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Summary. The paper deals with the optimal inspections and maintenance problem with
costly information for a Markov process with positive discount factor. The associated dynamic
programming equation is a quasi-variational inequality with first order differential terms. In this
paper we study its different formulations: strong, viscosity and evolutionary. The case of impulsive
control of purely jump Markov processes is studied as a special case.
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1. INTRODUCTION

In this paper we study problems of impulsive control of a Markov process with
costly information available only in inspection and renewal periods. In Section 2
we give auxiliary results concerning different formulations of the first-order vari-
ational inequalities: strong, evolutionary and viscosity. In Section 3 we solve a prob-
lem of optimal inspections and renewals for a Markov process with positive discount
factor. We apply the technique of quasi-variational inequalities. In Section 4 we
solve this problem for Feller jump processes. Here the value function is a strong
solution of a quasi-variational inequality.

Optimal inspections and maintenance with discounted cost for Wiener processes
was studied by Anderson and Friedmann in [1], and for Feller processes by Robin
in [9]. This paper generalizes results of Anderson, Friedmann and Robin.

2. AUXILIARY RESULTS FOR FIRST-ORDER VARIATIONAL INEQUALITIES

Let E be a locally compact topological space. Denote by C,(E) the space of all
continuous bounded functions on E. Denote by |- the “e ssup” norm reduced
to the norm “sup” on C,(E). In this section we study the following two formulations
of variational inequalities:
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LetxeEands, teR,.
a) Evolutionary formulation:
(i) o(x,s) Sv(x,0)e™ ™ + [Lg(x,u)e ™ Ddu, t=s,
(1) (i) v<h,

(i) g—tv(x, ) — av(e, i)+ g(x. ) = 0 if o(x, 1) < h(x,1).
b) Strong formulation:
@) (Z% o(x, 1) — o o(x, 1) + g(x, t)) A (h(x, ) — o(x, 1) = 0.

We use the notation @ A b = min {a, b} and a v b = max {a, b}. We will say that
ve C(E x R,) is an evolutionary solution of (2) if v satisfies (1).

Let us recall the definitions of strong and viscosity solutions of a variational
inequality:

Definition 1. [2, 3] 1. We call ve C,(E x R,) a strong solution of (2) if v(x, *) is
absolutely continuous on R, and (2) holds for almost every t e R, and every x € E.

2. We call ve C,(E x R,) a viscosity solution of (2) if
(i) (p—av(x,t) + g(x, 1)) A (h(x, 1) — v(x,1)) <0 for any x€E, teR, and
pe D™ v(x, t), where the subdifferential D™ v(x, t) is given by D~ v(x,t) =
= {peR:liminf|s|™" {v(x, t + 5) — v(x, 1) — ps} = 0} ;
s—=0

(i) (p—av(x,t)+ g(x, 1)) A (h(x,t) — v(x,£)) = 0 for any x€E, teR, and
pe DY u(x, t), where the superdifferential D* v(x, t) is given by D* v(x, t) =
= {peR: lin:f:)lp Is|~* {v(x, t + s) — v(x, 1) — ps} < 0}.
Here we consider x only as a parameter.
Remark 1. If v is a viscosity solution of (2) and v(x, *) is absolutely continuous

then v is a strong solution of (2).

Proposition 1. Let g, he C,(E x R,). Then there exists a unique evolutionary
solution ve C,,(E X R.) of the varitational inequality (1), namely

(3) v(x, s) = inf e*{[; g(x, u) e™™ du + h(x, t)e"*}.
t=s
Moreover, v is a viscostty solution of (2).
Remark 2. We put h(c0)e™** = 0 for any bounded function h on R,.
Continuity of v is implied by the following lemma:
Lemma 1. [9] Let g,he C,(E x R,) and let v be defined by (3). Then
ve C(E x R,) and -
4) v(x,s) = e={[{ g(x, 1) e™* du + h(x, t(x,s)) e "=} |
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where t(x,s) =inf{teR,:t = s, v(x, 1) = h(x, 1)} (f(x,s) = +oo if v(x, 1)<
< h(x,t) forany t Z's). O

Proof of Proposition 1. Uniqueness. By (1) (i) and (1) (ii), v(x,s) <
< h(x, 1) ™9 4 [Tg(x,u) e™*®~9 du for any t = 5.

