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Summary: One parabolic integrodifferential problem in the abstract real Hilbert spaces is
studied in this paper. The semidiscrete and full discrete approximate solution is defined and the
error estimate of Rothe’s function in some function spaces is established.
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1. INTRODUCTION

The method of lines (the Rothe method) is a convenient tool for the theoretical
analysis of the evolution equations (see [4], [5], [9], [10], [12], [13], etc.), solution
of which is reduced to the solution of the corresponding elliptic problems. This fact
can be exploited in the numerical analysis, too.

A problem similar to the PC-1 is studied in [4], including the proofs of existence,
uniqueness and regularity of solution. The rate of convergence 0(4t'/?) of Rothe’s
function in the space C(J, H) and L,(J, Y) is established. Under certain assumptions
on the approximation of Y by the finite dimensional subspaces Y,, the convergence
of the full discrete approximate solution in C(J, H) and C(J, Y) is proved.

The convergence of the semidiscrete PC-1 solution in C(J, H), C(J, Y) is obtained
analogously as in [4]. The rate of convergence in C(J, H), L,(J, Y) and C(J, Y)
is respectively O(4t), O(4t) and 0(4t'/?), while for du in L,(J, H) it is 0(4'/%).
Similar results hold for the full discretization (in time and in space), but the error
estimates depend on the approximation of Y by Y,.
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For another approach to numerical analysis of parabolic equations we refer the
reader for example to [2], [3], [6], [10], [11], [14]—[17] and to the references
given therein.

2. NOTATION AND PRELIMINARIES

Let H, H,, Y, Y, be real Hilbert spaces with norms [+|, ||y, |*[, |- 1» where H n Y
is dense in H and Y. Let {z, w)y {u, v)y be the continuous pairings for z € H,
we H, ue Y,, ve Y. The interval {0, T) is denoted by J. In the following we work
in the function spaces of the types C(J, X), L, (J, X), L,(J, X), where X is a Banach
space, the basic properties of which can be found in [7]. By — we denote the strong
convergence.
If X, Y are Banach spaces, a € (0, 1> then:
— By Lip,(X, Y) we denote the set of all functions g: X — Y satisfying
la) = 9(®)]y = Cllu = o[} Vu,veX.
For « = 1 the notation Lip(X, Y) = Lip,(X, Y) will be used.
— By Lip(J x X, Y) we denote the set of all functions g: J x X — Y satisfying
la(t, u) = (¢, o)y = Cle = ¢ + |t = ] Jullx + [u = v]x)
Vt,t' e J; Yu,ve X.

Definition 2.1. The operator E: L (J, H) — L,(J, H) is said to be a Volterra
operator iff

(u(s) = v(s) fora.e. se0,t),tel)=
(E(u) (s) = E(v)(s) fora.e. se<0,1)).

Let us fix feLip(J x Hx Y, Y;),eeLip(J x Yx H x Y,H,)and continuous
bilinear forms p(t; u, v), a(t; x, y) for u, ve H and x, ye Y. Let E: Lip(J, H) -
.~ Lip(J, H) be a Volterra operator and let G: L,(J, Y) —» L,(J, Y) be in the form

(22 G(z) (t) = [, K(t,5) z(s)ds 9,K,KeLy(J x J).

We consider the following problem:

PC-1. To find u such that
(i) wueLipy,(J, Y)n Lip(J, H)
dueLy(J,Y)n Ly(J, H)
(i) u(0)=0eYnH
(iii) (2.3) is satisfied
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(2.3) p(t; 0u, v) + a(t; u, v) = {f(t, E(u), G(u)), v)y +
+ {e(t, u, E(u), G(u)), vy
Yve HAN Y, for a.e. te J.

The following assumptions on p, a, E (Vte J;Vx,ye Y; Vu,ve H; C and C,
are positive constants) are sufficient for our approach:

(2.4) p(t; u, v) = p(t; v, u)

(2.5) p(tu,u) 2 CyJuf?

(2.6) P O(t; u, v)| < Clu] [o]
(2.7) la(1; x, y)| = Clx] ]
(2.8) a(t; x, x) 2 Cyfx[* = Clx[?

