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INEQUALITIES OF KORN’S TYPE, UNIFORM WITH
RESPECT TO A CLASS OF DOMAINS

IvaAN HLAVACEK

(Received April 24, 1987)

Summary. Inequalities of Korn’s type involve a positive constant, which depends on the
domain, in géheral. A question arises, whether the constants possess a positive infimum, if a class
of bounded two-dimensional domains with Lipschitz boundary is considered. The proof of
a positive answer to this question is shown for several types of boundary conditions and for two
classes of domains.
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INTRODUCTION

In the domain optimization for elliptic problems we encounter the following
question: does a positive constant of the ellipticity condition exist, which is common
for the whole class of admissible domains? The positive answer is crucial in proving
the existence of an optimal domain. The present paper is devoted to the above
mentioned question in two-dimensional problems.

We formulate the problem for a general elliptic system of equations in Section 1
and prove a general theorem, using some ideas of Haslinger, Neittaanméki and
Tiihonen [1]. In Section 2 we show some applications to equations of the second
order: generalized Friedrichs inequality and the Korn’s inequality under different
kinds of boundary conditions.

1. INEQUALITY OF KORN’S TYPE FOR A CLASS OF BOUNDARY
CONDITIONS AND VARIABLE DOMAINS

Let us define the following class of domains

Qv) = {(x1,x2) | 0 < x; < (x,), 0 < x, <1},
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where v e %,4 and
do

£ C; ae.}.
dX2

Uy = {ve C©@-1([0, 1]) (i.e. Lipschitz) a < v < B,

Fig. 1. °

Here «, f and C, are given positive constants. Henceforth I'(v) will denote the graph

of the function v.
In this section we shall deal with a general inequality of Korn’s type (cf. [2] —
Section 11.3.1 or [3]). Let us consider the following Cartesian product of Sobolev

spaces on the domain Q(v):
w(aw) = [T He(0@) (= w=?).

where », = 1, s =1,2,...,r. ‘
We define the following system of differential operators for u = (uy, ..., 4,) €
€ W(Q(v)):

M-n

Ny(u) =

s

. .
Y mDug, i=1,2,...,k,
la| =xs

]

1

where n;,, € R.
(H1) We assume that there exists a constant ¢ > 0, independent of v € %,4 and such

that
k
Z IV e + 1l 0 = el
holds for any u e W(Q(v)).

(Henceforth the subscript 0, Q(v) denotes the norm in I*(Q(v)) and in
[I*(2(v))]", respectively. The subscript W(Q(v)) denotes the standard norm in

w(e(v))-)
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Let V,(2(v)) and V(Q(v)) be (closed) subspaces of W(2(v)). Let us introduce
the following set

Ugy = {v, | v(x2) = v(x3) — &, vEUy, c€[0,0/2)}.

(H2) We assume that an inequality of Korn’s type holds on V'5(Q(v)) for any v e %%,

i.e., there exists a constant c(v) > 0 for any v € %L, such that

k
;1 IN(WI[.00 Z <(v) U]l YueVy(Q(v)).

(H3) Assume finally the following relation between ¥, and Vy: there exists ¢, > 0

such that:

{ueV,(Qv)), ve Uy, we Uiy, 0 < v(x;) — w(x;) < & Vx,€[0,1]} =

= U[gq) € Vp(Q(w)) -

Theorem 1. Assume that the conditions (H1), (H2) and (H3) are satisfied.
Then there exists a positive constant c, independent of v € %,q and such that

k
1) iZﬂ“Ni(")"é,n(u) z c|ulliew
holds for all ue V,(Q(v)) and ve U,q.

Proof. Let (1) be not true. Then there exist sequences {v,} and {u,},n =1, 2, ...,
u, € V(Q,), v, € U,q (Where 2, = O(v,)) such that

@)
Without any loss of generality we can set

3) ””n”wm..) =1 Vn.

Since the set %,4 is compact in C([0, 1]), we can find a subsequence (and denote
it by the same symbol) of {v,}, such that

v,—v in C([0,1]), ve,,.

L3 1
MIIN i(w)]5.0, < " lun e, -

Then
k

4 lim ZIHN,.(u")”g,Q" =0
follows from (2), (3).

On the other hand, (3), (4) and (H1) imply that
©) lua]5.0, = 4
holds for n sufficiently large.
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Let us denote Q(v1/m) = G,. Since G,, = Q, for n > ny(m), We have
lealFiom = ealan =1
and there exists a subsequence of {u,,} such that
(6) u, ~u (weakly) in W(G,).

