a,)} and {u'(r,=,)} converge
uniformly in [0, ro] to the functions v and v', respectively.

By (51) we have

r — -r r
u(r, o,) = % % - J. Ko(r, t)u(t, o, )dt, 0 <r <.

0

The limit process leads to the relation

or) = g&f__e; —J.Ko(r, HoX)dt, 0<r=r,.
r 0

By the uniqueness of the solution of the initial value problem (2), (3) we get that

o(r) = u(r,«), 0 < r < r,. Since each subsequence of the sequence {u(r, a,)} has

a subsequence, say {u(r, ,,)}, such that the sequences {u(r, «, )} and {u'(r, a, )}

converge uniformly on [O, ro] to the same functions u(r, «) and w'(r, a), respectively,

the whole sequences {u(r, «,)} and {u'(r, o)} converge uniformly on [0, r,] to the

functions u(r, «) and u'(r, «), respectively. The proof of the theorem is complete.
By Theorem 2, there exists lim u(r, o) = l(x) € {—1, 0, 1}. Denote

r—oo

N_; ={aeR:limu(r,a) = —1},

{oeR: limu(r,a) = 1},

{e e R: lim u(r, o) = 0} .

Clearly R = N_; UN;UN,, 0e Ny and N;nN; =0 for i +j, i,je{—1,0,1}.
If u is a solution of (2), —u is also a solution of this equation. Hence x € Ny (¢ e N_;)
implies that —a e N_; (—a e N,) and a € N, iff —a € N,. Further properties of the
sets N_;, N;, N:

N,

I

No

1. The sets N_,, N, are open (in R).

Proof. We only prove that N_, is open. Similarly the openness of N, can be
proved. Let «, € N_,. Then there exists an r, > 0 such that the trajectory (u(r, o),
w'(r, o)) of the solution u(r, a,) lies in the interior of the left curve E(x, y) = ¢,
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for a ¢;,, =% < ¢; <O, for all r = ro. By Theorem 5 this implies that for a suf-
ficiently small ¢ > 0 there exists a 6 = (ro, &) > 0 such that for all &, | — o] < &
we have |u(r,a) — u(r, ap)| <e, |u'(r,a) — u'(r, %) <& in [0,r,]. Hence for
these o — s, the point (u(ro, a), u'(ro, ®)) also lies in the interior of the left curve
E(x, y) = ¢, and therefore lim u(r, ) = —1 for a, |a — o| < 4.

2. (0,2] = N,.

Proof. If a €(0, \/2], then the initial point (#(0, ), u'(0, «)) of the trajectory of
the solution u(r, o) lies in the interior (or on the boundary if @ = /2) of the right
part of the curve E(x, y) = 0 and, since E(u(r, «), u'(r, a)) is decreasing in r, the

cases lim u(r, ) = 0 and 11m u(r @) = —1 cannot occur. By Theorem 2 the only
possibility is that lim u(r, oz) = 1 and hence a € N;.

The statement 2 implies

3. [-V2,0)cN_,.
Due to the uniqueness of the initial value problem for the equation (2)
lim u(r, o) & 0, then u(r, a) has only finitely many zeros, or no zero. By Theorem 3

r— oo
the same is true for nontrivial solutions u(r, oc) with lim u(r, oc) = 0. Hence it makes

r-ow

sense to define a function
n:(—,0)u (0, 0) > R
by the relation

n(e) is the number of zeros of the solution u(r, o).

The following statement is true.

4. The function n is constant on each component of the set N, and on each
component of the set N _ .

Proof. We prove the statement only for N;. For N_; it could be proved analo-
gously. The open set N, consists of at most countable many components which are
open intervals by the statement 1. Let (a, b) be such an interval. We assert: The
function n is continuous in (a, b). Indeed, if a, € (a, b), then lim u(r, «;) = 1 and

