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I. INTRODUCTION

In this article we first deal with the validity of the inequality

(1.1) [elo = C(divefo + [rotv]o).

where v is a vector function defined on a bounded and generally non-smooth domain
Q < R, and the vanishing normal component n . v on the boundary 2 is assumed.
Following some preliminary lemmas in the next section, we show that (1.1) holds if
and only if Q is simply connected (Section 3). The inequality (1.1) was established
earlier for a smooth domain which is homeomorphic to a ball even for the ||+ ;-norm
on the left-hand side (see [3]). Other proofs are given in [8, 18 —21]; they are mainly
based on contradiction arguments. Estimates analogous to (1.1) for plane non-smooth
domains are treated in [10] and in [11], where also mixed boundary conditions are
prescribed. We also recall [15] that in the case of vanishing tangential components
of v on 09, the inequality (1.1) is valid iff Q is connected (in B* and R*).

In Section 4 we apply (1.1) to the problem of solvability of the first order system
of four partial differential equations

(1.2) divu=f in Q,
rotu =g in Q,
n.u=0 on 02,

which play an important role in fluid flow and magnetostatic problems [4, 5, 16 —22].

2. SOME FUNCTION SPACES

Throughout the paper, Q = R® will always be a bounded domain with a Lipschitz
boundary 0Q (see [14], p. 17) and with the outward unit normal n. Notations H¥(),
k =0, 1, ..., are used for the (real valued) Sobolev spaces. The usual norm in H(Q)
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and also in (H*(Q))* will be denoted by || - . The scalar product on (I2(Q))",m = 1,3,
will be written as (-, *), and we set
Lo(@) = {xe (@) | (1 1)o = 0} -

Further, H'/?(0Q) is the space of traces of functions from H'(Q), and 2(Q) is the
space of infinitely differentiable functions with a compact support in Q.

We note (see [9], p. 16) that the functional v+ n . v, defined on (C*{Q))* can
be extended by continuity to a linear continuous mapping from the space

H(div; Q) = {ve (I} Q))*| 3F € I(Q) : (v, grad z), + (F, z), = 0 Vz € 2(Q)}

into H™'%(0Q), the latter being the dual space to H'/*(0Q). The function F is called
the divergence of v (in the sense of distributions) and the Green formula can be
rewritten as

(2.1)  (divy, z)g + (v, grad 2)g = {n. v, 2>, Yve H(div; Q), Vz € H'(Q).

Here <-, - >, denotes the duality pairing between H™'/3(0Q) and H''*(0Q).

Let 0Q,,...,0Q, be the components of dQ. For ve H(div; Q) we define the
functional n.ve H V*0Q,), ie{l,...,r}, by

(2.2) {n.v, 2050, = (divo, z)o + (v, grad z),, zeZ;,
where
Z,={zeH'(Q)|z=0o0n0Q;Vje{l,..,r

- {i}}
and (-, * >0, is the duality pairing between H ™ '/%(0Q;) and H*/Z(ag,.).
Let us further introduce the space
H(rot; Q) = {ve (I*(Q))*] 3G e (IX(Q))* : (v, rot z)o = (G, 2), Vz €{Z(Q))*}
endowed with the norm '
“'”H(rot;m = (Hné + Hrot '”(2))1/2'
The function G introduced above is called the rotation of v (in the sense of distribu-
tions) and the following Green formula holds:
(2.3) (rotw, z)o — (v, 10t 2)g = (n X v, 250 Vve H(rot; Q) Vze(HY(Q)).