By assumption V(G,,) is weakly closed, so that u e V9(G,,) follows from (6) and
(H3), if m is large enough.
Let m be fixed. Since the functional

k
a3 N3,
is differentiable and convex on W(G,,), we have
k k
ZIHNi(")“(Z),Gm < lim inlenNi(u,,)Hg’Gm =0,
= n—+o 1=

where (4) has been used in the end.
Since vy, € %~; for m great enough, (H2) implies

u=0 on G,.

Consequently,
) u,—>0 in [I*G,)]
follows from the weak convergence (6) and the compact embedding H'(G,) =
< I*(G,,).
On the other hand,
(8) leal6.0n = luallG.c + |4alG.00-

holds for n > no(m). We can derive the estimate
143 ,0,- .. < € max [o(xz) — 1/m = v,(x2)|
x2¢[0,1]

(see [1] — Appendix), with ¢ independent of n, m, . Consequently,

®) lua]3.0,-6., = ¥

holds for m and n sufficiently large, n > no(m). Combining (8), (9) and (5), we obtain
lunl.6.. 2 /4
for n > ny(m), m sufficiently large. Thus we arrive at a contradiction with (7).
2. APPLICATIONS TO SECOND ORDER EQUATIONS

In this section we present several applications of Theorem 1 to second order
differential equations.
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2.1. The generalized Friedrichs inequality

Let us choose r = 1, k = 2, N(u) = du[dx,;, i = 1,2, W(Q(v)) = HI(Q(U)): Then
the assumption (H1) is obviously satisfied with ¢ = 1. In what follows, we shall
distinguish two classes of boundary conditions: (i) with Dirichlet condition on a part
of the boundary, (ii) without Dirichlet conditions.

(i) Let us define
V(Q(v)) = {ue H(2(v)) | u = 0 on I',(v)}
where I'y(v) = 8Q(v) — I'(v), mes I';(v) = a > 0 for all ve %,y with aeR in-
dependent of v;
Va(@() = {u e H(@() |u = 0 on Tuo)},
where I'y(v) = 0Q(v), mes I'y(v) > 0.
Then (H2) coincides with the well-known generalized Friedrichs inequality
(10) 1Vee]5,00 Z c(v) [u]i,00 Ve Vi),

which is true for all ve #.;. (Here the norm of H'(Q(v)) stands in the right-hand
side).
Obviously, the assumption (H 3) is satisfied, as well.

(ii) Let p,: H(Q(v)) > R be linear continuous functionals defined for ve %%,
such that

{pfc) =0, ceR}=c=0,
(Pw) = 0. 06 Upg, w e HYQ(W)) = pululace) = 0
Vwell;, 0 <v—w<g on [0,1].
For example, we can choose

po(u) = f§u(0, x;)dx, .
Defining

ViQ()) = V5(2v) = {u e H(Q(0))| po(u) = 0} ,

we easily verify (H3). The satisfaction of (H2) is well-known (see e.g. [2] — 11.3.1).
In both cases (i) and (ii), Theorem 1 yields the existence of a positive constant c,
independent of v and such that

(12) V]S ,0m 2 cu]iow YueV,(Q@), Vve,.
2.2. The Korn’s inequality in two-dimensional elasticity

Let us choose r = 2, k = 3, N,(u) = du,[0x, = &,(u), No(u) = 1//2(0u,[ox, +
+ 0uy[0x;) = /2 8;5(u), Na(u) = du,[0x, = &55(u), W(Q(v)) = [H(Q(v))]>.
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The condition (H1) is a consequence of the ““uniform” second Korn’s inequality
< 2 2 [(0u\?
(12) J. Y ei(u)dx + Y ui dx = Elj. > o(—) dx.
Q) i,j=1 i=1 Jew 2w i,j=1 \0X;

The existence of a positive constant ¢,, independent of v € %,4, follows from the
results of Nitsche (see [4], Section 3, Remark 5). (We use the fact, that there exists
a covering and a partition of unity common for all Q(v), v € %,4.)

We shall distinguish three classes of boundary conditions:

(i) with Dirichlet condition on a part of the boundary,
(i) with tractions given on the whole boundary (i.e. a “free body”),
(iif) with a “bilateral” contact on the x,-axis.

Case (i). Let us define
) V(2v)) = {ue [H(2(v)]*| u = 0 on I'y(v)},
Iy(v) = 0Qv) — I'(v), mesI'y(v)=a>0

for all v e %,q4, with a € R independent of v;
Vi(Q(v)) = {ue [H(Q))]*| u = 0 on I'y(v)},

where I'y(v) = 0Q(v), mes I'y(v) > 0.

Then (H2) coincides with the (first) Korn’s inequality on the domain Q(v), v € ;.
The latter is guaranteed by the positive length of I'y(v) (see e.g. [2], Lemma 3.2 in
chapter 11.3.1). It is easy to see that the condition (H3) is satisfied.

