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Summary. The paper concerns the (local and global) existence, nonexistence, uniqueness and
some properties of nonnegative solutions of a nonlinear density dependent diffusion equation
with homogeneous Dirichlet boundary conditions.
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0. INTRODUCTION

This paper deals with the (local and global) existence, nonexistence and some
properties of nonnegative solutions of the initial-boundary value problem

v, — AWw") = f(v)y in D x(0,T), T>0,
(0.1) v(x,1) =0 on 9D x (0,T),
v(x, 0) = v,(x) in D,

where m is a positive constant less than 1, D is a bounded domain in R¥ with smooth
boundary D, A is the Laplacian, f is (in general) a locally Lipschitz continuous
function with f(0) = 0, and v, is nonnegative and bounded. Problems of this kind
arise in the theory of plasma physics, where v denotes the plasma density, and so it
is natural to consider v = 0 only (the case f = 0, m = 1/2 corresponds to the “Okuda-
Dawson diffusion” [3]). Computing the Laplacian A(v™) = div (mv™ "' grad v) we
see that the diffusion coefficient K(v) = mv™ ' (0 < m < 1) tends to infinity as
v | 0 which is why we speak about the so-called “fast diffusion” case. The most
striking manifestation of this type of the nonlinear density dependent diffusion is
the fact that the solution of Problem (0.1) with f = 0 (for f % 0 see Section 4) decays
to zero in a finite time T* depending on the initial data (see [13]). This contrasts
with the heat conduction case, m = 1, and the “slow diffusion” case, m > 1 (K(v) =
= mv™"! tends to zero as v | 0), where the solutions decay to zero in infinite time.
An other serious consequence of the ‘“degeneracy” of this equation is the fact that
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the solution need not be classical (even if the data are smooth) near the points where
v = 0, and it is necessary to consider some well defined generalized solutions (see
[13)).

In Section 1 of the present paper we solve Problem (0.1) with a global Lipschitz
continuous function f using the method of lines, which was applied to the “slow
diffusion” case in [7] (see also [4]) and has been intensively studied in [8]. The
exact power nonlinearity in the diffusion term seems to be necessary for our way
of proofs, but this loss of generality is, in our opinion, counter-balanced by its
simplicity and obviousness. The continuous dependence as well as the comparison
principle stated in Section 2 are obtained by an adaptation of the method of [1].

In Section 3 we use the ‘“maximum principle” from Section 1 and a uniqueness
result (Section 2) to prove the local existence for an arbitrary locally Lipschitz
continuous function f, and then the nonexistence of a global solution of Problem (0.1)
is established (see [11], where the slow diffusion case is considered). In Section 4
the existence of the finite extinction time for f £ 0 is demonstrated by a simple
comparison technique.

1. GLOBAL EXISTENCE FOR SMOOTH INITIAL DATA

In this section we prove the existence of a global solution of Problem (0.1) as-
suming global Lipschitz continuity of f and smooth initial data. In what follows it is
more convenient for us to transform Problem (0.1) by setting u = |v|™ sgn (v) into

(B(u)), — Au = f{B(u)) in Qr=D x (0,T),
(1.1) u(x,t) =0 on Sp =0dD x(0,T),
u(x, 0) = uy(x) in D,

It

where f(u) = |u|* sgn (4), «(=1/m) > 1, and from now on we shall deal only with
Problem (1.1).

Remark. The function spaces we use are rather familiar and we omit the defini-
tions (see e.g. [8], [9]). In the sequel we shall adopt the notation [, u(t) o(f) =
= [pu(x, t) ¢(x, 1) dx. Nonnegative constants will be denoted by C, which may
stand for various constants even in the same discussion.

