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SVAZEK 30 (1985) A P L I K A C E M A T E M A T I K Y ČÍSLO 1 

PROJECTIVE PLANE MOTIONS 
WITH INFINITELY MANY STRAIGHT TRAJECTORIES 

ADOLF KARGER 

(Received February 24, 1984) 

1. INTRODUCTION 

The elliptical motion in the Euclidean plane is characterized as the only Euclidean 
plane motion with infinitely many straight trajectories (apart from a pure translation). 
Another characteristic property is that all trajectories of this motion are affinely 
equivalent (we again leave out translations). In the present paper we study the 
connection between these two properties in the (obvious) projective generalization. 
We define projective Darboux motions and show that they are motions with projecti-
vely equivalent trajectories. In the main part of the paper we classify all projective 
plane motions with the property that each point of the inflexion cubic has a straight 
trajectory. We also prove that they form a comparatively large class of motions. 

Further on we show that the inflexion cubic of such a motion is in general irreduc­
ible and we give two examples. We also prove that these motions are in general 
Darboux motions. 

Throughout the whole paper we suppose that the inflexion cubic is not trivial 
(not all trajectories are straight lines). The method used in the paper is that of [3], 
which modifies to the projective situation without any difficulties. 

2. PRELIMINARIES 

Let J^+i(Vn+i) be an n + 1 dimensional vector space over R, let i : Vn+1 — 
— {0} -> Pn(l: V„+1 — {0} -> Pn) be the natural projection onto the corresponding 
projective space P„ (P„, respectively). Pn is called the moving space, Pn is called the 
fixed space. Let us fix a base 0lo = {/0, ...,/„} (^ 0 = {/0, >•.,/„}) in Vn+i(V„+i)> 
respectively. Further, let G denote the group SL(n + 1, P), let © be its Lie algebra. 
By a frame we shall mean any base &(M) in V„+i(Ki+i) such that M = &0 .jt 
( i = i 0 . y 2 , respectively) for some y±, y2

 E &-

36 



The group G acts as the group of projective transformations from Pn into Pn 

by the rule g(St0) = M0 . g for any g e G through i and i. A projective motion in Pn 

is by definition an immerson of an open interval I into G. 
Let a projective motion g(t): I -> G be given. If we replace the basic frame in 

Vn+i(K+i) by # 1 = ^o -Yi (#1 = ^o -Y 2 , respectively), Yi, Y2 e G, the motion 
g(t) changes to g(t) = Yi"1 g(0 Y2, as g(Mt) = g(M0y2) = ^ 0 gY2 = ^ I Y I " 1 gYi-
This means that the motions g(t) and g(t) have to be considered as equivalent and we 
see that the group G has to be regarded as the homogeneous space G x G/diag G 
with the natural action (gl9 g2) (g) = giggj1, theisotropy group diag G = {(g, g) \ 
I g e G) and the projection n: n(gl9 g2) = gig^1-

By a moving frame (^(0> ^ ( 0 ) o f a &*ven motion g(0 we mean any lift of g(t) 
from G into G x G. It is any pair of frames (M(t)9 M(t)) such that g(M(t)) = M(t). 
(Let m(i) = 0togl(i), m(i) = m0g2(t). Then g(t) (M(i)) = g(t) (0to g2(t)) = ^ 0 • 

• g2(0 = ^0 g_i(0 a n d so #(0 = 0i(O 02'(00 
Let (^(*), ^(*)) be a moving frame of a projective motion a(t). Let us denote 

St' = 0lq>9 M' = Mi//9 cp - \jj = co9 xjj + i/y = ^ Then <p, l|/9(o9^e® (Trco = Tr^ = 
Tr cp = Tr 1/̂  = 0). Now we shall compute the operator of the fc-th derivative of the 
trajectory 2£(t) of a point <% = M(t) X(t) of the moving space. X(t) is fixed up to 
a factor and it is called the representative of the point 9C in the frame M(t). For the 
trajectory we have !%(t) = k(t) M(t) X(t). First we shall choose a fixed representative 
of W9 % = M0X0 = M(t) X(t) and compute the derivatives with respect to the repre­
sentative 9C(i) = M(i) X(t) = m(i) X(t) of the trajectory of W. Then we have W = 0 = 
= Sex + MX' = m{y\iX + X') and so X' = -\j/X. Let Qk be the operator of the 
fc-th derivative with respect to the chosen representatives. Then 3C^k) = &QkX9 Q0 = 
= E9 where E is the unit matrix and ;T(/c+1) = 0t'QkX + StQ'kX + SlQkX' = 
= St(cpQk - Qk\j/ + Q') X. So we have 

(1) Qk + 1 = cpQk - Qkxjj + Q'k9 Q0 = E. 