Here the vector product n x v is from (H™'%(0Q))* (see [9], p. 21) and (-, *Dzq
denotes the duality pairing between (H™'/%(0Q))* and (H'/*0Q)).
Now, we define several subspaces of H(div; Q) and H(rot; Q):
Ho(div; Q) = {ve H(div; Q)| n.v =0 on 0Q},
H(div’; Q) = {ve H(div; Q)| divv = 0 in Q},
H(div®; Q) = H(div; Q) n H(div’; Q) ,
Ho(rot; Q) = {ve H(rot; Q)| n x v =0 on 02},
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H(rot%; Q) = {ve Hrot; Q) |rotv = 0 in Q},
H(rot% Q) = H(rot; Q) n H(rot’; Q),

H gy = Ho(div®; Q) n H(rot; Q),

H 4 = H(div’; Q) n H(rot’; Q),

1% H(div; Q) n H(rot; Q),

D {ve H(div%; Q) | (n. v, 1D, =0, i=1,..,7}.

From (2.1) we can easily derive

It

Il

Il

(2.4) grad z € H(rot’; Q) for ze HY(Q).
Henceforth, we shall present some other properties of the above spaces.

Lemma 2.1. The following inclusions hold:

(2.5) rotve D for ve Hrot; Q),
and
(2.6) rotve Hy(div®; Q) for ve Hyrot; Q).

Proof. Let v e H(rot; Q) and z € 2(Q) be given. Then by (2.3) we obtain
(2.7) (rot v, grad z), = (v, rot grad z), + <n x v, grad z),, = 0.
Hence, (2.1) yields
(2.8) rot v e H(div®; Q).

Let us choose i € {1, ..., r} arbitrarily and let n € C*(Q) be such that # = 1 in a neigh-
bourhood of 4Q; and n = 0 in some neigbourhoods of the other components 09,
J = i, that is n € Z,. Thus (2.2), (2.8) and (2.3) imply

{n.rotv, 15, = (rotv, grad ), = (n x grad , v),p = 0.

Consequently, (2.5) is valid. The relation (2.7) holds for any ve Ho(rot; Q) and
z e C*(Q) as well. Therefore, rot v e Ho(div®; Q). O

Lemma 2.2. The identity
(rot @, rot @), = (¢, rot rot @),
holds for all ¢ € Ho(rot; Q) such that rot ¢ € H(rot; Q).

Proof. Let ¢ € Hy(rot; Q) with rot ¢ € H(rot; ) be given. As (C*(Q))* is dense
in H(rot; Q) (see [6, 9]), there exists a sequence ¥/; € (C*(€)) such that

(2.9) [rot @ — ¥l oy = 0 as Jj— .
Applying the Green formula (2.3), we get

(rot ®, lpj)o - ((P, rot ‘//j)o = X P, Y000 =0,
since @ € Hy(rot; Q). From (2.9) we conclude that

(rot @, ¥;)o — (rot @, rot @)o
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and
(¢, rot §/;)o — (¢, rot rot ),

for j —» oo, which yields the result as required. [

3. STUDY OF THE INEQUALITY (i.1)

First, let us recall the definition of a simply connected domain (see e.g. [2, 7, 12,

14]).

Definition 3.1. A domain Q in R* is said to be simply connected if it has the fol-
lowing property: Given any simple closed curve y: x = h(t), t € [a, b], with range
in Q, there is a continuous function x = F(s, t) defined for se[0,1], te[a,b]
such that:

(i) F(O,1) = h(1), te[a, b];

(ii) F(1.t) = P, te[a, b], where P is some point in Q;
(iii) F(s, 1) lies in Q for all se[0,1], te[a, b].
(iv) F(s,a) = F(s, b) for all se[0,1].

Defining (closed) curves y, by x = F(s, 1), t € [a, b], we say that the family {y}
represents a continuous deformation of y.into a point P.

Domains which are not simply connected are called multiply connected.

The main task of this section will be to prove the following theorem.

Theorem 3.2. Let Q = R® be a bounded domain with a Lipschitz boundary.
Then

G1) oo =«

if and only if Q is simply connected.

div o[y + [rotvllo) Voe V = Hy(div; Q) 0 H(rot; Q)

The proof is based on an auxiliary lemma:

Lemma 3.3. Let Q be a simply connected domain with a Lipschitz boundary
and let e Hy(div®; Q). Then there exists exactly one stream function ¢ € DN
N Hy(rot; Q) such that

Y =rotg.
Moreover,
(32) lello = Clrotel,,
where C > 0 does not depend on ¢ (and lp)

Proof. For the existence of precisely one divergence-free stream function ¢ €
€ D n H(rot; Q) corresponding to ¥ € Ho(div?; Q) see e.g. [1, 24]. We only prove
the inequality (3.2).