Our result reads as follows:

Theorem 1.2. Let T > 0 be arbitrarily fixed. Suppose that uy € Hy(D) n L*(D),
uy 2 0, f(0) = 0 and f is globally Lipschitz continuous with a constant K.
Then Problem (1.1) admits a (strong) nonnegative solution u(x, t) such that

ue C[0, T]; X(D)) n L2([0, T] ; Ho(D)) N L*(Qx)
ut b2 ¢ gY([0, T] ; (D)),
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and the equation is satisfied in the sense that
(13) j (Bl + V() V) = j @) w, u(0) = u,

holds for any test function w € Hy(D) and a.e. on [0, T].
Moreover, the following estimates hold:

(1.4) [4(t)|eocpy = ([0l + (£(0)/e)) exp (K + &) mz)

(the “maximum principle”) for 0 <t < T, 0 < & < o,

(1.5) (a + l)lf (™ D) | Zaepy + V(u(®)) < V(uo)
for 0 £t T, where V(&) = 1 [, |VE]* = [b {5 f(B(r)) dr, and
(1.6) Ju(t) = u(9)|zzw) = Clt = s[/E*D

for 0t s=T.
The key idea for solving Problem (1.1) is to replace the t-derivative by a difference
quotient of the given step size A,t, where
At =Tn for nzn,

(without loss of generality we may assume n, = KT).
Therefore, let us first treat the problems

) = B) _p o i b,

- = 11

Ayt

(1.7)
u; =0 on 0D, i=12,...

where f{, = f(B(ui_,)) and uy = u, is given.
Under our assumptions we are able to solve Porblems (1.7) recursively for u]
by the already known u}_, and thereby construct sequences of step approximate

“solutions” {i,}, {ii,}, defined by
(1.8)  u(=ix, 1)) = uix) for iAp<t<(i+1)At, i=01,...,
(1.9) ay(=iy(x, 1) = B(ui(x)) for At <t<(i+1)At, i=01,...,
and piecewise linear approximate “solutions” {u, | 1

t— iAt

(ﬂ( uly1) — B(u})) (x) for

up(=uy(x, 1)) = Pui(x)) +

(1.10)
iAtStS(i + l)A,,t, i=01,....
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Their convergence to a desired solution u (or f{u)) of Problem (1.1) in the sense given
later on will be shown. We start with

Definition 1.11. A function u} is said to be a solution of (1.7) if u} e Hy(D)n
N I¥*Y(D) and the following identity holds for all we Hy(D) n I**(D):

(1.12) L <w?-—l) W+ Vu! VW) = Lf;'_lw.

At

Lemma 1.13. There exists a unique solution u} of Problem (1.7) for any positive
integers i, n = n,.
Moreover, each u} € L*(D) and u}; = 0 on D.

Proof. By induction with respect to i (n 2 n, arbitrary). By the assumption we
have uf = u, € Hy(D) n L*(D), uy = 0. Suppose the assertion is true fori = 1,2, ...,
k — 1. Let us now prove it for i = k.

Existence. Let
J(v) =J 7YV + (Ao + 1) o]t = filio — (A)™ B(ui_,) v) .
D

Then it is easy to see that J is a continuous, strictly convex and coercive functional
over Ho(D) n I#**(D). The existence of a solution of Problem (1.7) for i = k now
follows immediately if the classical results concerning the minimization of J,namely
the existence of the minimum and the characterization of solutions, are taken into
account (see e.g. [6]).

Nonnegativity. By contradiction. Let u; <0 on E = D and meas (E) > 0.
Putting w = (u})” (=min (0, u;)) into (1.12) we obtain

0 < (&) f (Bl uf + [Vel]?) = j oy + (A) ™" Buf-y)) 1 <0,
E E

because fi_; + (At)"' B(uf_,) = 0 (by the induction hypothesis u;_, = 0 and
K < (A,t)™"). This contradiction yields uj = 0.

Boundedness. Suppose the contrary, that is, there exists {cj}j"zl, ¢; S Civgs
¢; — oo for j > oo and K; = {x e D, u; > ¢;} with meas (K;) > 0. Putting

n
u"lf—{u" for xeD\K;,
" =

¢; for xek;

we easily obtain J(ug|') < J{u;) for sufficiently large j, which contradicts the mini-
mum property of uj.
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Lemma 1.14. For any n = ny and 1 < i < n, the solution u} of Problem (1.7)
satisfies