Now let the representatives be arbitrary, so let us write Xx = k(t) X. Then we 
have Ki = k'X + XX' = (k'E - ty) X = (vE - if/) X, where v = kTK Similarly, 
l e tK^ t ) = fi(t)X(t). ThenK ; = ytX + jiX' = [(li'/i"1 + v) E - ij/]Xv If ^k) = 
= 0lQkXl9 then %{k+1) = m'QkX1 + MQ'kX1 + MQkX1 = 0t\q>Qk - Qnxj/ + Q'k + 
+ (fi'ii"1 + v) Ojl Xv So we get the following 

Lemma 1. The functions X(t) represent a fixed point of the moving space P iff 
X' = (kE — \J/)X for some function k; similarly, X' = (kE —ij/)X holds for the 
representatives of the fixed points of the fixed space Pn. The operator Qk of the k-th 
derivative of the trajectory of a point is given by the formula 

(2) 8k = ZPfii 
i = 0 

where pk = 1, /?f are functions and Qt are given by (1). 
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Definition 1. A projective motion g(t) is called a Dr motion (a motion with the 
Darboux property of degree r) if there exist unique functions a0( t) , . . . , ar(t), such 
that 

(3) Qr+1 = i > A -
i = 0 

R e m a r k . The Dr property is a geometrical property of a motion (it does not 
depend of the lift, representations and parameter) and according to Lemma 1 it 
can be defined by the operators Qt as well. The number r is the least number with the 
property (3) due to the unicity of â . Similarly as in [3] we have the following charac­
terization of projective Dr motions: 

Theorem 1. A projective motion in Pn has the Dr property iff there exists a regular 
curve in Pr such that the trajectory of any point is a projective image of this curve. 
Then the trajectory of any point lies in a subspace of Pn of dimension at most r. 

Proof. Each trajectory is a solution of the differential equation 

x(r+1) -t^x(i) = 0. 
1=0 

R e m a r k . The projective map in Theorem 1 need not be regular. By a regular 
curve we mean such a curve that the r-th osculating space has dimension r at each t. 

Let now vu ...,vr be vectors in Vn + 1. By \vu ..., vr\
J\j = ! , . . . , ( we mean 

all subdeterminants of coordinates of the vectors vu ...,vr in some frame M. 

Theorem 2. Let g(t) be a projective Dr motion. Then the trajectory of any point 

X of Pn satisfying \X,X\ ...,X(r)\J = 0 for j = 1, ... I 1 lies in a subspace 

of Pn of dimension at most r — \. 

Proof. The proof is almost identical with the proof of Theorem 4 in [3]. 

3. PROJECTIVE PLANE MOTIONS 

In what follows we shall prove the converse of Theorem 2 for projective plane 
motions. So from now on we shall consider only projective plane motions. The matrix 
co can be given the real normal Jordan form in a suitable lift of the motion and 
in the following we shall restrict ourselves only to such lifts. Different Jordan normal 
forms of co lead to 5 types of projective motions (Tr co = 0): 

Type 1. co = Diag {A1? A2, A3}, Aj mutually different. 
Type 2. co = Diag {1, 1, - 2 } . 
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T y p e 3. co 

Type 4. co = 0, 0, X , Я Ф 0 . 

A, 1, 0\ 

T y p e 5. = ! - 1 , X, 0 . 

0, 0, -2A/ 

(In cases 2, 3, 5 we have chosen the canonical parameter). 

First we shall prove a partial result showing that in the case of the general motion 

the converse of Theorem 2 is always true. To do it we shall need some definitions. 

The set of all points of the moving plane which satisfy the equation 

F(X) = \X,X\X"\ = \Q0X, QtX, Q2X\ = 0 

is called the inflection cubic and will be denoted by F. 

Definition 2. The inflexion cubic F is called simple if it has the following property: 

Let G(X) be a homogeneous polynomial of degree 3 such that G(X) = 0 for all 

points ofF. Then G(X) = X F(X)for some XeR. 

R e m a r k . The inflexion cubic is simple in the following three cases: 

a) it is irreducible; 

b) it splits into a straight line and a regular real conic section: 

c) it splits into three district real straight lines. 