(29) 15G) () — B (1)] =
< [t = #10(|zleccos.m) (1 + [z ]zoco.n5m)
Vt,t'eJ, ' <t,0eC(Ry,R,), VzelLip(J,H)
(2.10) 3U, € H such that
p(0; Uy, w) + a(0, «, w) = (f(0, E(x) (0), 0), wdy +
+ <e(0, o, E() (0), 0), why
foralwe Yn H
(where ¥(D(1; &, ) = 0,r(t; &, 1))

Remark 2.11. C, &, C, denote generic positive constants which do not depend
on n, h and which are note necessarily the same at any two places (¢ is a small constant

and C, = C(e™)).
The interval J is divided into n subintervals {t;_q, t;», i = 1, ..., n, where t; = it
and © = T/n. For a given function w(r) we introduce the notation
wi=w(t), ow,=(w, —w,_y)ft for i=1..n.
The following functions will be often used (i =1,..., n):

(2.12) (1) = {“ £=0

;g + (t - ti_l) ou; te(ti—-l: 5,

(2.13) MQ:ﬁi t=0

te(ti-1, iy

o te<0, v
(2.14) oy =g () = u;_y + (1 — 1) 0u; teltyti),
U;_yq telt, T,

wherej = 1,...,i — 1; (i, = @,-4,)
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(2.15) R,(#,) () = R(#,) (1)) te(ti-1,t>; R=E,G,
(2.16) rt, ) =r(t, &)  te(tioy, 1> r =pa,ef.
The Gronwall lemma will be used in the following form:

Lemma 2.17. Let r(t), h(t), y(t) be real integrable functions on the interval I =
= {a, b), r(t) = 0. :
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y(@) £ h(t) + [Lr(s) y(s)ds Viel
then

y(t) < h(t) + [Lh(s) r(s)exp (fi r(x) dx)ds Viel.
In particular if r(s) = C and h(s) is nondecreasing, then

y(t) < h(f) €™ Viel.
(i) Ify(r) = 0 and

; y(t) < h(t) + [ir(s) y(s)ds forae tel
then

y(t) = h(t) + [i h(s) r(s)exp ([; r(x) dx) ds for a.e. tel.
In particular, if r(s) = C, h(s) is nondecreasing, then
y(t) £ h(t) e forae. tel.

Proof. (i) The proof is the same as in [5, Lemma 1. 3. 19].
(ii) Let

y(&) £ h(t) + [ir(s) y(s)ds Viel — A, measA =0.
Then

() xr-a(t) = h(0) xr-a(t) + 2r-a(2) fa7(s) ¥(s) ds <
S () xr-4(t) + Jir(s) y(s) xy-a(s) ds Vtel,

where y;(?) is the characteristic function of E. The assertion (i) implies (i)

3. SEMIDISCRETIZATION IN TIME
Let us consider this semidiscrete problem:

PD-1. To find u;e YN H (i = 1, ..., n) such that
(i) wo=ae¥YnH
(i) (3.1) holds
(3.1)  p(t;0uy,v) + alt uy, v) = {f(ts, E(;-4) (1), G(it;-1) (8:))> 0Dy +
+ Le(t, us—y, E(i;_1) (1,), G(#;—1) (1)), vpg forall veYnH.
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The Rothe function u, (see (2.12)) is constructed by using the solution of PD-1.
The following a priori estimates hold for alln e N and © < 14:

(32) [0, u,(t)| < C forae. teJ

(3:3) loa]carry + =2 0ha]l iy = €

(34) luw = Bl oy + [0 = sy = Co

(3.5) [u(t) — @,(0)| + |ut) — @,(t)] < Ct VielJ

(3.6) Ju(t) — a,(r)] < C<'2 vieJ

6D - w5 -], ) - wl)] < cle— o2
Vi, t' e J.

Using (3.2)—(3.7) we can prove that
u, > u in C(J, H) &) C(J, Y)

where u is a solution of PC-1.

In this way the proof of existence, uniqueness and continuous dependence on the
right-hand side and on the initial function of the solution of PC-1 proceeds in [12,
Th. 4.18, Th. 4.32]). Therefore we can write without proof:

Theorem 3.8. Let E € Lip(C(J, H), C(J, H)) and let (2.2), (2.4)—(2.10) be satisfied.
Then there exists a unique solution of PC-1 which depends continuously on the
right-hand side and on the initial function.

Now, we can start with the derivation of the error estimates for u and d,u in some
function spaces. The main tools will be the a priori estimates, a suitable choice of
the test function, Young’s and Holder’s inequalities.

Theorem 3.9. Let the assumptions of Theorem 3.8 hold. Then for all t € J we have

@) max |u, — ul> + [§ |u, — u|*ds £ C7°
0,1
(ii) max |u, — u* £ Cr
€0,
(iii) 4 o, — ouf*ds < Cz.