From the unicity of ¢ and (2.6), the linear operator

(3.3) rot: D n Hy(rot; Q) — Ho(div’; Q)
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is bijective. The space Ho(div®; Q) equipped with the || o-norm is a Banach space.
One can easily find that the space D n Ho(rot; Q) with the norm ||| oua) 1S
a Banach space as well. As the operator (3.3) is continuous, i.c.

|ir0t (/?Ho = CI”‘P” H(rot;Q) »

by the closed graph theorem the inverse (closed) operator is continuous as well.
Thus (3.2) holds. [J

Proof of Theorem 3.2. =: It is known (see e.g. [1], p. 153) that Q = R* is simply
connected if and only if the components of R® — Q are simply connected. Suppose
that Q is multiply connected. Then there exists a component w of R* — @ which
is also multiply connected, and we show that (3.1) does not hold.

In accordance with Definition 3.1 there exists a simple closed curve y = @ which
cannot be continuously deformed into a point without leaving the domain w.
Clearly, 7 can be chosen in such a way that it is smooth enough. Let I* be a suf-
ficiently smooth orientable surface bounded by y (sce Fig. 1) and let

r=rna.

By a regularization technique (see e.g. [13], p. 58), it is easy to construct a function
ge C®(Q — TI') with bounded derivatives such that ¢ = 1 in an exterior neigh-
bourhood of I' (with respect to a given orientation of I~'), and g = 0 in an interior
neighbourhood of I'. Setting

w=\/gradq in Q-1
N0 on I,

we see that w e (C*(Q))* and that w is not a potential field globally on Q.
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Consider the Neumann problem: Find p e H'(Q) such that
(3.4) Ap =divw in Q,
J,p=n.w on 0Q,
(0, being the normal derivative), which is solvable because by (2.1)
(divw, 1)g = <n.w, 1Daq .
Now, let us define
(3.5) v=gradp —w.
Making use of (2.4) and (3.4), we arrive at
(v, grad z), = (grad p — w, grad z), = (0,p — n. W, 20, =0 Vze HY(Q),
that is v e Ho(div®; Q).
Furthermore, v e H(rot’; Q) which follows from (3.5), (2.4) and the fact that
w € (C*(Q))? vanishes in some neighbourhood of I'. Consequently, v satisfies (1.2)
with zero right-hand sides. On the other hand v = 0, since it is not a potential field
by (3.5). So the inequality (3.1) is not valid for multiply connected domains.
<=: Let Q be simply connected and let v € V be given. Consider the problem
(3.6) Az =dive in  Q,
c,z =0 on 0Q,

which has exactly one weak solution z in Lj(Q) n H'(Q), because div v e Lj(Q) by
(2.1), and it holds that

() J=0. = Cildiv oo

The relations (2.1),(2.4) and (3.6) give grad z € H(div; Q) n H(rot%; Q),i.e. again
by (3.6)

(3-8) Y = v — grad z € Hy(div’; @) n H(rot :Q).

In accordance with Lemma 3.3 there exists exactly one stream function ¢ € D N
N H(rot; Q) such that

(3.9) Y =roteg.

Applying now Lemma 2.2 and (3.2), we come to
(3.10) [rot @|¢ = (rot @, rot ), = (¢, rot rot @), <
< lo]o [rotrot @y < C,jrot ¢

So by (3.8), (3.9), (3.10), (3.7) and (2.4) we obtain

o [[rot rot ¢, .