Let V= {(x,f)e E x R,:v(x,t) < h(x, 1)}. Notice that V is open. By (1) (iii),
for any t < #(x, s) we have
(%) o(x,s) = v(x, ) e *¢9 4 [ig(x,u) eV du.
Since v is continuous,

o 5) = €[ g, ) €™ du + K, 15, 9) €

Hence o(x, s) = inf e*{{! g(x, u) e™* du + h(x, t)e™*} and the solution of (1) is
unique. tas
Existence. Let v be given by (3). Obviously v satisfies (1) (ii). Besides,

v(x, s) = infe™{[* g(x, u) e du + h(x,t)e™*} <
t=s
<infe®{[' g(x,u)e™du + h(x, ) e™™} = v(x, r)e” ™ +
t=r
+ [fg(x,u)e ™™ 9 du, where r=s.
Therefore v satisfies (1) (i).

Let (x, s) be any point from V. There exists an ¢ > 0 such that {(x,u) e E x R,:

ue(s —¢ s+ ¢)} < V.Then

o(x,s) = o(x, 1) e™ 79 + [l g(x,u) e du
foranys £t < s+ gand

o(x, 1) = v(x,s) e™*" + [$g(x, u) e *“ ) du
foranys —e <t <s.

Letting ¢ tend to s and dividing by |t — s| we get (1) (iii). To prove that v is a visco-
sity solution of (2) notice that either v(x, t) = h(x, t) or v is differentiable at the
point (x, f)and D™ v(x, t) = {g v(x, t)} Henceand by (1), (p — oav + g) A (h — v) <

t

< Oforany pe D™ v(x, t).
To prove that (p — ow + g) A (h — v) = O for any pe D* v(x, t) suppose that
p < av(x,t) — g(x, t). By (1) (i),
p < liminfs™'{o(x, t + 5) — v(x, 1)} .

504+
Hence
(6) 0 < lim inf s~ *{o(x, t + 5) — v(x, t) — ps} <
504+
< limsup |s|""{o(x, t + s) — v(x, 1) — ps} .
s—=0

Therefore p¢ D* v(x, t) and (p — av + g) A (h — v) = 0 for any pe D* v(x, ¢).
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3. OPTIMAL INSPECTIONS AND RENEWALS FOR FELLER PROCESSES

The aim of this section is to solve an optimal inspections and renewals problem,
i.e. to characterize the value function and to find the optimal impulsive policy (if
it exists). Controller’s interventions will be described as follows: Dynamics of a pheno-
menon is described by a Markov process. The controller does not observe this
phenomenon directly, he can only choose certain time periods to make an inter-
vention: to shift the process to a new state or to make an inspection.

After each intervention the controller determines:

(i) when to make the next intervention;
(if) type of the next intervention (renewal or inspection).
Formal description is the following:

Let X = (.Q, F, F .\ X, Px) be a Markov process on a locally compact state
space E describing the dynamics of a phenomenon without controller’s interventions.
Denote the transition semigroup of X by &, i.e. @, f(x) = E, f(x,) for any f € C,(E).
Let X be a Feller process, i.e. the semigroup @ satisfy:
1. @,f(x) > f(x) as t > 0 for any fe C,(E).
2. ¢,fe C,(E) forany f e C,(E).
The generator of @, in C,(E) will be denoted by (4, 2(4)).

Let (@Y, #®", x{°) be the control reference probability space, where x{°(w) =
= (x}(0), x} (@), ...) = (x/(@,), x(@,), ...) for © = (0, w;, w3,...) e 2", and let
F1=0(4y x Ay x ... A;e F, for i < nand 4;€{0,Q} for i > n). A sequence
n = (t,, &) will be called an impulsive control policy, if

(i) ,=2z1-yand7, > 0,

(ii)

: 1 2

T, 18 @ 0(xg, Tyy X215 vy Tyo g, X
ees . 1 2 n
(iii) &, is a o(xg, Ty X715 eves Tym 1, X

)-measurable random variable on R,
- 1)—measurable random variable on U! =
Uu {6}, where U < E is the set of the admissible starting points after each

renewal and J ¢ E, &, € U means that the n-th intervention is a renewal to the

point &,, while £, = 6 means that the n-th intervention is an inspection.
Denote by IT the set of all impulsive control policies. For any impulsive policy = € IT
there exists a probability measure P} such that (see [8]):
(iv) (@Y, #®N #|,x,, PL) is a Feller process with transition operator @,
(v) PYx} = {y-q for t < 7,_y) =1 for n = 2, where