In the other cases F is not simple (a straight line and an imaginary conic section, 

a straight line and a point, two lines and one line with the corresponding multi­

plicities). 

Theorem 3. Let a projective motion have the following properties: 

a) The inflexion cubic is simple, b) All points of the inflexion cubic satisfy the 

equation G(X) = \X, X", X'"\ = 0. Then all points of the inflexion cubic have at 

most one-dimensional trajectories and the motion is a D2 motion. 

R e m a r k . The condition that F(X) = 0 implies G(X) = 0 is obviously necessary 

for a point X to have a straight trajectory. 

In what follows, by a Darboux motion we understand a 2-Darboux motion. 

Proof. Without any loss of generality, to any Qk we may add a linear combination 

of the preceding ones, which we shall do without mentioning it. To prove the theorem 

we shall consider each of the 5 types of the projective plane motions separately. 
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Type 1. Q0 = E, Q1 = Diag {0, \, pt), n + 0, 1, Q2 = (c^, where c\ = c\ = 0. 
Coordinates in the moving plane with respect to a suitable moving frame will be 
denoted by x, y, z. Then 

E(X) = 
X, 0, c\y + C3Z 
y, y, c\x + c\z 
Z, ЏZ, C[X + c\y + C3Z 

= CiX2y + c\xy2 — c\\xx2z — C2MXZ2 + (\x — 1) c\y2z + c\(fi — 1) yz2 + c\xyz. 

A similar expression is obtained for G(X) with .Q3 = (dj), d\ = d\ = 0. As F is 

simple, we have G(X) = A F(K), which immediately yields Q3 = XQ2 and the state­

ment follows. 

Type 2. In this case F is never simple, as we shall see later on. 

/0, 1, 0\ 
Type 3. Q0 = E, Qx = 0, 0, 0 , Q2 = (cj) with c\ = c\ = 0 

\0, 0, - 3 / 

and similarly for £23 = (d)). Computation yields F(X) = — c^xj;2 — c\y3 + (c\ — 
- c\) zy2 + (c2 - 3c\) yz2 + 3c2x2z + 3c2xz2 + (3c2 + c2) xyz. From G(K) = 
= A F(K) we get 

d\ = Ac?, ^2 = AC2, <i2 = Ac2, d\ = Xc\, d\ — 3c\ = A(C\ — 3c\) and so d\ = 
= A4, 3d| + d2 = A(3c2 + c\) and ^2 = ^cl Finally, J2 - d\ = X(c\ - c^) and 
d\ = Xc\. This gives Q2 = XQ2 and the statement follows. Types 4 and 5 are treated 
in quite a similar way. 

R e m a r k . If a projective plane motion satisfies the assumptions of Theorem 3, 
then any part of the moving centrode belongs to the preimage of the inflexion cubic. 
To see it, consider a pole X of the instantaneous motion. Then its preimage X belongs 
to the preimage of the inflexion cubic, which is fixed in the moving system. But X 
belongs to the moving centrode as well. 

4. PROJECTIVE PLANE MOTIONS WITH F NOT SIMPLE 

Now it remains to consider motions with inflexion cubic that is not simple. In the 
course of discussion of reducibility of F we shall also prove the existence of Darboux 
motions and give an example of a Darboux motion with irreducible inflexion cubic. 

Type 1. First we shall prove the existence of Darboux motions. Denote 

( ml9 a2, h2 

au m2, c2 

bu ct m 3 / 
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//. = (A3 - Xx) (X2 - X^)" l , //. 4= 0, 1, <T = 2ft(X3 - X2) + / / , mi - m2 = fc3, 
m2 — m3 = fci, m3 — m1 = fc2. 

We shall consider only the general case, when two of the products a ia 2 , bib2, cic2 

are different from zero. Then we may choose the moving frame in such a way that 
a2 = eal9 b2 = vbl9 where e, v = ± 1 . For simplicity let £ = v = 1. For Darboux 
motions we get the following system of equations: 

(4) 2aifc3 + bt(c2 + ci) (1 - 2/0 = 0 , 

2alX3 + bi(c2 — C i ) 0 — 2//) — 2a\ = —2ya1 , 

-2/Lb i fc2 + a t (c i + c2) (/( - 2) = 0 , 

2fibxX2 + a^c ! — c2) (ix — 2) — 2b]cr — 2(/ib1)' = — 2/rybi , 

«i Oi(l + /i) - c^l - /x) (fci + Xx) + [cj(l - /t)]' = y cx(\ - /L) + ci<7 , 

^i &i(l + V) ~ c2{l - /f) (fci - Xx) - [c2(i - fi)y = - y c2(l - ft) - c2o , 

2 a2(l - 2/i) + 2 b2(2 - /i) + 2c! c2(/i
2 - 1) + 2aX3 + CT' = ytr . 