Proof: The relation (3.1) implies
(3.10)  p(t; 0t u, (), v) + a,(t; i, v) = {f(t, E(@,) (1), G,(,) (1)), v)y +
+ e (t, u,(t — 1), E(&,) (1), G,(#,) (t)), vpy forall veYn H.
(i) Let us subtract (2.3) from (3.10) for v = u, — u and then integrate it over (0, ?).
Using (3.2) —(3.7) we estimate
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(3.11) {6 [p(s; 0y(u, — u), u, — u) + a(s;u, — u,u, — u)]ds <

< s [, E(u). Glu)) — F(s, E(u), G(a) 1y — wyy +

+ <e(s, uy E(u,), G(u,)) — e(s, u, E(u), G(u)), u, — udy] ds +
+ Ca? + e [y [u, — ul* + |u, — u[*] ds.
From this (for sufficiently small &) we deduce
(3.12) () = u(@)]* + [6 |u, — u*ds < C* +
+ C s [?oma); [y — ul?> + [§ [u, — u|* d&] ds

and Gronwall’s lemma implies (i).

ii) Let us subtract (2.3) from (3.10) for v = u, — u. Owing to {(3.2)—(3.7) it is
{ ,
easy to see that

(3.13) a(t; u, — u,u, — u) £ Cr + e[|, — u|® + |u, — u* —
— p(t; 0(u, — u), u, — u) +
+ <f(t, E(u,), G(u,)) — f(t, E(w), G(u)), u, — udy +
+ <e(t, u,, E(u,), G(u,)) — e(t, u, E(u), G(u)), u, — upy forae. telJ
and for sufficiently small ¢ we have

1) = w(OJ” = e+ Jus®) = u(OP + max oy = uf + J o, — u]? &5

fora.e. telJ.
Using (i) we obtain
(3.14) Jut) — u@)]* < Cv + C [ ||u, — u|*ds forae. telJ.

Both sides of (3.14) are continuous in ¢, thus (3.14) is satisfied for all € J and Gron-
wall’s lemma implies (ii).

(iii) Let us subtract (2.3) from (3.10) for v = 0,(u, — u) and then integrate it
over (0, t). Owing to (3.2)—(3.7) the following estimate can be obtained

(3.15) {6 p(s; 0,(u, — u), 0,(u, — u))ds <
< o [a(s; u — u,, 0,(u, — u)) + &|0,(u, — u)]* +
+ {f(s, E(u,), G(u,)) — f(s, E(u), G(u)), 0,(u, — u)dy +
+ <e(s, u,, E(u,), G(u,)) — e(s, u, E(u), G(u)), 0(u, — u)>y] ds + Cz

and further for sufficiently small ¢

(3.16) 5 |0u(uy — w)? ds < C[x + [luy — o,y + [tn = #]|Lagcorey )] -

The assertion (i) implies (iii).
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4. FULL DISCRETIZATION

Solving PC-1 we first discretize in time and then in space. Let Y, be a subspace
of Yfor h > 0.
Suppose that for o, Y, n H (h > 0) we have

(4.1) [a(0; o, v)] £ Clo]  VR>0, YveYnH
(4.2) f(0, E() (0),0) =0 Vi >0.

It is easy to see that (4.1)—(4.2) imply (2.10) for ve ¥, n H.
Let us consider the following discrete problem:

PD-2. Tofindu" e Y, n H(i = 1, ..., n) such that
(i) ub=o0eY,nH
lowllyan = €
(if) (4.3) is satisfied
(4.3)  p(t;; oul, v) + a(t; ul, v) = (£(t, E(@2_,) (1), G(@_,) (1)), vDy +
+ Le(t;, ul_, E(@;_,) (t,), G(@}_) (t;)), vDg forall veY,nH,

where Su", ii" are defined analogously to Su;, ;.

u,(t) (6 = [7, h]) denotes the full discrete Rothe function defined in terms of u
and o, (see (2.12)). The functions i,(t), #,(t) are constructed similarly as i,(t), #,(f).
In the same way as in Part 3 we deduce
(4.4)  pt; 8, (0), v) + at; ,(t), v) = <Aty E#,) (1), G(it,) (1)), Dy +
+ et it — 7), E(i1,) (1), G(i,) (1)), vpy forall veY,nH,

where r, = r, for r = p,a,e, f, E, G;

k

i

(4.5) [u (1)) £ C forae. teld

(4.6) lods]ry + 20| ooy = €
4.7) lus = falay + [4s = Bollraorry < Cr
(4.8) [u(t) — @, ()] + |u,(t) — 4, ()| < Cr VieJ
(4.9) [un(t) — ()] < Cz'2 VieJ

(4.10) |u,(t) — u,(t)| S Clt = 1], Ju,(t) = u ()| S Clt — ¢|'/* Vt,teJ

(the constant C is independent of ).