& it &,eU,
-]

n

x;  otherwise.
n

(vi) w(x}) — [t _ .  Aw(x])ds is an Z]-martingale for any we 2(4) and n = 2
(in other words x] is a Markov process with the generator 4 and birth time
Tum1)-

Let f (holding cost) be a bounded, continuous function on E and let ¢ (inspection

or switching cost) be a bounded continuous function on E x U'. Recall that U =
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= U v {6}, where U < E and 6 ¢ E. Define the cost function J by

I(s,m) = {2 fr) e du + 3ol &) e

where
e .
— ni
Ve= 2 %l zieny -
i=1

Our aim is to characterize the value function w(x, t) = inf Ef J(t, n) and to find

nell
T 2t

an optimal policy (if it exists). As we know from the theory of impulsive control
the value function w yields the complete characterization of the optimal policy.
The tool is the following quasi-variational inequality:

(i) wix,s) S w(x,t)e™ ™ + [t @, f(x)e™™* 9 du,

(7) (ii) w(x, 1) < M w(x, 1),
(iii) o/ot w(x, t) — aw(x,t) + @, f(x) =0 if w(x, 1) < Mw(x,1),

where

(8) M w(x, 1) = Mo w(x,t) A My w(x, 1),
9) Mg w(x, t) = E,[c(x,, 8) + w(x,, 0)] .
(0)  Mywsd) = inf (£, 3) + w(0))

Theorem 1. Let Al. U' = U U {5}, where U < E is a compact set and § ¢ E,
and let o be a positive number and f and c given functions, satisfying

A2. fe C(E)andf = 0.

A3. ceC(E x U and c 2y > 0.
Then there exists a unique solution we C,(E x R.) of the quasi-variational ine-
qualtiy (7), namely

(11) w(x, t) = inf EX J (¢, ) .
nell
Tt

Moreover, there exist two functions T*: E —» R, and &: E — U?! given by
(12) T*(x) = inf {s = 0: w(x,s) = M w(x, s)}
and
(13) M w(E(x), T*(x)) = E{e(¥ram» E(x)) + w(l(x), T*(x))} »
where

_fix) if &x)eU,
(14) {x) = {xmx) otherwise ,
such that

w(x, 0) = inf Ef J(0, @) = E%" J(0, n*)
nell
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wheren* = {(1), ¢7, ©(2), &3, ...},
1(0) =0, (n+ 1) = T*(x[5') and &' = &x0)).

Remark 3. The assumption f = 0 is not restrictive since we can add any constant
to f and w without changing the optimal policy.

The proof is based on the following lemma:

Lemma 2. [7,10] Let T be a nondecreasing and concave operator on
C(E x R,); ={geCyE x R,):g 20} and let ue C,(E x R,),. Assume that:
(i) thereexistsa B e (0, 1) such that pu < T(0),

(i) T(u) £ u.
Then there exists a unique solution ve C,(E x R.), of the equation T(v) = v and
T"(u) — vuniformly.

Proofof Theorem 1.
Define an operator Ton C,(E x R.), by

(15) T(u)(x,s) = 11211: e*{[i @, f(x)e™dr + Mu(x, 1) e }.

The operator T is concave and nondecreasing as an infimum of affinic functions.
Let

(16) u(x,s) =e* [? @, f(x)e ™ du.
Notice that '
u(x,s) = e={[; ®, f(x)e™™du + u(x,t)e”™} forany s=<1t= +oo.

Thus T(u) < u. Since u is bounded, there exists a § € (0, 1) such that fu < y (y from
assumption A3). Obviously Bf < f. Therefore pu < T(0).

Hence there exists a unique fixed point w of the equation T(w) = w. By the same
argument as in [9], for any = € IT we obtain

w(x,0) < E, J(0,7n) and w(x,0) = E, J(0, n*)
by iterating the operator T.

This completes the proof.

Corollary. By Proposition 1, under the assumptions of Theorem 1, w is a viscosity
solution of the following quasi-variational inequality:

(17) (% w(x, 1) — aw(x, 1) + <15,f(x)> A (M w(x,t) — w(x, 1)) = 0.

For certain classes of Markov processes (studied in the next section) this quasi-
variational inequality has a strong solution.
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4. THE CASE OF FELLER JUMP PROCESSES

Let X be a purely jump Markov process with a finite number of jumps on every
bounded interval on E — a closed subset of R". A jump Markov process X is de-
termined by a following pair (k, 1), where

1. k is a nonnegative, bounded function on E,

2. p(x, ) is a probabilistic measure on E\ {x} for x e E.