From the 1st row we compute fc3, from the 3rd row we get k2. This gives also kly 

as ki + k2 + k3 = 0. We substitute the result in the other equations and choose 
the parameter in such a way that X2 — Xx = l .Then/^ = — (/i + l)/3, X2 = At + 1 , 
23 = — 2Xt — 1. We add the equation jj,r = a — 2/i(A3 — A2), thus getting 
a system of 6 equations of the 1st order for unknown functions al9 bl9 cl9 c2, \i9 <r, 
which are solved with respect to the first derivatives. This means that the solution 
exists and as the moving frame was uniquely fixed, the solution depends on 6 arbitrary 
constants and on an arbitrary function y. This shows that in the case of Type 1 we 
have many Darboux motions. As there is apparently no sense in trying to find explicit 
solutions of equations (4) for Darboux motions in general, we shall present an example 
which proves the existence of Darboux motions with irreducible inflexion cubic 

E x a m p l e 1. Put \i = —1 in (4). Then Xx = 0, X2 = 1, X3 = — 1, cx = c2 = 0, 
k. = mL = 0. Write at = a9b1 = b. Then we are left with the following equations: 

a' = a(y - 1) , b' = b(y + 5) , y = 3/2(a2 - b2) - 2 . 

One of the solutions is 

a = N/(2) (1 + exp (12*))~1/2 , b = V(2) (1 + exP (~120)~1/2 • 

The equations X' — — xj/X for fixed points of the moving plane are 

(5) x' = — ay — bz 9 y' = —ax + y , z' = — bx — z . 

Further, 

F(X) = 4xyz + bx2y ~ ax2z - 2ay2z + 2byz2 . 
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The derivative of F(X) with regard to (5) is 

2xyz(a2 - b2) + (a'/3 + a) (bx2y - ax2z - 2ay2z + 2byz2) , 

which after substitution gives a multiple of F. This means that each point of F deter­
mines a fixed point of the moving plane, which remains on F during the motion, 
so that its trajectory must lie on a straight line. It remains to show that F is irreducible. 
This is left to the reader. 

Now we shall consider the cases when F is not simple, and we shall find all motions 
with the property that all points of F have straight trajectories, The fact that F 
passes through all poles of the motion will simplify our considerations. Indeed, if 
F is not simple, it contains at least one straight line. Let its equation be Ax + By + 
+ Cz = 0. Then if A =f= 0, B 4= 0, C + 0, the remaining conic section contains at 
least three distinct points and F is simple. So let the equation of the line be Ax + 
+ By — 0 with A =f= 0, B + 0 (after a permutation of poles). 

If the remaining conic section is regular, it has at least two different points and so 
it is real and F is simple. If the remaining conic section is singular, it must be the 
twice counted line z = 0. So we always have the line z = 0 as part of the inflexion 
cubic. Its equation is 

— \ibxx
2y + ci(l — ft) xy2 + ax\ix

2z + c2ju(l — ft) xz2 + (JI — 1) a2zy2 + 

+ (fi - l)lib2>'z2 = 0 . 

As z = 0 is part of F, we get bx = cx = 0. Then z = 0 is an integral of X' = —ij/X 
as well as of X' = — cpX since z' = (±A3 — m3) z, and the line z = 0 is fixed 
during the motion. This means that our motion is projectively equivalent to affine 
motion. 

The remaining conic section is 

H = a1fix
2 + c2 ju(l — fi) xz + (n — 1) a2j;2 + (/z -• 1) \ib2yz + oxy = 0 

We have the following possibilities: 

a) H is just the point (1, 0, 0). Then this point must be a fixed point of the moving 
plane and it must satisfy X' = — i/̂ K, so b2 = c2 = 0, o2 — 4a1a2fi(fi — 1) < 0. 
The point (l , 0, 0) is fixed in the fixed plane as well as we get a special case of the 
centroaffine motion — the inflexion set is trivial being only the center. This motion 
is in general not a Darboux motion. 

