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1. INTRODUCTION

Consider the linear homogeneous system of equations in finite differences
(1.1) x(n + 1) = A(n)x(n), neN,
where A(n) is an N-periodic matrix sequence of order g with values in C:
A:N - MyC), A(n+ N)= A(n) forall neN

and x(n) is a vector sequence with complex values.

In [3] we used a method to obtain solutions of (1.1) in closed form based on the
reduction of this system to N linear homogeneous systems with constant coefficients.

In this paper we use a similar method for the resolution in closed form of the
non-homogeneous system.

Adjoint system
According to Halanay’s definition ([2]), the system
(1.2) En—-1)=¢n)An—-1), neN*

where &(n) is a row g-vector, is the adjoint system of the system (1.1).

If x(n) and &(n) are solutions of (1.1) and (1.2), respectively, then &(n) x(n) =
= &(0) x(0) for all n € N, and in consequently ([3])

0 TT AL T AGE =600, ke, (5=0,1,..,8 = 1)

j=s—
0 0
where ] A(j):= A(s — 1) A(s — 2) ... A(0) and [] A(j):= E, the identity
j 1

j=s—-1 j=-
matrix.
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Now, as a solution ¢(n) of (1.2) is N-periodic if and only if &(N) = &(0), &(n) is
N-periodic if and only if

(13 {) ([ IT A0 - B =0,

Thus, the dimension of the subspace of N-periodic solutions of (1.2) coincides
with that of the subspace of N-periodic solutions of (1.1).

2. NON-HOMOGENEOUS SYSTEM

Let
(2.1) x(n + 1) = A(n) x(n) + f(n), neN.

be a non-homogeneous linear difference N-periodic system, where A(n) is as above
and f(n) is a N-periodic column g-vector with complex values

fiN—>C% f(n+N)=f(n) forall neN.

Theorem 1. Every term of each solution sequence x(n) of (2.1) can be expressed
in the form

(22) () = I AL 11 AT 0 +
+[ 10 A(m@[ n A(J)])(Z ['"n AL m) + 2[ [T 4G)]f(m),

Jj=s—1 m=0 j=s—1
where k and s are, respectively, the quotient and the rest of the division of n by N,
for each ne N, provided we put

-1

Y :=0 and ﬁ A(j):=E (ieN).

i=0 j=i—1
Proof. We will see that (2.2) is a solution of the system (2.1) that verifies the initial
condition x(0); and so it is the only one with that initial condition.
Let us suppose that x(n) is given by (2.2), then x(n + 1) has two different expres-
sionsfors=N—-1or0<s<N —1:

i)s=N—1 Then n + 1= (k + 1)N.

In this case,

- m+1

x(n+1) = [ H ADF (0)+(Z[ H A(J)])(Z[ 11 AD1S(m), keN

J=N-— m=0

and

()= (I AGIL I1 A0F =0+ IT 0L L 1T 467)

j=N-2 =N=-—
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m+1

(Y[ y A(J)]f("’))+z [ ”H AGY] f(m)

Since A(n) = A(nJIV - 1_) a—nd f(n) = f(N ——1), v:/e Lave
A(n) x(n) +f(") AN — l)x(") I - 1) =

- m+1

= [J:I_] 0)1 (0)+[1_H_1A(1)](Z[ H A(J)])(Z[ 11 AWD]S(m)) +

+A(N—1)Z[ H A1)]fm)+f( -1) =

m=
0

. [jzlj_lA(f)]"“X(O)Hé [ 11 AN (ST A

=N-1 m=0 j=N-—
So in this case x(n + 1) = A(n) x(n) + f(n).
ii) 0 < s < N — 1. In this case the development is similar, leading to the same
conclusion.
Moreover, because of the established conventions, in (2.2) x(n)|,-, = x(0). So,

the sequence x(n) given by (2.2) is the only solution of (2.1) that takes the value x{0)
when n = 0. 5

We can observe that in (2.2) the first addend of the second member of the equality
is the solution of the homogeneous system associated with (2.1) and that the two last
addends are a particular solution of (2.1).