Denote the jump periods of the process by Ty, T, ...,. The process X is a Markov
process with the following dynamics:
(i) x,=x for t<T, P, - as.,
(i) P(T, > 1) = e "
(iii) P,(xy, € B) = u(x, B).

Lemma 3. [5] Let the following conditions be satisfied:
Bl. ke Cy(E),
B2. [ w(y)u(-, dy) e C,(E) for any we Cy(E).

Then X is a Feller process. O
Lemma 4. [4, 5] Let Bl and B2 be satisfied. Then

(18) (6for) @, g(x) = AP, g(x) forany geCyE) and t=0,

where

(19) A u(x) = k(x) [5 (u(y) — u(x)) u(x, dy). 0
Remark 4.

(20) |Ag]l = 2[k] . g] forany geCyE).
Proposition 2. Let A1—A3 and B1—B2 be satisfied. Let w be defined by (11)-

Then w(x, *) e W"*(R,) for any x € E and sup ||w(x, *)||y,, < o0, where W"”(R+)

xeE

is the space of Lipschitz continuous and bounded functions on R, and ”le is the
norm in WH=(R ).

Remark 5. We will use the following property of the space W"*(R,): Let z be
a function z: R, x K — R, where K is an abstract set. If |z(+, k)|, ,, < Lfor any
keK then [inf z(, k)|, ., < L.
keK

The proof of Proposition 2 is based on the following lemma:

Lemma 5.[9] Let g € C,(R.) and he W"*(R.). Let
o(s) = infe™{[i g(u) e™™ du + h(t)e™™}.
t=s

Then ve W'=(R.) and |[v'] < 3|lg| + |#'].
We give here a new simple proof of Lemma 5.
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Proof of Lemma 5. Let ¢ > 0. Compute that
(21) (9)as) {e= [** g(u)e™ ™ du} = o e™ [** g(u) e™™ du + g(s + 1) e™* — g(s).
Denote L(s, ) = [3*" g(u) e™*“ 9 du + h(s + t)e™*. By (21), L(+, t)e W"=(R,)
and (9/0s) L(s, 1)| < 3[lg| + ||| for any s, ¢ > 0. Further, by continuity of L,
v(s) = inf L(s, f) = inf L(s, 1.
t=0 t>0

Henceve W'=(R,)and o] < 3|g] + ”h’[]. O

Proof of Proposition 2. Denote wy(x) = w(x, 0) and ¢,(x) = ¢(x, y) for y e U'.
Compute that

|(0/01) ®; ¢)(x)| = |4 ¢,(x)| < K] . [¢| forany yeU"' and 120,

(3/0t) @, wo(x)| = @4 wo(x)| < «™* . [K]| . [[f] forany z=0.
Moreover,

(22) M w(x, t) = min {®, c;(x) + @, wo(x), 11615 [®; c)(x) + wo(¥)]} -
Thus
I(aor) Mw| < (=" . [£] + [e]) - [&] -
Since [w]| < a=!. |f]| then [Mw| < o' . [f] + “c” Hence M w(x, ) e W"*(R.)
and [Mw|, o, < (@' |f] + [e]) (1 + |k]). By virtue of the relation

w(x, s) = inf e*{f; ®,(x) 6™ du + M w(x, t) e~}
t=s

and by Lemma 5 we have w(x, *) e W"®(R,) and |[Mw]|, ,, < K, where the constant
K is independent of x.

Corollary. By Remark 1 w is a strong solution of the variational inequality (17).
Proposition 2 generalizes the results obtained by Robin in [9] (section 5) for
Markov processes with countable state space.
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Souhrn

POZNAMKA O IMPULZNIM RIZENI FELLEROVYCH PROCESU

DARIUSZ GATAREK

Clanek pojednava o problematice optimalniho reZimu prohlidek a udriby systému, jeho#
vyvoj je popsan markovovskym procesem. PtfisluSna soustava kvazivariaCnich nerovnic obsahuje
diferencialni €len prvniho fadu a autor se zabyva tfemi typy jejich feSeni — silnym, visk6znim
a evolu€nim. Pozornost je vénovana specialnimu pfripadu, Ze vySe uvedeny markovovsky proces
je po Castech konstantni.
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