b) H = z(Ax + By). Thenax = a2 = o = 0, the remaining line is c2x — b2y = 0. 
The differentiation of the equation of this line yields the equation 

b2c2 - c2b2 + b2c2(Xx - k2 - k3) = 0 , 

which is exactly the equation for Darboux motions in this case. So in this case we get 
a Darboux motion. 
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c) H = (Ax + By)2. Then c2 = b2 = 0, o2 - 4D.(/L - 1) a1a2 = 0, the equation 
of the line is 

atfix
2 + oxy + (^ - 1) a2y

2 = (2a ̂ x + <7j/)2 = 0 , 

where a2 = eal9 o = 2a1[iu(// — i) e] 1 / 2 , e = + 1 . The differentiation and substitu­
tion now leads to the equation 2k3 = a\\a1 — a2\al9 which is one of the equations 
for Darboux motions. Substitution in the second equation shows that it is satisfied 
as well. So this motion is a Darboux motion. 

Theorem 4. Let all inflexion points of a projective plane motion of Type 1 have 
straight trajectories. Then this motion either is a Darboux motion or is projectively 
equivalent to a centr oaf fine motion with the trivial inflexion set. 

Type 2. OJ = 2 Diag {1, 1, —2}, n is the same as for Type 1. 

Q0 = E , Q1 = /0, 0, 0\ , Q2 = I 0, 0, b2\ . 
0, 0, c2 

\ - b 1 ? - d , 0 / 

The inflexion cubic is F(X) = z2(c2x — b2y) = 0, so it is never simple. F is nontrivial 
only if b2 + c2 4= 0, so we can choose a special moving frame in which b2 = 1, 
c2 = 0.ThenF(K) = yz2. The condition for a Darboux motion is bt = cx = a1 = 0, 
which is at the same time the condition for the points of F to have straight trajectories. 
Here the condition that F(X) = 0 implies G(X) = 0 is not sufficient for a Darboux 
motion. The Darboux motion of this type is projectively equivalent to a centroaffine 
motion which preserves one direction. 

Type 3. 

n is the same as in the case of Type 1. 

/0, 1, 0\ / 0, 0, - 3 b 2 - c2 \ 
Q0 = E, fix = 0, 0, 0 , Q2 = 0, 2al9 - 3 c 2 

\0 , 0, - 3 / \3bl9 3ct + bl9 18 + ax + 3k3 / 

F(K) = 

= - ( 3 c ! + bi) j / 3 - 3btxy2 - 9c2jz2 + 9b2^z2 + (ax - 18 - 3k3) y2z + 6axxyz. 

First we shall prove the existence of Darboux motions of this type. 

a) Let b! + 0. Then we can change the moving frame to get bt = 1, cx =- 0. The 
equation of Darboux motions is Q3 = yQ2 + f$Q1 + aQ09 where a, P, y are functions 
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of t. The explicit form is: 

6b2 + c2 = a , 2a1(l + a2) + b2 = /?, 

- 2 a 2 + 6c2 = 0 , 4ax + c2 + 2a\ = 2axy + a , 

21 + 9m! + 2ax = — 3Y , 2 — kx — 3a2 = Y -

b2(21 + ax - 3fcj) + c2(fc2 - 2 - 3a2) - 3b2 - c2 = ~Y(3b2 + c2), 

c2(2ar — 21 + 9m2) + 3axb2 + 3c2 = 3C2Y , 

- 6 b 2 - 2c2 - 4(18 + ax + 3fc3) + a\ + 3fc3 = (18 + ax + 3k3)y - 3/? + a . 

aa) Let ax =|= 0. Then we have an explicit solution 

ci = fli/3, b2 = —«i/9- ^3 = ~ 6 — ax /3, a2 = — 1, fc2 = 3 + a\\ax + 2ax\3 , 

The solution depends on one arbitrary function ax(t) + 0. 

ap) Let ax = 0. Then a2 = 3 + 2fc3/3, k3 = - 3 ( 6 + fc) (1 + mx), c2 = b2 = 0, 
mx arbitrary. 

b) Letb i = O.Thenfl! = 0. 

boc) c2 4= 0. We specialize to b2 = 0, c2 = 1 obtaining a2 = — 3 — 2fc3/3, fc3 = 
= 3(6 + fc3) (m2 — 1), al9 mx. n2 are arbitrary. 

bp) c2 = 0. We get the following equations: 

b'2 = b2(y + 7 - kx) , c\ = cx(y + 7 - fc2), fc3 = (y + 4) (fc3 + 6) - 6cxb2 . 

These equations always have a solution, a2 is arbitrary. This proves the existence 
of Darboux motions in all subcases. 