Theorem 4.11. Let the assumptions of Theorem 3.8 be fulfilled (except (2.10)).
Moreover, let (4.1), (4.2) be satisfied. Then the following estimates hold for ¢ < o,
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and u,e Y, n H:

(i) max [u, — ul? + [§ [u, — u?ds < C[x* + |o — o* +
<0,t>

+ o (Ju — ] + |u — w,* + Ju — w)|?)ds], VeedJ

(i) J6 ou, — Ou]? ds < C[x + max |u, — u| + max |u, — ul* +
<0,t) <0,t)

+ s = t]racosy + Jo s — ul? ds + f§ |0 — u,|? ds +
+ [0 — wp]yco.0.m) (7 + ?012:;‘ |ty — u] + lu, — U] Lacouy.m))] 1= C O(1),

Vte J
(iif) [u(®) = u()]* = Clx + [u(t) — w,(1)] + Ju(t) — w(@)]* +
+ [Ju(?) = w(®)|* + max [u, — u| + max |u, — ul? + [§ |u, — u]?ds]
<0,t> {0,t>
forae tel.
(iv) If wesuppose
(4.12) a(t;x,y) = a(t; y,x) VtelJ; Vx,yeY

then
max [u — u,[* < C(Ot) + o — o?) VteJ.
<0,t>

Proof. The assumptions of the theorem guarantee the existence and uniqueness

of the solution of PC-1. Let u,, be a fixed element in ¥, n H.
(i) Let us subtract (2.3) from (4.4) for v = u, — u, and then integrate it over

(0, t). Owing to (4.5)—(4.10) we have
(4.13) Jo [P(S§ O(uy — u),u, — u) + a(s; u, — u, u, — u)]ds £
< I8 [Kf (s, E(u,), G(ug)) — £(s, B(n), G(w)), uy — updy +
+ <e(s, u,, E(u,), G(u,)) — e(s, u, E(u), G(u)), u, — u,yy] ds +

+ Jo [eflu — ua|? + Cllu — u* + |u — ) + Ju - w| + [lu = w>] ds + C?
and for sufficiently small &
(4.19) [u(t) — u, (O] + [o [u — us]? ds < C[7® + | — o> +

+ Jo[fu = wa + [u = w* + [Ju - w,)?] ds +

+ f4 [?;a;;( [ = ug]> + 5 Ju — u,|? d&] ds] .

Using Gronwall’s lemma we obtain (i).
i1) Let us subtract (2.3) from (4.4) for v = ¢,u, — u, and then integrate it over
U B g

(0, t). Using (4.5)—(4.10) we get
“.15)  f5 [p(s: 0(us — u), Oy — w)) + als; u, — u, 8,(u, — )] ds <
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< o [<f (s, Eu,), G(uy)) — f(s, E(u), G(u)), duy — updy +
+ <e(s, ug E(uy), G(u,)) — e(s, u, E(u), G(u)), 8,u, — upy] ds +
+ & fo |0s(u — u,)>ds + C[7 + [§ |ou — u,l? ds +
+ (0 + [ = salragom) 100 — taco,.m]
and for sufficiently small ¢ we conclude that (ii) holds.
(iif) Subtracting (2.3) from (4.4) for v = u, — u, and using (4.5)—(4.10) we have
(4.16) a(t;u, — u,uy — u) < —p(t; 0,(u, — u), u, — uy) +
+ <f(t’ E(ud)’ G(ua)) - f( E(u), G(u)), Uy — Up)y +
+ <e(t, uq E(u,), G(u,)) — e(t, u, E(u), G(u)), u, — >y +
toefug —ul* + Gl fu =l o — P+ Ju o =]
forae. telJ.
It is easy to see that (4.16) yields (ii).
(iv) The assertion follows from (4.15) and from the fact that
d/dt (a(t; x, x)) = a(t; x, x) + 2a(t; 0,x, x) .

If we want to prove the convergence u, — u for ¢ —» 0 in some function spaces
we can use Theorem 4.11 but this is not sufficient to complete the proof. That is why

we have to impose some new assumptions on the approximation of Y by its sub-
spaces Y,:

(417) YveYnH 3I,eY,nH suchthat v,»v in YnH for h—-0,
(4.18) 3iC>0 VYweYnH VYh>O0: Hw - w,,ﬂYnH < Cllw[[yﬂu

where w, is the approximation of w in the sense of (4.17).

These assumptions are satisfied for currently used approximations — see Examples
5.1,5.3.

Collecting all our results, we are ready to establish the following important theorem.