(1) Wlaecr S (olimr + GO exp (500 0),
for any g, 0 < & < (A1),

Proof. Let us omit the index n throughout the proof. Putting w = (u,)* into (1.12),
where a positive integer k is arbitrarily large (it may be easily shown by Lemma 1.13
that (u;)* € Hi(D) n L*(D)), we obtain

L(u,.)«” + Atk J () [vu = AtL(f,._1 (A7 Blui ) () s

which by the Lipschitz continuity of f implies
(L16) J () < (1 + KAt)J (e (t + 70) e [ (uar
D D «D
Applying Young’s inequality to the last term of (1.16) we further have
(1 - eAt)J. ()t <(1- aAt)J‘ (1 + 1 A1) (u;- ) (u)* + At Ce) (f(0))@*0Ve,
D D

where n = (K + ¢)/(1 — ¢ At) and C(e) = (kfe(a + k))*/* @ meas (D)[(« + k). The
above inequality yields (again by Young’s inequality)

J (u'_)u+k <1 +1 At)(q;ﬂc)/azJ< (ui—l)a+k +
(1.17) b D
+ (0 — ag Ar)™* (& + k) C(e) At f(0)« 0=

From (1.17) we obtain recurrently
(1.18) f (w2 * £ (1 + n Ar)iethbre (J (uo)*** + (e f(o))wk)/aCl),
D D

where the constant C’ = C'(a, k, ¢) is such that its (o + k)-th root tends to 1 if
k — oo. Indeed, (1.17) may be formally rewirtten as y; < ay,_, + b < ... < @'y, +
+ b(a’ — 1)/(a — 1) < a'(yo + bj(a — 1)) and going back using

n A1+ n AP — 1)71 <1 we have (1.18). Now, taking the (« + k)-th
root of (1.18) and letting k - oo we obtain

Juill ey = (1 + 9 A‘)““”“o”ﬂmw) + (e71 F(0)™)

where we can still estimate (1 + 5 Af)”* by exp (i At m(K + ¢)/(1 — ¢ Af)). This
completes the proof.
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Corollary 1.19. The sequences of the approximate “solutions” defined by (1.8)—
—(1.10) are bounded in L*(Qy) (e.g., {@,} is bounded by Ly = (||to] s~ +
+ (f(0)/e)y™y exp (Tm(K + ¢)/(1 — A, te))).

Lemma 1.20. There exist nonnegative constants L, such that

n m\(a+1)/2 __ n (x+1)/2)12
M ¥ |0 (i) At S Ly,
i=1 Ayt L2(D)
(1.21) (i) V4|2 S Ly, 1Sisn,
n n n 2
iy 3 [PeR) =BGty o
i=1 At L2(D)

where all estimates are uniform with respect to n = ny and L, depend only on the
data of our problem and on T.

Proof. Putting w = u; — u;_, (again omitting the index n) into (1.12) we obtain

(Ar)~? j (Blu) — Buz-s)) (y — wp_y) + 27" j Va2 — 27t j Vuy o =
D D D

12) = j( j " f(li(r))dr+r (5(8tar-1) = 1(57) dr) <

< j ) ( L:E_lf(ﬂ(r)) dr + K(ﬁ\) — B ) (u — ))

In the sequel, the following inequality plays an important role:

4o
(@ + 172

(1.23) (yEr D2 — 2302 < (3 — 2 (y = 2)

for y, z 2 0, which may be verified e.g. by simple calculation with a nonnnegative
function g(2) = (4* — 1) (4 — 1) — (4o/(a + 1)?) (A=*V2 — 1) for 4 = 1.
So (1.22) by (1.23) yields

4o{1 — K At)J’
(x + 1)? D

(u))@r iz _
A

)(u+ 1)/2]
! At +

u;_
t

Summing the above inequality through i = 1, 2, ..., k we obtain

(a+1)/2 _ (a+1)/2]2
e
At 2)p

4ot — K At)
{124y ————
e (@+1)2 i; .[D
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= [ [Trwonar <3 [ k[ [“reyar