Iofo = |lerad z]jo + [rot o]0 < 2] + Cafrotrotofo <
< Cy|divofe + Cyfrot ¥, = C(|div vflo + [rotv],). O
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Remark 3.4. The spaces /#, and J# , are finite-dimensional (cf. [ 18, 19, 22, 23]).
From Theorem 3.2 we see that #, is trivial iff Q is simply connected; (note that # ,
is trivial iff 0Q is connected [15]). The proof of the inequality (3.1) can be modified
for ve Vo (#,)" without any assumptions on the connectivity of Q (the symbol L
denotes the orthocomplement in (I*(Q))*). This was proved e.g. in [21] for smooth
domains.

4. APPLICATION TO A VARIATIONAL PROBLEM

In this section we shall deal with a variational formulation of the problem (1.2).
For f e I}(Q) and g € (I*(Q))* we define the linear form

(4.1) b(v) = (f, divv)y + (g, rotv)y, veV,
and the bilinear form
(4.2) a(w, v) = (div w, div v), + (rot w, rotv),, w,veV.

Assume that a sufficiently smooth u satisfies (1.2) in the classical sense. Then we
immediately see that u € V and

(div u, div v), = (f, div v), ,
(rot u, rot v), = (g, rot v)y
for all ve V. Consequently,
(4.3) a(u,v) = b(v) VveV,
and moreover, by (2.1) and (2.5) we have

(4.4) feLy(Q), geD.

Conversely, let (4.4) hold and let (4.3) be satisfied for a sufficiently smooth u e V.
Assuming that Q is simply connected, we show that u fulfils (1.2).

So let y € Ly(Q) be arbitrary and let z € L}(Q) n H'(Q) be the weak solution of
the problem

(4.5) Az =y in Q,
0,z=0 on 0Q.
Then v = grad z € Hy(div; Q) n H(rot’; Q) = V and from (4.5), (4.2),(4.3) and (4.1)
we get
(div u, x)o = (div u, div v)y = a(u, v) = b(v) = (f, divv)y = (£, x)o -
Hence, divu = f in L(Q).

Furthermore, let § € D be arbitrary. Then by [9], p. 28, there exists a divergence-
free stream function v’ e H(div’; Q) n (H'(Q))* (not uniquely determined) such
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that = rotv’. As (n.v', 1>, = 0 due to (2.1), the following problem is solvable:
Anp =0 in  Q,

on=n.v on 0Q.

Then clearly the function v = v'-grad 5 is from Hy(div®; Q) n H(rot; Q) < V and v
is also a divergence-free stream function to ¥, that is

Y =rotv
(cf. [1, 15, 24]). Using (4.2), (4.3) and (4.1), we arrive at

(rot u, )y = (rotu, rot v), = a{u, v) = b(v) = (g, rot v)g = (g, ¥), »
Le. rotu =g in D.

Thus we have justified the following definition.

Definition 4.1. Let Q be simply connected. The problem of finding u €V which
satisfies (4.3) is called the variational formulation of the problem (1.2)

Theorem 4.2. Let Q be simply connected. Then the variational formulation of the
problem (1.2) has precisely one solution.

Proof. By Theorem 3.2 the bilinear form (4.2) is a scalar product on V. It is easy
to show that V' is a Hilbert space and that the linear form (4.1) is continuous on V.
Now the assertion follows from the Riesz theorem. []

Remark 4.3. When Q is multiply connected the bilinear form (4.2) is a scalar
product on ¥V (# ,)*" (cf. Remark 3.4), i.e. the solution of (1.2) exists and is unique
apart from a function of J,.
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Souhrn

RESITELNOST JISTEHO SYSTEMU PRVNIHO RADU
NA TROJROZMERNYCH NEHLADKYCH OBLASTECH

MicHAL KRiZEK, PEKKA NEITTAANMAKI

~ Je studovdn systém parcidlnich diferencidlnich rovnic prvniho Fddu, ktery je
definovdn pomoci operdtorii divergence a rotace na ohrani¢ené oblasti Q = R?
s nehladkou hranici. Na hranici 0Q je pfedepsdna nulovd normdlovd slozka fesSeni.
Je poddna variacni formulace a vySetfovdna jeji resitelnost.
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