Theorem 2. Let us consider the initial value problem

(2.3) x(n + 1) = A(n) x(n) + f(n), neN,
' X(0) = x°,
where A(n) and f(n) are N-periodic. The sequence x(n) is a solution of (2.3) if and
only if any subsequence of x(n) in the form x(kN + s), (k = 0, 1,2, ...) is a solution
for s =0,1,2,...,N — 1, respectively, of the initial value problem with constant
coefficients
0 m+1

2(k+1)=[ ]] 1A ()] [ H AN z%(k) + [ H A1 Z [ AT AWD]Sm) +
j=s—

- m+1

(P,) + Z[ [T AG)/(m),

m=0 j=s—1
20)  =[ H A7) x° + Z[ H A()]Sf(m),
s 1 w0 j=s=1
where z(k) is for each s fixed, by definition, the subsequence (x(KN + §))c=0.1.5....-
Proof. Necessary condition. If x(n) is a solution of (2.3), it verifies (2.2). For

fixed s and k, z%(k) and z%(k + 1) are two terms of x(n) and thus verify also (2.2)
for k and k + 1, respectively.
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Then

209 = [ 11 AL H ADFS +1 Il A(J)](Z[ H A0

_]3-' ]S—

(3, [_;"ﬁ_ A + 5 TT A6 0.

We multiply both sides of the equality by [ H A(j)] [ H A( Jj)]; in the second

j s—1
m+1

addend we add and we subtract [ H A()] Z [ H A(])] f(m). Then we add to
Jj=s-1
s—1 m+1

both sides the expression Z [ TI A(j)]1f(m) and after rearranging the equality
m=0 j=s—1

the convenient terms, we obtain

[l AL H A 2R + H AN Z[ "ﬁ AWTS(m)

j=s—1 m=0

s—1

[ 11 400 Z[ fl AL ) + X T H_ A()]S(m) 2°(k + 1)-

j=s—1 m=0

Taking out the common factor in the second and third addend on the left we con-
clude that

e+ 1)=[ I] A0NL H AW 2(k) +

j=s—1

+ LI 400 S0 TT 4G /) + Z[ I 40)] ().

j=s—-1 m=s j=N-1 m=0 j=s—1

Moreover, by definition, z%(0) = x(s) (s = 0,1, ..., N — 1). Hence according to

Theorem 1
2(0) = [ H A()] x° + Z[ H AW S (m).

Jj=s—-1 m=0 j=s—1

Sufficient condition. Each of the problems (Py) (s = 0,1,...,N — 1) is a initial
value problem with constant coefficients and constant independent term. A formula
of Bellman says that if X(n) is a fundamental matrix of the homogeneous system,
every solution x(n) of the non-homogeneous system has the representation

x(n) = X(n) x(0) +:§:X(n)X“1(m + 1) f(m).
This formula gives the solution of the problems (P;)
200 = [1 A0IL TT 0D 20 + 5.0 1T 460L I1 40D

Al
€ 11 A0V ST AQ ) + 5 [”ﬁ ALS).

J 1 m=s j=N-1
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Now, let x(n) be a sequence determinated by its N “interlaced” subsequences
x(kN + 5):= z%(k), ke N (s =0,1,...,N — 1).
Let us verify that x(n) has the form (2 2).

In the first place, taking into account the expression of the initial condltlons given
in (Py),

I 11 401 [T AGF20)  gives is to two addendes
() [0 TT ADTL {1 AGTFL I 400=° = 11 46T T1 A0,
6 [ I1 AGIL T1 AOTES LT 4G st =
=L 11 400C 11 40 1 400 50T 46000 -

m=0 j=s—

=L ITAGIL T 4600 501 A0 o).
On the other hand,

Z[[ H AL H AP =

—[JTSI_ AWM Z[ H AJ)])[} IA(J)]+E,
which multiplied by

N-1 m+1 s—1 m+1

L H AT EL T ADISOm) + BT 11 A1/ (m)

m=s j=N-—

gives rise to other four addends

69 [ 11400 30T 401sm),

() XL IT A1/,
(ss) [ H A(J)](Z[ H AONL H AT H AN bl mfl AW S(m)=

m=s j=N-—

=L H AN (XL 1 A(J)])Z[ H AW (m)