Now, Lemma 1.14 and the obvious estimate

A = )] 5 5 (o ) ) = a7

a.e. on D give the assertion (1.21).
As a result of Lemma 1.20 and Corollary 1.19, using a standard argument (sec

e.g. [8, Lemma 1.3.13]) we arrive at

Corollary 1.25. (i) The sequence {i1,} (see (1.8))) is bounded in L*([0, T]; Hy(D)) N
n L*(Qy) and there exists a function u such that
(1.26) ii, > u weakly* in L*([0, T]; Hy(D))

(through a subsequence).
(ii) The sequence {uy} (see (1.10)) is bounded in H'([0, T]; I*(D)) n L*([0, T];
1 0 — 3 . . . © . 1 A\ ©
Hy(D)) n L*(Qy), {iiy} given by (1.9) is bounded in L*([0, T]; Ho(D); n L*(Qy),
and
(i) uy - u* weakly in H'([0, T]; I*(D)),
(i) uy — u* strongly in C([0, T]; I*(D)),
(iii) &), uy — u* weakly in Hy(D) for a.e. te[0, T],
(iv) @y — u* strongly in I*(Qy),
(v) @y, uy - u* a.e. on Qp, (through a subsequence), where u* = B(u)
and u € C([0, T]; L*(D)).
The fact that u* = B(u) follows from the monotonicity of B(+), (1.26) and

(1.27) (iv).

Indeed, from the monotonicity of § we have

T
ox | [ @~ o @ -,
0Jp
and letting n — oo we obtain

0< LT j (= B0)(u =) forany wer(0p).

(1.27)

Putting w = u + Av, A > 0, the above inequality (after letting A — 0) yields

j‘TJ‘ (u* — B(u)) v = 0 for any veL”(Qr) andso u* = B(u) .
0JD



Now, using our notation, (1.12) may be rewritten in the form

f (@), w + Vai(t) V) = J f@ () w, 0<t<T.
D D
Multiplying this identity by q(¢) € L*(0, T) and integrating over (0, T) we obtain

(1.28) J J (), wq + Vi, V(wg)) f f (@) wa .

Letting n — oo in (1.28) we obtain by (1.27) (i), (1.26), (1.27) (iv) and the global
Lipschitz continuity of f

LT (fb((ﬁ(u))t w + Vu Vw — f(B{u)) w) q=0 forany qelI®(0,T),

hence (1.3).
To prove the estimates (1.4) and (1.5), let now t € [0, T'] be arbitrary but fixed,
and for each n let i(n) be such that

(1.29) t, St <t,+ At, where t,=Ati(n).

By (1.29), the estimate (1.15) yields

: m tm(K + &

(1.30) 4k oy = (Jto]Lmc) + (F(0)/e)" exp im(K + 0))
(1 — A,te)

Taking into account that #,(t) = u},, on [t, t, + A,t) for each n and that (1.27) (v)
implies i, — u a.e. on Qp we have the “maximum principle” (1.4).
To show the energy estimate (1.5) we rewrite (1.24) with the help of (1.29) as

c, j j W+ Vi) Vi) + G, j j [CyR

where u,* is constructed analogously to u, in (1.10) by means of (u})** 2, Using
the estimate (1.21) (i) we obtain the validity of Corollary 1.25 (ii) for u,* in the same
way, and u** = (@12,

Now, letting n — oo we easily obtain (1.5) by virtue of the weak lower
semicontinuity of a norm and the fact that t, > ¢t as n— oo and (1.21) (i)
(C, = oo + 1)72).

To verify (1.6) we calculate

[[u(t) - u(s ”Ll(v) j lu(““)/z(t) _ u(a+1)/2 s)|4/(a+l) <
D
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f’(u(a+ 1)/2)r

s

=<(], Vs e(([ e o)

hence the assertion. This completes the proof of Theorem 1.2.

2. COMPARISON AND CONTINUOUS DEPENDENCE

In this section we follow the corresponding part of [1]. Though the procedure is
very similar, we shall indicate its main points because we cannot use the results of
[1] for another type of nonlinearity.