there exists a point ro > 0 such that the point (u(ro, o), u'(ro, %)) of the trajectory
of the solution w(r, a,) lies in the interior of the right curve E(x, y} = ¢, for a c,,
—2% < ¢; < 0. By Theorem 5 it follows that for all « sufficiently close to «, the graph
of the solution u(r, a) lies in an e-neighbourhood of the graph of the solution u(r, o)
on the interval [0, r,], and the point (u(ro, @), w'(ro, ®)) also lies in the interior of the
right curve E(x, y) = ¢,. This implies that neither u(r, a;) nor u(r, ) has a zero in
the interval (r,, o). By the fact that the local maximum of the solutions u(r, @) lies
in the set (—1,0) U (1, o) while the local minimum of these solutions belongs to
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the set (—o0, —1) L (0, 1), as well as by the fact that the graphs of the solutions
u(r, o) are near to the graph of u(r, a,) it follows that u(r, «) have the same number
of zeros in [0, ro} as the function u(r, «,). Hence n(a) = n(a,) for all « sufficiently
close to oy. This implies the continuity of the function n in (a, b) and, as this function
attains only values from the set of nonnegative integers, we get that it is constant
in (a, b).

From the proof of the statement 2 we get the following statement.

5. The equality n(r) = 0 holds in (0, 2] U [—+/2,0).

Using again the continuity of u(r, &) with respect to « we come to the next state-
ment:

6. If o =% 0, then there exists a § = 8(ag) > 0 such that
n(e) = n(wy) for each ae(ong — J, xy + J).
In other words, the function n is lower semicontinuous.
7. Let o > 0 (o < 0). Then
aeN, implies that n(x) is even (n(a) is odd) .
aeN_, implies that n(«) is odd (n(x) is even) .
On the other hand,
n(a) is even (n(ot) is odd) gives that xe Ny U N, .
n(at) is odd (n(e) is even) gives that «e N_; U N, .

Suppose that o = 0. If u(+, o) attains a local maximum (a local minimum) at
ro = 0, then by the equation (2) either u(ro, @) 2 1 or —1 =< u(ry, @) < O (either
w(ro, @) £ —1 or 0 < u(rg, «) < 1). Since the function E(u(-, ), w/(+, «)) is non-
increasing, we conclude that if E(u(ro, o), u'(ro, @)) < 0, then u(+, a) has no zeros
in [ro, ) and either lim u(r, @) = 1 or lim u(r, «) = —1. Thus the following state-
‘ment is true: roe e

8. Suppose that o + 0. If u(-, oz) attains a local maximum at ry = 0 and
I <u(rg, o) £v2 (=1 = u(re, a) <0),

then u(+, o) has no zeros in [ry, ©) and x € Ny (x€ N_y).

Further, if u(+, &) attains a local minimum at ry 2 0 and
V2 L2 u(rg, ) £ =1 (0 < u(re, o) £ 1),

then u(-, o) has no zeros in [ry, ©) and € N_, (¢ € N,).

Theorem II in [4], p. 479, implies the existence of a sequence {o};%; such that
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u(+, %) has exactly k — 1 zeros in (0, c0) and lim u(r, o) = 0, hence =z €N,
and n(ot,,) =k—1, k=1,2,.... Theorem 4.1 in [1], p- 86, asserts that there
exists at most one value «; with the above mentioned property. The numerical

evaluation of some o, can be based on the following theorem.

Theorem 6. If 0 < & < & and n(&@) + n(&), then there is oy € [&, 4] such that

lim u(r, ay) = 0.

r—o

Proof. If at least one of the numbers &, & belongs to N, the theorem is true. If
both &, &€ N,y U N_,, then in view of the statement 4, &, & belong to different
components of N; U N_; which are disjoint open intervals. Hence there exists
an o, € (&, &) from the complement of Ny U N_, i.e. o € N,

Remark. The values of the function n can be calculated with the help of the
statement 8. '
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Suhrn

O NIEKTORYCH VLASTNOSTIACH RIESEN{ DIFERENCIALNEJ ROVNICE
W4+ —=u—u

¥
VALTER SEDA, JAN PEKAR

V praci sa dokazuje, Ze kazdé rieSenie u(r, «) zaiatocnej lohy (2), (3) ma kone€ni limitu,
ak r— o0 a urleny je asymptoticky vzorec pre netrividlne rieSenie u(#, «) idice k 0. Dalej sa
existencia takéhoto rieSenia dokazuje pomocou skumania po&tu korefiov dvoch rdznych rieSeni
u(r, @), u(r, o).
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