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Summary. The Rothe-Galerkin method is used for discretization. The rate of convergence
in C(I, LP(G)) for the approximate solution of a quasilinear parabolic equation with a Volterra
operator on the right-hand side is established.
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1. INTRODUCTION

During the last years many authors have been studying evolution problems. The
semidiscretization in time (also called Rothe’s method or the method of lines) is one
of frequently used methods of proof- see [6], [7], [11] with many other references.
The existence, uniqueness and regularity of solution of such problems can be proved
using a relatively simple technique and the L,-theory.

The L,-theory of elliptic Dirichlet’s boundary value problems is based mainly
on a suitable generalization of Garding’s inequality and is built up similarly to the
L,-theory (see [12]). This fact can be exploited for solving the parabolic equations
by Rothe’s method. In this way the local existence of a solution of one equation

" with a locally Lipschitz continuous right-hand side is proved in [10].

Using the technique developed in [10] we derive the error estimate for a totally
discrete approximate solution of one quasilinear parabolic integrodifferential problem
in the L,-space.

For a more profound analysis of solution of parabolic equations in the L -spaces
we refer the reader to the following papers: [3], [9], [14], etc.

2. DEFINITIONS AND PRELIMINARIES

Let G = RV (N = 2) be a simply connected bounded domain with a Lipschitz
continuous boundary 0G; let I be a time interval <0, T) (Te R+); 0r=1x G;
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let W,(G) be a standard Sobolev space (p > 2). The duality between u e L,(G)
and ve L(G) (p™' + q~' = 1) is denoted by <u,v). The notation | |, | [,
is used for the norms in L,(G), W, (G) respectively, where

Jultp = 3 loufouls

The spaces L,(G), W,(G), W,(G) are denoted by L,, W,, W,. In the following we
work in the function spaces like C(I, X), L,(I, X), L,(I, X), where X is a Banach
space, the basic properties of which can be found in [8].
Let X, Y be Banach spaces. By Lip(X, Y) we denote the set of all functions
g: X — Y satisfying
lg(u) — g)|y £ Clu — vy Yu, veXx.

Definition 2.1. The operator E: L,(I,L,) - L,(I,L,) is said to be a Volterra
operator iff

(u(s) = v(s) fora.e. se<0,ty, tel)=(E(u)(s)= E({v)(s)
forae. se{0,t)).
Let us fix a Volterra operator E: Lip(I, L,) — Lip(I, L,). Suppose

N N
(22) Agu = =) 9 ay(t, x)% + Y ayt, x) u + ao(t, x)u
ik=10x 0x; i=1 0x;
N N
(23) a(t;u,v) = Y aylt, x) Ou v + Y a1, x) u v+ ag(t, x)uv | dx,
G Lisk=1 0x; 0x;,  i=1 Ox;
(2.4) p(t; u, v) = ¢ po(t, x) uvdx .

The aim of this paper is to derive the error estimate for the totally discrete ap-
proximate solution of the PC-1 problem.

PC-1. Tofind u such that
(i) weL,(I, W))n Lip(I,L,),
dueL,(I,L,)
(i) u(0) = axe W,; Agu, E(2) (0), f(0,,0)e L,; p > 2 and
(2.5) p(t; 0,u(f), v) + a(t; u(t), v) = {f(t, x, E(u) (1)), v>
Voe W,, forae tel,p™' +q7'=1.

Remark 2.6. The results obtained in Theorem 4.2 can be established for p = 2,
too, and in this case we have a better error estimate for a more general problem

(see [13], [14], [16], etc).
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We consider the following conditions (i, k = 1,...,N; C and C, are positive
constants):

(2~7) A € C(QT) 5 Qi 09, Po € Loo(G) >

N
(2‘8) ¢, ‘5[2 §. Z anéiéy = lelz véeRY,

(2.9) £t %, &) = f(t, x, &) = Clle — ¢| + [t = ¢ & + e = &[]
VE, &€ eR; Vit el,

(2.10) (2, x) — w(t', x)| < C|t — ¢
for w = ay,a; a, po and Vit el
(2.11) C, £ po(t,x) £ C,

(212)  EGR) () = E@2) ()], = [t = 1] 0(|zlecoi5,20) (1 + [0:2]1aco,05,200)
Vt,t'el; t' < t;VzeLip(I,L,); © € C(R,, R,).
(The next condition for N > 2 is equivalent to the ellipticity of the operator A4,.)