Theorem 4.19. Let the assumptions of Theorem 4.11 be fulfilled. Moreover, let
(4.17), (4.18) be satisfied. Then Nte J

() max |u — u,|* + max |u — u,|>* >0 for -0,
<0,t) <0,t)
(ii) §6 0w — u)|*ds >0 for ¢—0.

Proof. In Theorem 4.11 (i), let u, (,) be an approximation of u () in the sense
of (4.17). Lebesgue dominated convergence theorem, (4.18) and the fact that ue
€ L,(J, Y H) enables us to pass to the limit (of the inequality in Theorem 4.11
(i)) for ¢ — 0. This leads to

(4.20) max |u, — u|* + [§ |u, — u|*ds >0 for ¢-0.
€0,t) :
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From (4.20), Arzela-Ascoli theorem and

du, du, e Ly(J, Y H)
we obtain (i).
(if) In Theorem 4.11 (ii), let u, be an approximation of d,u in the sense of (4.17).
From (4.18), Lebesgue dominated convergence theorem and du € L,(J, Y H)
we conclude (ii). :

5. EXAMPLES

Example 5.1. Let G be a bounded convex domain in R? with polygonal boundary
8G. Let H = L,(G), Y= H{(G) and let | ||, denote the norm in H?(G). (H'(G),
Hy(G), H*(G) are Sobolev spaces.) We consider the standard approximation of Y
by linear finite elements with regular triangulation of G.

The relation (4.17) follows from [1, Th. 3.2.3] and (4.18) from [1, Th. 3.1.4] or
[8, Th. 6.8].

It is well known that

[u — uy| + hllu — | £ Ch*|ul, VueH*G)
[u — w| < Chljul vu e H'(G).

The following result is a consequence of Theorems 4.11 and 4.19.

Theorem 5.2. Let the assumptions of Theorem 4.11 be fulfilled. ThenVt € J

(i) max |u — u,|* + max |u — u,|* + [§ |0,(u — u,)|* ds - 0
<0,t> <0,t>

for o—-0;
(ii) if ue L,(J, H*(G)) then
max lug — ul* + [§ [lu, — u|* ds = O(z* + h?)
€0,t
J6 |oJ(u — u,)]> ds = O(x + h);
(i) ifue C(J, H(G))then
max ||u, — ul|®> = O(r + h);
€0,1)
(iv) if (4.12), a € HG) and u € Ly(J, H*(G)) then
max u, — u|®> = O(t + h).
<0,1>

Example 5.3. Let X = Y n H be a real separable Hilbert space with a complete
orthonormal basis {e;};2,. Then we have

YWweX:v= iciei [o]lx = ic,z
i=1 i=1
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For v e X we put
n
v, = Zcieiexn
i=1

where X, = span {ey, ..., ,}.
It is easy to see that
v,>v in X for n—> o

lo = vllx = ollx + Joullx = 20lx

i.e. the relations (4.17), (4.18) are satisfied.
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Stahrn

SKUMANIE KONVERGENCIE I ODHADU CHYBY APROXIMATIVNEHO
RIESENIA KVAZILINEARNEJ PARABOLICKEJ
INTEGRODIFERENCIALNEJ ROVNICE

MARIAN SLODICKA

V ¢lanku je Studovany jeden parabolicky integrodiferencialny problém v realnych abstraktnych
Hilbertovych priestoroch. Je definované semidiskretizované i plne diskretizované rieSenie a su
uréené odhady chyb Rotheho funkcie v niektorych funkcionalnych priestoroch.

Pe3ome

MNCCIEAOBAHUE CXOIMMOCTHU Y OLEHKHM OIINBKHU ITPUBIMDXEHHOI'O
PEIIEHU S KBASUJIMHEMHOI'O MHTEPTPOIU®®EPEHIIUAJIBHOIO
VPABHEHUSA

MARIAN SLODICKA

B crarbe paccMaTpuBaeTCs 0JHa Napabosmryeckas uHTerpoud GepeHIManbHas 3a5a49a B BEMECT-
BEHHBIX a0CTPAaKTHBIX TMIILOCPTOBBIX NPOCTPAHCTBAX. BBEJECHO OIpe/esieHHe MOy NUCKPETHOTO 1
BIOJIHEAUCKPETHOr O NPHOIMXKXECHHBIX PEIIEHNI M JAHBI OLEHKH OmuO0K GyHkImu PoTe B HeKOTOPBIX
(GyHKIIMOHATBHBIX IPOCTPAHCTBAX.

Author’s address: RNDr; Maridn Slodi¢ka, CSc. UAM VT UK, Mlynska dolina, 842 15
Bratislava, Czechoslovakias
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