The inflexion cubic for motions of this type always splits. It is given by the follow­
ing equations: 

aa): F(X) = (3x + y) (y - axzf ; aj3): F(X) = y2[y + 3x + (18 + 3fc3) z] ; 

bot): F(X) = z[3xz + (6 + fc3)y
2]; bp): F(X) y[cxy

2 + (6 + fc3) yz - 3b2z2] 

Now we are going to prove the converse of Theorem 2. To this end let us suppose 
that the motion is of Type 3 and that all points of F have trajectories on straight 
lines. We may suppose that F is not simple, because in the opposite case the statement 
follows from Theorem 3. We shall again consider separately several cases. 

a) bx = 1, cx = 0 . F(X) = y3 + 3xy2 + 9c2xz2 - 9b2 jz2 + Mj>2z - 6axxyz9 

with M = 18 + 3fc3 — ax . F splits, so let us write 

F(X) = (Ax + y + Cz) (ax2 + y2 + yz2 + dxy + cpxz + ij/yd). 

Comparison gives 

Aa = 0, CY = 0, A + 5 = 3, Ad + a = 0, AY + Ccp = 9c2, Acp + Ca = 0 , 

y + C\\t = - 9 b 2 , \\f + C = M, Aij/ + (p + CS = - 6 a j . 
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Let a =f= 0. Then A = 0 and a = 0 is a contradiction. Hence always a = 0. 

I) A + 0. Then <5 = 0, p = 0, Cy = 0, A = 3, y = 3c2, i// = - 2 a , C = M + 2 a j . 

la) C + 0. Then y == c2 = 0, F(X) = (3x + y + Cz) y(y - 2axz)9 which is not 
simple only for al = 0, *A = 0 and b2 = 0. The equation K' = — i//K is 

x' = (1 - mi) x + (1 - a2) y - b2^ -

/ = -fliX + (1 - m2) j - c2z , 

z' = — x — (2 + m3) z . 

As a consequence of y = 0 we have c2 = 0. Further, C = 18 + 3k3 and the differen­
tiation of 3x + j + Cz = Ogives the condition for a Darboux motion. 

1(3) C = 0. Then F = (3.x + y) (y2 + xjjyz + yz2), y = 3c2, \\J = - 2 a l 9 M = 
— 2ai, c2 = — 3b2. The differentiation of 3x + y = 0 gives a1 = —18 — 3k3, 
a2 = — 1. F is not simple iff t//2 — 4y = 0. 

Let first i//2 = 4y, so a2 = 3c2. The conic section is (y — a t z) 2 = 0, the differen­
tiation gives a Darboux motion of the case aa) for ax + 0 and of the special case 
k3 = —6 of a(3) for at = 0. 

Further let t/y2 — 4y < 0. Then the conic section y2 + i/̂ yz + yz2 = 0 has the 
only real point y = z = 0, which is an isolated point of F. Hence it must satisfy 
X' = — i/rK, which is impossible. So such a motion does not exist. 

II) Let A = 0. Then the case C + 0 gives a motion from 1(3), the case C = 0 gives 
a Darboux motion from ap). 

The case b) is treated in a similar way; we also get only Darboux motions. The 
detailed computation is omitted. 

Theorem 5. Let all points of the inflexion cubic of a projective plane motion with 
a double characteristic root have straight trajectories. Then this motion is a Darboux 
motion. 

Type 4, 

to, X, 0\ 
(0 — 2 I 0, 0, X ] , t] is the same as for Type 1. 

\o, 0, 0/ 

to, 1, 0\ 
Q0 = E, Q. =- 0, 0, 1 . 

\0 , 0, 0/ 

The formula for fl3 is too complicated to be presented here. Let us write only the 
terms necessary for the specialization: 

(Q3)2l = ft^fcs - hi) - 0^20! - Cj) - b\ , (fl3)31 = - 2 b 1 ( a 1 + ct), 

(Q3)32 = bt(k3 - ki) + c^fl! - 2c t) + b\ • 
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We shall first prove the existence of Darboux motions. The specialisation of the 
frame is more complicated for this type and therefore we shall present more detailed 
computations. The isotropy group preserving co is 

(r, rs, u 
0, 1, s r 4= 0, s, ueR 

0, 0, r " 1 

The formulas for coefficients of rj in the new frame are: 

1 = Xr~l , dx = axr — b^r2 , bx = btr
2 , cx = bxsr2 + cxr. 