(2.13)  (the ““root condition™)

Forevery € (&y, ..., Ey—1) € RV ! and every y € Q the polynomial P in ¢
P(t; & ) := ) ay) &t where s = (s, s,) and
|

s|=2

N 62
aD*= —) a;
MZ::Z i,kz=l . 0x; 0x;,

has exactly one root with a positive imaginary part and one root with

a negative imaginary part (see [12, Def. 1.3]).
The existence and uniqueness of the PC-1 solution follow from the semigroup
theory of quasilinear parabolic equations (see [5, Th. 3.3.3]), or they can be proved

by Rothe’s method in the same way as in [ 10].

Remark 2.14. In the following C, ¢, C, denote generic positive constants, where
¢ is a small constant and C, = C(¢™?).

Solving the PC-1 problem we first perform discretization in time and then in space.
We consider the following approximation of Wpl by finite dimensional subspaces
Vi(Vies W), 4> 0):

(2.15)  WweW, 39,eV, suchthat 9, >v in W, for A—0.

This approximation is frequently used in numerical approach (see [1, Th. 3.1.4],

[4, p. 50], [2, Th. IV.3.2], etc.). Thus for an initial function «e W, there exist
o, € V, such that

(2.16) w, > o in W, for 1-0.
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Let us divide the time interval I into n subintervals {¢,_,,¢;) for i=1,...,n
where h = T/n, t; = ih. For a given function w(¢) the following notation is introduced

wy = w(t), 6w, = (w, —w;_y)/h for i=1,...n

There are several functions often occuring in this paper (i = 1,...,n and ¢ =

~ (n. )

(2.17) w(t) =a t=0
ui_y + (t = t;y) ou} te(tiot,
(2.18) () =o, t=0
ut te(tiiit),
(2.19) al_y(t) = @ity (1) = o, te 0, h)
ul_y + (t—t)oul  tedtiti),
u?——i te<ti; T>3
wherej = 1,...,i — 1,
(2.20) E\(a,) () = E(a,) (t;) ‘ te(tioysty,
where i, = @i'_, ,
(2'21) rh(t5 é) = r(tis é) te (ti—l; ti> 5 r=p, a’f‘

Let us consider the following discrete problem:
PD-1. To find u} e V, (i = 1, ..., n) such that
ug=o,€V,; Ao, E(x;)(0),/(0,0,0)eL,
and (2.22) is satisfied:

(2.22) p(t;, Sut, v) + a(t;; uf, v) = {f(t, x, E(i#iF_,) (1)), v>
Voe¥ , =span{veW,: JueV,v=|uf?u}pt+qg ' =1.

3. A PRIORI ESTIMATES

The technique of our proof requires application of the following inequalities:

(3.1) ab < ea? + C,b? pl+qgt=1,
(3.2) H g Tlab Ypit=
i=1 iz i=1

II/\

(33) C (Garsea

n
i=1
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Lemma 3.4. Let the assumptions of Theorem 4.2 be satisfied. Then the problem
PD-1 has a uniquely determined solution uf ev, (i =1,..., n) for all h < hy.

Proof. Let us rewrite (2.22) into the form
h=* p(t; uf, v) + a(ts uf, v) = {fi, v) + h™' p(ti; ui_y, v).
where f; = f(t;, x, E(#}_,) (1,))--
Applying [12, Corollary 7.4] successively for i = 1,...,n the required result

follows.
The following lemma contains some technical arguments useful for us.

Lemma 3.5. Let the assumptions of Theorem 4.2 hold.
(i) Ifuew,, p>2then
ve=uf2ueW, (p7'+4q'=1)

and
v p—2 OU
(3-6) Foe (p = 1) |u] o’
67) Ioll = Juli~"
(i) Ifue W, then
6 a0 2 Kol - clug. K> 0.

(iii) If w, ue W, then forj=1,...,n we have
(3.9)  a(tys w. fur=2 w)| < el [ul 22w}, + Collulp + C(IwlF + [wlF.,) 5
(3.10) |6a(t;s w, [u]?=? u) [h < & [ul] "= 2" ulf, + Clulf +
+ Ch([w]p + [wlf.,) -
(iv) Ifw,ue W, then
(3.11) la(t; w, JulP=2 w)] < efl[ul ™22 uli, + Clulf +
+ C([wl + [wl%.,) -
Proof. (i) The assertion is proved in [10].