Case (ii). Let us define the set of rigid body displacements
P ={z = (z,,2,)| z, = a; — bx,, z, = a, + bx,, a;,a,,be R}
and three linear continuous functionals
S [H QW) - R, i=1,2,3,

such that
(13) {PP(z) =0,i=1,2,3zeP}=>2=0.
Moreover, let for i = 1,2,3 and any ve %4
(14) Py (w) = 0= p(uloe) = 0
hold for all ue [H'(Q(v)]*, we ULy, 0 <v— w < g on [0, 1]. For example, we

can choose
p(u) = foud0, x;)dx,, i=1,2,

" P(.;3)(") = .[(1) x2u1(07 xz) dx, .
Let us define

V{2(v)) = V3(2(v)) = {ue [H Q)| p°(u) = 0, i = 1,2,3}.
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Then the condition (H2) is satisfied (see [3]). The condition (H3) follows from (14).
Case (iii). Let us define
? ={z=(0,a) acR},
and a linear continuous functional
pu Q)T — B
such that
{pfz) =0,2ze2} =>2=0.

Moreover, let (14) hold for p,. For example, we may choose

po(u) = [§ uy(0, x,) dx, .
We define
ViQ(v)) = Vi((v) =
= {ue [H'(Q())]*| p.(u) = 0, u4(0, x;) = 0 for x,€(0, 1)} .
Then (H2) and (H3) are satisfied. Note that the condition
uy(0, x;) = u,(0,x,) =0, x,€(0,1)

of the “‘bilateral contact” corresponds with the bodies symmetric with respect to the
X,-axis.

In all 3 cases considered above, Theorem 1 yields the uniform ¢first” Korn’s
inequality

2

(15) X lei(w)[6.00) Z cflulFiaw. Yue Vi(Q),
i,j=1

where the constant c is independent of v € % 4.

Remark 2.1. If the displacements vanish on the variable part of the boundary,
the following subspace has to be considered

(16) V, = V(@) = {ue [H'(Q(v)]’| u = 0 on I(v)}.
We cannot apply Theorem 1, since the condition (H3) is violated. There is, however,

a simple proof of the uniform Korn’s inequality and the result is even more general
in a certain sense, as we can enlarge the set %, slightly.

Let us define the set
8 = {oe CON([0, 1]« S 0 < B}
with some positive constants «, f. Then the Korn’s inequality (15) holds for all
ue V(Q(v)) and v € %y, with a constant ¢ independent of v € %Y.

In fact, we may extend u € V(Q(v)) by zero to a fixed rectangular domain Q; =
= (0, 0) x (0, 1), where & is any number greater than . Obviously, the extension &
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belongs to the subspace V(2;) and we have the Korn’s inequality

p) 1“8:'1('7)“(2),96 z o5 dfon Ve V(Q).
i,j=

Since @& = 0 outside Q(v), the uniform Korn’s inequality with ¢ = ¢; follows.
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Souhrn

NEROVNOSTI KORNOVA TYPU, STEINOMERNE VZHLEDEM
KE TRIDE OBLASTI

IvAN HLAVACEK

Nerovnosti Kornova typu obsahuji kladnou konstantu, zavislou obecn& na oblasti. Vznika
otazka, zda-li tyto konstanty maji kladné infimum, kdyZ uvaZujeme celou tfidu omezenych
rovinnych oblasti s lipschitzovskou hranici. Dokazuje se kladna odpov&d na tuto otizku pro
né&kolik typu okrajovych podminek a pro dvé tfidy oblasti.

Pesrome

HEPABEHCTBA TUITA KOPHA, PABHOMEPHBIE II0 OTHOWEHUIO
K JAHHOMY KIJIACCY OBJIACTEN

IvAN HLAVACEK

HepasencrBa Tuna KopHa CCHEPXKAT IOJIOKUTEJIBHYIO ICCTOSHYIO, 3aBHCAIIYI0O OT 00nacru.
BO3HHKAaET BONPOC, MMEIOT JIM 3TH TOCTC SKbi€ IOJCKMIENERYIO HEXHICIO IDaHb, €CNM pac-
CMaTpUBaTh HEKOTOPBIX KIacC OTPAHMYEHHBIX OOJacTeil B IUIOCKOCTH. JIOKAa3LIBACTCS MOJOXKU-
TeJIbHbI OTBET HAa 3TOT BONPOC IS HECKOJIbKMX THMIIOB KPaeBbIX YCJIOBMH W AN JIBYX KIJIacCOB
obnacreit.

Author’s address: Ing. Ivan Hlavdéek, DrSc., Matematicky ustav CSAV, Zitna 25, 115 67
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