—1_’—— =s j=N-—

(s) [ H A(])](;[ I;I 40N L II A Z[ H AWD1S(m) =
[

-1 11 A(J)](Zo [1 ()T Z[ bl AWDIS(m).

j=s—1 Jj=N-1 m=0 j=N-1
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Adding (se) and (s,) we obtain

m

() [ H A(J)](Z[ H A(J)])Z[ ﬁ ATS(m) -

Adding (s5) and (s3), we have

m+1

() [ 11 A(J)]('Z[ H ADT) bl [1 AD]Sm).

j=s—1 r=0 j=N-— m=s j=N-—

Adding (s;) and (sg) we obtain

() [ 11 40 ]('Z[ H AOT) Z[ H ADTS(m)

j=s—1 m=0

Finally, as z%(k) is the sum of (s,), (s,) and (s,) we arrive to

Z(k)~[111 AL H AJ)]kX°+[JISI_A ](Z[ TI A(J)])

(CEL L A son) + S LT 4650,

Moreover, this sequence x(n) verifies

x(0) = 2%(0) = [ H A()]x° +mZ[ H A1 S(m) = x°

s0, it is a solution of the problem (2.3).

3. COMMENTS TO THEOREM 2

The importance of Theorem 2 is similar to that of Theorem 1 of [3] for the homo-
geneous case: both of them guarantee that it is possible to obtain explicitly the solution
of an N-periodic finite difference system.

It is not necessary to resolve the N problems (P,) given in Theorem 2; it is enough
to solve (P,). Once having resolved this problem and obtained z°(k), we calculate
the remaining N — 1 “interlaced” subsequences, which conform the solution x(n),
by the formula

(3.1) (k) = [111 AG)] (k) +m§[,nﬁ AN Sm), keN (s=1,...N=1).
Moreover, since the solution of (Py), z%(k), is
z2°(k) = [ H AJ)]"X°+Z[ H ADT Z[ H ADIS(m)

m=0

it is not necessary to require that the N-periodic matrix A(n) be regular for all n e N,
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4. PERIODIC SOLUTIONS
A solution x(n) of (2.1) is N-periodic if and only if x(N) = x(0), but as x(N) =
= z%1) and x(0) = z%0), a solution x(n) of (2.1) is N-periodic if and only if its

subsequence z°(k) is constant.
By extension, a solution x(n) of (2.1) is Np-periodic if and only if its subsequence

z°%(k) is p-periodic.

Theorem 3. The non-homogeneous and N-periodic system (2.1) has, at least,
an N-periodic solution if and only if for all N-periodic solution &(n) of the adjoint
system associated with the homogeneous one of (2.1), we have

Nz;:f(m +1)f(m) =0.

Proof. To begin with,

m+1

() = [ 11 40150 + 3.0 T 46)]150).

A solution x(n) of (2.1) is N-periodic if and only if
0 N-1 +1
(4.1) (L IT AD]-B)x0) = -3 [ [I 4()]f(m).
j=N-1 m=0 j=N-—1
For the sake of convenience, we denote

Bim[ I1 401 - E.

N-1 m+1
b:=3Y[ I A()]f(m).
m=0 j=N-1
Then (4.1) becomes
Bx{0) = —b.

Now, this system has a solution if and only if
eb=0

for each row vector e such that eB = 0.

But, according to (1.3), the row vectors e which satisfy this condition are the
g-vector é(N) that gives rise to the N-periodic solutions of the adjoint system of the

homogeneous one of (2.1).
We write the condition eb = 0 in the form

e [T 40170 = 0;
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that is,
N-1 m+1

Y[ I1 4()]f(m)=0.

m=0 j=N-1

As

m+1

of ] A()]=¢&m+1),
J=N-1
we conclude that

Ng;f(m + 1) f(m) =0

for all N-periodic solution &(n) of the adjoint system. g

The next theorem expresses an existence condition for N-periodic solutions of
a non-homogeneous system. This theorem could be also called the “resonance
phenomenon”.