(ii) We have

Jo ao(t, x) ululP~? udx < Cllul? .
The rest is proved in [ 10].
(iii) The relations (3.9) and (3.10) can be proved in the same way, so we show only
the proof of (3.10). Using (3.2) forn = 3, p; = p, p, = 2, p3 = 2p/(p — 2) and (3.1)
we obtain

' N
II = 'hJ‘ Z 5aik(tj, x) w o
G k=1 0x; 0

ik=

(Julr=2 u) dx| <

Xk
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u owll| @ _ | fulte-
<C hl— | |—= (p—2)/2 ®=22 4y <
i,kZ=1_[GI: ax,-] 0%, (1 ¥ l”l [ ax

S efJul®22ullt, + Clul; + CH7w]t,

Further
L= Bsa 0 et ue <
Gi=1 Xi
< 2 =t dx < Cwewlt, + Clul?
Xi
and

Iy = | [ 8 ao(t;, x) wlul?™* u dx| < Ch[w[} + Cllu] -

The estimates of Iy, I,, I; imply (3.10).
(iv) The proof proceeds in the same way as in (iii).

Lemma 3.12. Let the assumptions of Theorem 4.2 be satisfied. Then there exist C,
hy > 0 such that

(3.13) |}, C for h<hy and j=1,...n
Proof. Putting v = [u}|?~? u}h in (2.22) we get
p(tis ul, |uf|P~2 u}) + a(t; uf, [ul|P2ul) h =
= p(tia “i—1s Iuﬂp 2 ?) + {fi [uﬂp_z ub h.
Summing it up for i = 1, ..., j we obtain by virtue of (3.8) and
(3.14) ab §1a” + p-1 b (p7t+qgt=1)
p p
the estimate

J
luilp = C[1 + 3, max H epnl-

i=115k<i
Hence Gronwall’s lemma ([7, Lemma 1.3.19] implies the required a priori estimates
of [uj,.

Lemma 3.15. Let the assumptions of Theorem 4.2 hold. If ue V, is a solution of
a(t;;u,v) = (F,v) Yoe¥’,
then
lullio = CUFL, + [uly) -

Proof. The lemma is a consequence of [12, Theorem 6.3].
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Consequence 3.16. Let the assumptions of Theorem 4.2. be satisfied. Then
i
lillep = €Ot + [oujl, + 2 ouil, B] ¥i=1,..m.
Proof. The proof follows from Lemma 3.15.

Lemma 3.17. Let the assumptions of Theorem 4.2 hold. Then there exist C, hy > 0
such that

(3.18) [oujl, < C for j=1,...,n and h < h,.

Proof. First we estimate [[ou}],. Let us put v = |du}|?~? Suf in (2.22) for i = 1.
We have

p(ty; ouf, |sut|P=2 oub) + a(ty; oul, |sut|P=2 dui) h =
—a(0; u, |oui|P~2 dut) — 8 aty; uj, |Sul|P~2 sul) h + (fy, [suflr=2 dul) .
Using (3.1), (3.8), (3.9) we obtain
(3.19) [outll, + [|oui|"=?"6ui]i,h < C for h < h,y.

Now we estimate ||su}[|, for j = 2. After subtracting (2.22) for i, i — 1, setting
v = |6uﬂ"'2 du? and summing up for i = 2, ..., j we can write

(3.20) .Zj:z[p(ti; Sul [P Sul) — plty_y; Suly, [oul]P=2 Sul) +
+ a(ti—y; dul, [oul|P=2 6ul) h + & a(ty; ul, |SullP~2 suf) h] =
= S fi ot oty
From (3.8), (3.9), (3.14) and Consequence 3.16 we get
(21) Jsudll; + %, udler=" il b <
<l Joutly + 3, max Jaudls ]

Hence (3.19), (3.21) and Gronwall’s lemma imply the required result.
From the a priori estimates of Lemmas 3.12, 3.15 and Consequence 2.16 we deduce

(322) il + Tl + 170], + 12, 7,0, < C.
(323) o, + 1200, + [l < €.
(3.24) () = @0, + Jule) - 7t = W), < Ch,
(325) Judi) = ue), < cle - 11,

(3.26) I2.() = u,(d)], < ch

for t, ¢’ € I (C is independent of o).
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4. ERROR ESTIMATE

Let us rewrite (2.22) into the form
(4.1) pul(t; 0,u,(1), v) + ay(ts B,(1), v) = <filt, X, E(#,) (1)), v
for tel, ve? ;.

If ue W, is a PC-1 solution and @, € V; (for A > 0) is its approximation in the
sense of (2.15), then the following theorem holds.