Therefore, let us consider the problem

(n(w))e — Au = g'u) in  Qr,
(2.1) u(x, t) =0 on Sp,
u(x,0) = uy(x) in D,
where : R — R is locally Lipschitz continuous and nondecreasing,
g: R - R is “locally Lipschitz” continuous in the sense that for each bounded

subset U of R there exists a constant Ly such that |g(u) — g(v)| < Ly|n(u) — n(v)|
forallu,veU.

Definition 2.2. A (weak) solution u of Problem {2.1) on [0, T] is a function u
with the following properties:

(i) ue ¢{[o, TT; L{(D)) n L(Qy),
{ii} u satisfies

o

@3 [ wun) o)~ [[ G oc+ o+ o) o) = [ nin) 90), 05457,
D 0. D
for all 9 C*"(Qr), 20 and ¢ =0 on dD, 0 <t < T. A solution on [0, o)
(global solution) means a solution on each [0, T], a subsolution (supersolution)
is defined by (i) and (ii) with equality replaced by < ().
Clearly, the strong solution from Theorem 1.2 is also a weak solution of Problem
(1.1) in the sense of the above definition.

Theorem 2.4. (i) Let u,v be solutions of Problem (2.1) on [0, T] with initial
data uy, vy, respectively. Let K be a Lipschitz constant for g on [ —M, M|, where
M = max (Ju]coors [|0]ocor)- Then

(2.5) [n{u(®)) = n(@ )|y < [In{u0) — 1{vo)| (o) exp (K1) .

(i1} Let u be a subsolution and v a supersolution of Problem (2.1) with initial
data ug and vy, respectively. Then uy < vy implies that u < v a.e. on Q.
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Proof. We start with (ii). For u and v, (2.3) gives

Lw(u(t» — nald) old) — j j (u = 0) (a0, + Ag) <

0:
= [ 1tu) = 109) 90) + [[ (60 = a0
D Q¢
for any test function ¢, where

{(n\u) = n()(u —v) for u=+ov,

otherwise ,

(2.6)

and under our assumptions it is easy to see that a € L°(Qy) and a = 0.
Now let a, = R,a + n~', where R, is a mollifier (see [5, page 72]) and ¢ is such
that |la — R,a|,2¢0,y £ n~". Then a, are smooth and it is not difficult to see that

@7 n7t < a, £ awen + 17, (@ = a)fJa, =0 in I¥Qr)
as n-— oo.
From a, we obtain functions ¢, as solutions of the backward problems
al(x, s) (¢n)s + Ag, = Aa(x,5)¢p, for xeD, se[0,1),
(2.8) P (x,5) =0 on D, 0<s<t,
@, 1) = x(x) on D,

where 0 < t < T is now arbitrary but fixed y(x) € C(D), 0 < x(x) < 1. The existence
of ¢, € C**(Qy) follows from the fact that (2.8) is a nondegenerate parabolic problem
for each n, which may be rewritten into

W) — a;(x,t — ) Ay, = —Ap, in D x {0,1],

(2.9) Yo%, 7) =0 on 9D x [0,1],
¥, 0) = x{x) in D,
and all its data are smooth (see e.g. [10, page 364]).
Moreover,

(2.10) 0 < @,(x,s) S exp(—At —s)) on D, 0<s <t and J‘J a((¢.))* £ C,
Q:

where the constant C does not depend on n. The first assertion is a consequence of
the maximum principle [12, page 173] and the second can be obtained from (2.9).

Multiplying the equation by a,(y,). and integrating over Q, we find after integrating
by parts and using Young’s inequality

J'[Q‘an((wn)t)z J [Vw(1)]? = = J |Va* + sﬂ Q,a"((l/,")')z + C(e) J I ‘auA'z\bf '
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hence the assertion, because

J ‘[ ‘a..(x, t — ) ((¥,).)* dxdr = ” 'ta,,(_x, 5) ((¢,),)? dx ds .