Theorem 4. If the non-homogeneous and N-periodic system (2.1) does not admit
N-periodic solutions, then none of its solutions are bounded.

Proof. If the system (2.1) does not admit N-periodic solutions, the system

4] N-1 m+ 1
(4.2) 2k +1)=[ [ 4W0]z°(k)+ X [ I 4()]/(m)
Jj=N-1 m=0 j=N-1
does not admit constant solutions.

We will see that in these circumstances all the solutions of (4.2) are unbounded.
We will adopt the notation of Theorem 3.
The adjoint system to the homogeneous one of (4.2) is

(4.3) &k — 1) = &(k) il 40

j=N-

If (4.2) does not admit constant solutions then, by Theorem 3, there exists a con-
stant solution &(k) of (4.3) such that

(b=*0.
Let z°(k) be a solution of (4.2), we have
z%(1) = [,-=1§[-1A(j)] z%0) + b.
Multipling by the row g-vector (1) yields
) =1 = < 1 A =20) + )b,
that is ’
(4.4) &(1) z°(1) = &(0) z°(0) + &(1) b .
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On the other hand,
2°(2) = [jjI_IA( N=2°(1) +b.
Hence
£2)2°(2) = &) [H AW =1) +¢42) b
As (k) is constant, we conclude that

(1) 29(2) = &(1) 2°(1) + &(1) b
and, by (4.4),
&(1) 2%(2) = &(0) z°(0) + 2 &(1) b.
By induction we demonstrate that
(1) 2°(K) = 0) 2%0) + k&(1) b
and as £(1) b = 0, it follows that z°(k) is unbounded for every be the initial con-
dition z°(0).
Finally, as z°(k) is the subsequence x(kN) of each solution sequence x(n) of (4.3),
no one solution sequence of (2.1) is bounded.

5. COMMENTS TO THEOREM 4

(i) The solution of the system (4.2) can be written in the form
0 k—1 0
09 = [ [1 A6 ~0)+ [ IT AGTe.

Now, if all the eigenvalues 4 of 1_[ A(j) are inside the unity circle, |/1[ <1, we
j=N-1
know that [ H A (j)]¥ converges to zero when k tends to infinity and that

[ 11 A6 =~ TT A1 - 5" b.

0 j=N—1 i=N=1

3
118

Hence
0
tim 2°06) = (£ — [ [T AG))™ b
k= o0 Jj=N-1
Further, if z%(k) is convergent, then by (3.1), each subsequence z*(k) is convergent;

this brings about two results:

a) The sequence x(n), which is a solution of the N-periodic non-homogeneous
system, approachs “interlacely’’ to the N points of convergence of its N subsequences
z%(k), s = 0, 1,..., N — 1, which are its only cluster points (i.e. subsequential limits).
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Likewise, we observe that these N cluster points do not depend on the initial condi-
tions x(0). That is to say, they would be the same for all the solution sequences x(n)
of the system.

b) The solution sequence x(rn) of the N-periodic system is bounded, hence so,
the N-periodic non-homogeneous system has an N-periodic solution, for every N-
periodic vector sequence f(n).

ii) From Theorem 4, we deduce that if 4 is a ¢ x g constant matrix and b is
a constant g-vector such that
x=Ax+ b

has no solution for x, then all the solutions of the vector difference equation

x(n + 1) = Ax(n) + b

are unbounded.
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Souhrn

DIFERENCNI LINEARN{ PERIODICKE SYSTEMY II.
NEHOMOGENNI PRIPAD

ION ZABALLA, JUAN M. GRACIA

V prdci je linedrni nehomogenni periodicky systém v diferencich pfeveden na
obdobny systém s konstantnimi koeficienty a absolutnim ¢&lenem. To umoZiiuje
studovat existenci a vlastnosti periodickych feSeni a odvodit asymptotické chovéni
a uzavieny tvar vSech feSeni.
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