Theorem 4.2. Let (2.2)—(24), (2.7)—(2.13), (2.15), (2.16) be satisfied. Suppose
that E is a Volterra operator such that E e Lip (C(I, Ly), C(I, L,)). Then for all
tel

(43) max [u,(s) — u(s)]} <

0ssst
C[h? + noc,l — ol + fo e - i) + Uu — a7 + flw — ﬂl”‘{,p] ds.

Proof. Let us subtract (4.1) from (2.5) for v = |i, — i#,|?~* (4 — ) and then
integrate it over (0, t). We have

(44) 6 [p(ss o, [ — " (8 = 15)) =
— puls; Ogttgs "2/1 - L—‘alp—z (8, — @) + a(s; u, [ﬁ;_ — P2 (4, - i) —
— ay(s; g, [0, — |72 (3, — )] ds =

=[5 <f(s, %, B(u) (s)) — fuls: % Ei(d) (5))s |a; — @777 (= iy ds .
Using (3.10), (3.11), (3.22)—(3.26) we obtain
(4.5) 14 [p(s; o,(u — ug), |a, — @,|P2 (@, — @,)) +

b (s = i |y — TP (0 — T &5 S
<[5 <f(s, x, E(u) () = f(s, x, E(u,) (s)), |, — |72 (@, — ii,)y ds +
+ Jo [e |, — @ |27 (@, — i), + CLh" + u — a,])5 +

+ max [lu — u,|} + [l — a7 11 ds .
<0,s>

Owing to
| xe=2x = =2 v) < (0 = O (xly + 16172 1> = sl

forp~' + g~! = 1(see[10])and
p(t; 0%, |x[P72 x) = p7* \:g— p(ts x, [x|P~% x) — p (; x, |x|P~2 x)]
t
where pD(z; x,.y) = 9,p(t; x, y) we conclude

(4.6) j [p—l @ plss = o = (o = )+
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+ a(s; @, — i, |4, — i,[P"2 (4, — ﬁ‘,))] ds

< Jo <E(s, x, E(u) (s)) — f(s, %, E(ug) (5)), |2, — @72 (@, — d,)> ds +
+ [o [e] |2, — a2~ 272 (4, — i,)|F 2 + CL[h? + |Ju — a,]5 +

+max u —uf + u = @[, + Ju - a7 ds .

<0,s>
In virtue of (3.1), (3.8) (for sufficiently small &) we get
(4.7) Jut) = w5 + Jo [ s = a7 (@ = @)]i . ds <

< [P + oo = ayflp + fo [ max flu — |} +
<0,s>

+fu =@y + = @)t , + Ju - a,]5*] ds] .

The assertion of Theorem 4.2 follows from Gronwall’s lemma and (4.7).

Remark 4.8. For frequently used approximations of Wpl (for suitable 2G) we have

““ - al”.i,p = C’lz‘j”"’HZ,p Vu e Wpl n sz ; J=0.1,

>

i.e. if uis a PC-1 solution such that ue W, n W;, we can obtain the following
estimate (from the Theorem 4.2):

(4.9) max |u — u,|? £ C[h?* + A7].
<0,t>
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Sdahrn

ODHAD CHYBY PRIBLIZNEHO RIESENIA
KVAZILINEARNEJ PARABOLICKEJ INTEGRODIFERENCIALNEJ
ROVNICE V L,-PRIESTORE

MARIAN SLODICKA

Pri diskretizacii problému je pouZita Rotheho i Galerkinova metéda. Je uréeny rad konver-
gencie v C(I, LP(G)) priblizného rieSenia kvazilinearnej parabolickej rovaice s Volterovskym
operatorom v pravej strane.

Pezrome

OLIEHKA OHIMBEKN IMPUBJIMXEHHOTO PEMEHUS KBASWIMHENHOI'O
ITAPABOJIMYECKOI'O MHTEI' POV ®PEPEHIMAJIBHOI'O
YPABHEHUS B L,-ITPOCTPAHCTBE

MARIAN SLODICKA

ITpu nucKpeTU3aLuy 3aJlaud UCIONb30BaH MeToa Pote-I'anepkuna. B npoctpanctee C(I, LP(G)
onpeseseHa CKOPOCTh CXOIMMOCTH NPHOIMKEHHOTO PEINCHHMS KBa3HJIMHEWHOTO napaboinyecKoro
YpaBHEHHs C OIlepaTopoM Tumna Boibreppa B mpaBoif CTOPOHE.
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