Now, if we put ¢ = ¢, into (2.6) we obtain

(2.11) f CCORECOPS J j (1= 0)dag, <
< j () — 00) 0:0) + f j (o) = o) 22 + 201 j j

where the last term tends to zero as n — oo by (2.7) and (2.10),. Thus, letting n —» oo
in (2.11) we have by (2.10),

j [CORECOPE j () = nfen) " exp (=20 +

a— a,

e Ja,(0,),

>

Qe

(2.12)

¥ j j (o) = o) + d0e) ~ w0 exp i = ).

where {* = max ({, 0), because by (2.7), a, — a in I*(Qr) as n - co. By the same
argument as in [1] (we omit it) (2.12) implies

f (o) = n6(0)° = j (n(u0) = no0)” exp (K,

which proves Theorem 2.4 (ii), and (i) follows by adding the corresponding inequality

for (n(u(t)) — n(u(9)*-

As a consequence of Theorem 2.4 the existence of a global weak solution of
Problem (1.1) may be proved for u, € L*(D).

Theorem 2.13. Let f be as in Theorem 1.2 and uy 2 0, uy € L*(D). Then Problem
(1.1) has a nonnegative weak solution on [0, ) (in the sense of Definition 2.2)
and the maximum principle (1.4) holds again.

Proof. We choose {uo,} = Hg(D)n L*(D) such that |ug, — u||pipy = 0 as
n— oo and |ug,|Lewy S [[#ollew) Let u, be strong solutions of Problem (1.1)
with initial data u,,. Then by (1.4) we have

[4s(B)|z0y = ([4o]lLowy + (F(0)/e)") exp (K + &) mt)
and by (2.5), :

18(ui()) = Bt 1wy = [[B(40n) — B(uon) 1oy exp (Kf) <

< affus |7y [#on — #okl|L1o) €xp (K1),
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which gives the existence of a function w e C([0, T]; L'(D)) such that f(u,) - w
strongly in C([0, T]; I}(D)) as n — 0. Now by Lebesgue’s dominated convergence
theorem we have u, — B~'(w) strongly in I?(Q7), 1 £ p < oo (through a sub-
sequence). Denoting u = B~ '(w) it is easy to see that u is a weak solution of Problem
(1.1) and satisfies (1.4). Moreover, due to Theorem 2.4, this solution is unique.

3. LOCAL EXISTENCE AND A BLOW UP RESULT
We start this section by stating its main results.

Theorem 3.1. Let f be locally Lipschitz continuous, f(0) = 0 and u, = 0, u,€
€ L°(D). Then there exists Tpax, 0 < Tpay < 00 such that Problem (1.1) has a unique
weak solution on any [0, T], T < T,

If in addition u, € Hy(D) then this solution is strong and satisfies (1.5) for any
0 =<t < Toax- In the case T,y < 00 we have

(3.2) lim {|u()] pwpy = + o0

t= Tmax

Moreover, if f satisfies
(3.3 f(r) S Kr + f(0) forall 0<r <o,

where K is a constant, then T, = 0, i.e. there exists a global solution of Problem

(1.1).

Theorem 3.4. Let f be locally Lipschitz continuous, f(0) = 0 and
(35) f(r)zer’ forsome ¢>0, y>1 andforall 0<r < .
Suppose that

20, uo £ 0, uge Hy(D)n L*(D), 2'1f |Vuo|* — c(ay + 1)‘1.[ ud*1 <0
D D
and let u(t) be a strong solution of (1.1) on [0, T], T > 0. Then T satisfies

(3:6) T<T,= (J. uﬁ“)_(y-l)(cxy + Dfe(y = 1) (« + 1) (ay — 1)

and
(3.7) [u(t)] =+ 1y = const (Ty — 1)=&~

Proof of Theorem 3.1. Let M = |uo]|L=p) + (f(0))" and define

F(B(r for |B(r)) =M +1,
fu(B(r)) = { fgj\g )3- 1) otheeri(sg l *
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Then Problem (1.1) with f replaced by fu has a unique global weak solution uy
(Theorem 2.13), and it satisfies

[us®)|Low) < Mexp((K + 1) mt) ((1.4) for e = 1),

where K is a Lipschitz constant of the function f,,. Now we take § so small as to
have M exp ((K + 1) md) £ M + 1. So u,(t) is a solution of the original Problem
(1.1) on [0, 6] and by using the standard continuation procedure we obtain Ty,
0 < Ty < 00, so that Problem (1.1) has a unique weak solution on [0, T], T < Tpax-
The arguments for a strong solution are the same.