a) Let b! 4= 0. Then we may specialize the frame to bi = 1, ct = 0. Then ax = 0. 
The equations for Darboux motions now simplify considerably and the solution 
is k! = k3, b! = 1, a! = c! = 0, a2 = — 1, c2 = 1. So m2 = 0 and we may further 
specialize to mx = m3 = 0; b2 is arbitrary, the frame is uniquely fixed. 

b) b! = 0. If cx 4= 0, we immediately see that such a motion does not exist. So 
c! = 0 and this implies ax = 0. We get equations 

- k 2 ( 3 + a2 - c2) + k1a2 - k3c2 + a2 - c2 = Y(2 + a2 - c2), 

k\ ~ k\ + k3 - k; = Y(k3 - ^1) 5 

which always have a solution. 
Now we are going to prove the converse of Theorem 2. We have 

F(X) = bty
3 + (2 + a2 - c2) z3 - (a± + cj) xz2 + (2cx - ax) y2z + 

(k3 - ki) j z 2 . 

a) b! = 1, c! = 0. The inflexion cubic is reducible only if at = 0. Then F(X) = 
= _y3 + (2 + a2 — c2) z3 + (k3 — kt) yz2. It contains a real line of the form 
y + Cz = 0. From the equation K' = — xj/X we get C = 0, c2 = 1 and a2 = —1. 
Now F(K) = y(y2 + yz2). Let y < 0. Then we have two real lines y ± X / ( ~ Y ) Z = 0 
and differentiation gives y = 0 which is a contradiction. So Y _ 0. Then the real 
points of F form only the line y = 0 and the motion need not be a Darboux motion. 
Specialization to mt = 0 finally yields 

(6) b! = c2 = 1 , c! = ax = mx = 0 , a 2 = - 1 , m2 _ 0 . 

b) Let b! = 0. Then F contains z = 0 and this implies ct = 0. The conic section 
from F is FX(X) = (2 + a2 — c2) z2 — axxz — axy

2 + (k3 — kt) yz , which con­
tains the point (1, 0, 0). So if F is not simple, it is singular. But Fx is singular only 
if ax = 0. The derivative now gives the condition for a Darboux motion. 

Theorem 6. Let all points of inflexion cubic of a projective plane motion with 
a triple characteristic root have straight trajectories. Then it is either a Darboux 
motion or is given by (6). 
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Type 5. 

/ K 1, 0\ 
co = 2 j — 1, A, 0 , ?7 is as in Type 1 . 

\ 0, 0, - 2 / 

Here we may always specialize the moving frame to have mx = m2 = m. The equa­
tions for Darboux motions will be 

(2X - y) (fli + A2) + 3X(cxc2 - bxb2) + (ax + fl2)' = 0 , 

A2 — a\ + 31(c1b2 + biC2) = 0 , 

-6A(b ib2 + cic2) + 3(1 + 3A2)(b2Ci - bic2) - (41 + y) (// - 1) + yl = 

= —3A(fli + A2)
2 , 

(3Xbx - cx)(X + 3m) + blvtt + 2fli + fl2) + 3Xcx(l + A,) - (3Xbx - Cj)' = 

= -y(3Abi - cx) , 

-(3Xcx + bi)(A + 3m) + Ci(-/,i + fli + 2a2) + 3Abi(l - fl2) + (3Xcx + bj)' = 

= y(3Xcx + bt) , 

(3Ab2 + c2) (A - 3m) + b2(fi + fli + 2A 2) - 3Ac2(l + a2) - (3Xb2 + c2)' = 

= -y(3Ab2 + c 2 ) , 

(~~3Xc2 + b2)(-2 + 3m) + c2(ii - 2fli - a2) + 3Ab2(l - flj) + (-3Ac2 + b2)' = 

= y ( -32c 2 + b2), 

where fi = 18A2 - 3X' + 3. 
From these equations we see similarly as in Type 1 that in the general case of ax + 
+ A2 =f= 0, cx = c2 + 0 Darboux motions exist. The solution depends on one 
arbitrary function m and six constants of integration. 

The next example shows that also in this case we have Darboux motions with an 
irreducible inflexion cubic. 

E x a m p l e 2. Put ax = fl2 = m = X = 0. Then /x = 3 and we get 

b2Ci - bxc2 = 2y/3, 3bi + c'i = Cjy , -3cx + b'x = bxy , 

3b2 - c2 = - c 2 y , 3c2 + b2 = b2y . 