Now let T,,,, < co. We first show that

(3.8) m [Ju(t)|pep = +-

t=Tmax ™

If (3.8) does not hold then [|u(t)|| ey < C for all 0 < t < T,,,, and (1.5) yields
Tomax
[ ) s = comt.
0

So we have |ju(r) — u\s)"Lz(D) Clt — s|t/@+ P forall0 < 1,5 < Ty, Which implies
that lim u(z) exists in I*(D). Let us denote it by v. Then (1.5) gives that u(t) » v

t>Trmax "~

weakly in Hy(D) as t » T, and we have ve H o(D) n L*(D), contradicting the
maximality of Ta.

Now suppose that (3.2) does not hold. Then there exists a sequence t, = Ty s
n — o with |u(t,)]i=p) S C. Let K be a Lipschitz constant of f on [0, C* + 1],
where C* = C + (f{0))™. Then for all n we have by (1.4)

Ju(ts + Doy < (Ju(t)|w) + (FO)") exp (K + 1) mi)
for 0 < t < t*, where C* exp (K + 1) mt*) = C* + 1. So
[ult, + Opepy < C* + 1 foralln, 0=t =%,
But for sufficiently large n we have T,,,, — t, < t¥, therefore
[u(t)| Loy < C* + 1 for t, £t < T,

which contradicts (3.8).

In the end, let f satisfy (3.3), then the solution v of Problem (1.1) with f(r) =
= Kr + f(0) is a supersolution of Problem (1.1) (with the original f) which exists
globally (Theorem 1.2) and so does u by Theorem 2.4 (ii).

Proof of Theorem 3.4. Let v be a solution of Problem (1.1) with f(r) = cr” and
vo = to. Then v is a subsolution of (1.1) and by the comparison result stated in
Theorem 2.4 (ii) it is sufficient to prove the assertion for ». The proof proceeds in
a standard way (see e.g. [11]).
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The assumptions on u, imply by (1.5) that

(3.9) J le(t)iz < 2¢ j ())y*! for 0Kt <T.
D oy + 1 D

Now putting v(¢) into (1.3) and integrating we obtain

0

Since y(1) & {, »** (1) is absolutely continuous on [0, T, (3.10) yields

, + 1
y() =2
o

ﬂ%WW+wm“%
D
which by (3.9) and the Hélder inequality gives the differential inequality

(2 + 1) ely = 1) o
) — =L A ) )@+ D/@t+1) >
O - . o) 2

for a.e. te[0, T], assuming for convenience that meas (D) = 1. As (ay + 1).

(a4 1)7! > 1, by the standard comparison theorem for ordinary differential
equations we have

(010) [<Lu8+ 1>“<v~1)_ (y = D(a+ Dclay — 1) t']-l ’

(oy + 1)

hence (3.6) and (3.7). This completes the proof.

4. A FINITE EXTINCTION TIME
Let us begin with the simple problem
(B(u))y — Au =0 in D x (0, ),
(4.1) u(x,t) =0 on 0D x (0, w0),
u(x,0) = up(x) in D,

where u, € Ho(D) n L*(D) for a while. It is known that the solution of {4.1) has
a finite extinction time T*,i.e. u = 0 for t 2 T* (see [13], [2]).

To estimate T* let us sketch the proof of its existence. By Theorem 1.2, Problem
(4.1) has a global strong solution and (1.3) for w = u(t) yields

t
fu“‘“(t)—ju%“+a+ IJ j |Vu|* =0,
D D o 0JD
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which implies that [, us+ 1(1) is absolutely continuous in t. So we have
(4.2) d us+i(t) +
dt)p

If either N = 1,2 and ¢ > 1 is arbitrary, or N = 3 and 1 < a < (N + 2)/(N — 2),
we obtain from (4.2) that

2/(a+1)
_J ua+l(t)+ C“+ 1(J‘ ua+1(t)) <o,
D

because of the continuous imbedding Hy(D) into I#**(D). This inequality implies
the existence of T*(=T*(u,)) > O such that u(t) = 0 for t 2 T* (see [2]) and

(4.3) T* = af|u|fztip)/Cla — 1).