Let us denote w = (C — A sin (6t + ^))~1 / 2 , where S, A, C are constants. Then the 
solution is 

d = y/(2) w cos 3l, bi = 7(2) w sin 3t, b2 = ^J(2) w cos (3t + S) , 

c2 = v/(2) w sin (3t + ,9) = 3Aw2 cos (6t + 8). 
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The proof of irreducibility of F can be done by direct computation and is omitted. 
Easy computation also shows that the derivative of F(X) is 

Y(—Cix3 + biy3 — ctxy2 + b^y + c2xz2 — b2yz2) + 

+ 3(y2z + x2z) (b2c1 - b1c2) • 

Substitution shows that this is a multiple of F and this completes the example. 
Now we would like to prove the converse of Theorem 2. To this end we have 

to discuss the cases when F is not simple. A rather long computation shows that 
in the case when F is not simple we do not get a Darboux motion in general. (Here 
we have the case when F consists of a straight line and an imaginary conic section 
or of a straight line and a point. This means that the differentiation of the real part 
of F gives only few conditions, which are too weak to guarantee the motion to be 
a Darboux motion.) 

In the end we present a projective characterization of the elliptical motion from the 
Euclidean plane kinematics to show that this motion is distinguishable even among 
projective motions. 

Theorem 7. Let g(t) be a projective Darboux motion with one real and two imagin­
ary poles for each t. Let the inflexion cubic be a regular real conic section passing 
through the imaginary poles, and a straight line connecting them. Then if the 
instantaneous motion has conic sections as trajectories, the motion is projectively 
equivalent to the Euclidean elliptic motion. 

Proof. The conditions for the instantaneous motion give X = bx = cx = a = 0. 
Then b2

2 + c2 #= 0, as otherwise the inflexion conic section would be singular. 
So we may specialize to b2 = 1, c2 = 0. Then we get a2 = — 3, at = 3, m = 0 and 
this motion is the elliptic motion in a suitable Euclidean structure on P2. 

E x a m p l e 3. For illustration we shall present a typical example of a projective 
Darboux motion. Let us consider the projective plane motion given (up to a multiple) 
by the matrix g(t) = E + At + Bt2, where E is the unit matrix, A and B are arbitrary 
3 x 3 matrices. Then g(t) is a regular matrix in some neighborhood of 0 and so it 
determines a projective motion. This motion is a 2-Darboux motion, as g'"(t) = 0. 
Further, all trajectories of this motion are conic sections, as every trajectory X(t) 
of X0 is given by X(t) = g(*)X0 = X 0 + AX0t + BX0t

2, which is a parametric 
form of a conic section. The inflexion cubic is given by the equation \X, X', X"\ = 0, 
which is 

\(E + At + Bt2)X0, (A + 2B*)K0, 2BX0 | = |K0 , AX0, BX0\ = 0 . 

This means that the preimage of the inflexion cubic in the moving plane is a fixed 
cubic which contains the preimages of all poles of the motion. Hence we see that all 
moving poloids of the motion are parts of the cubic |K0 , AX0, BX0\ = 0. It is easy 



to see that any irreducible cubic can be written in the form |X, AX, BX| = 0 for 
suitable matrices A and B (for instance, the choice A = Diag {0,1, 2}, B arbitrary 
will do). This means that the inflexion cubic of the motion considered is in general 
irreducible, as A and B can be chosen quite arbitrarily. We also see that the inflexion 
cubic of a 2-Darboux projective plane motion has no special properties, as any 
irreducible cubic is the inflexion cubic of a certain motion of this kind. 
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Souhrn 

PROJEKTIVNÍ POHYBY V ROVINĚ 
S NEKONEČNĚ MNOHA PŘÍMKOVÝMI TRAJEKTORIEMI 

ADOLF KARGER 

Článek je věnován jednoparametrickým pohybům v projektivní rovině majícím 
tu vlastnost, že všechny body inflexní kubiky mají přímkové trajektorie. Je ukázáno, 
že tyto pohyby mají v obecném případě irreducibilní inflexní kubiku a projektivně 
ekvivalentní trajektorie. Dále jsou podrobně diskutovány případy těchto pohybů 
s rozpadlou inflexní kubikou. Diskutuje se též souvislost s Darbouxovskými pohyby. 

Authoťs address: RNDr. Adolf Karger, CSc, Matematicko-fyzikální fakulta UK, Soko­
lovská 83, 186 00 Praha 8. 
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