In the case N = 3 and o > (N + 2)/(N — 2) we get, using the Nirenberg-Gagliardo
inequality (see e.g. [5, page 27]), the estimate

(44) e = ([ |v:|2) (el ™

where & e Hy(D) n L°(D) and a = 2N|(N — 2)(x + 1) < 1. Now by (4.4), (1.4)

and (4.2) we obtain
2 ¢+1( C 2(a—1)/a a+1 N=2IN < 0
1) + 25— C(Juo o) utt (1) =0.
dt o Jp
Since (N — 2)/N < 1, we again get T*(=T*(u,)) > 0 such that u(f) = 0 for t = T*
and

@5 T* = aN([u] o)™ ™" (1w

So we have

o+ 1

J [Vu(t)|* =0 forae. t.
D

Theorem 4.6. For any uy € L°(D), uq 2 0 there exists T*(uo) = 0 such that the
solution of Problem (4.1) vanishes for t = T*, i.e.,u(t) = 0 fort = T* and T*(u,) =
= 0 only for u, = 0.

It remains to remove only the restriction u, € Hy(D) from the beginning. To this
end, let uo € L°(D) and choose a sequence {u,,} = Ho(D) n L*(D) such that

luo = wonliry > 0 as n—> 0 and Juos|reco) < [uo]lieeo) -

Let u, be the solutions of Problem (4.1) with initial data u,,. Then u,(f) = 0 for
t 2 T*(u,,) and it is easy to see that im T*(uo,) < T*(uo), where T* is given by
(4.3) or (4.5) with regard to N and o. Now due to (2.5) we have

1By = [Buo) = Bluon) 1oy < uol|z=iny 40 — ton]ico)
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for t 2 T*(u,,) and letting n — oo we have the assertion.
Now we consider the problem

(B(w)), — Au = 2B(u) in D x(0,0), >0,
(4.7) u(x, 1) = 0 on 9D x (0, 0),
u(x, 0) = uy(x) in D.
Putting u = v exp (At/a) the equation in (4.7) gives
(B(v)), exp (At(a — 1)[ax) = Av

and after a simple transformation of time, t = —c¢™'In(1 — ct) where ¢ =
= AN« — 1)/, Problem (4.7) can be rewritten into

(B(w)), —Aw =0 in Dx(0,T,),
(4.8) w(x,7) =0 on D x (0, T,),
w(x,0) = uo(x) in D,

where T, = ¢~* (t = ¢ !(1 — exp (—ct)) (see [14]).
As a simple corollary of Theorem 4.6 and of the comparison principle stated in
Theorem 2.4 we have

Theorem 4.9. Let u be a weak solution of Problem (1.1) with a locally Lipschitz
continuous function f satisfying

f(r) £ Ar for some A >0.

If ug(eL™(D)) is such that T*(u,) < T, for T* given by (4.3) or (4.5) (corresponding
to the cases mentioned above) then

u(t) =0 for t= —c 'In(l = cT*).
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Stdhrn
O RIESENIACH PERTURBOVANEJ ROVNICI RYCHLEJ DIFUZIE
JAN FiLo

Praca je venovana otdzkam existencie (lokdlnej a globalnej), neexistencie, jednoznaénosti,
porovnavania a niektorym vlastnostiam rieSeni po&iatoéno-okrajovej ulohy pre perturbovanu
rovnicu rychlej difuzie s homogénnymi Dirichletovymi okrajovymi podmienkami.

Pesome
O PEMIEHUAX BO3MVIIEHHOI'O YPABHEHUS BBICTPOM JHW®dY3UU
JAN FiLo

Pa6ota mMOCBAINEHA NOKA3aTENbCTBY CYIUECTBOBAHHS M HEKOTOPHIX OCOOSHHOCTEM peLIeHHS
BO3MYIIEHHOM NPOo6ieMEI GBICTPOI Oudy3UH C HYJIEBHIMH KPACBBIMH YCIIOBUSMH.
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