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PROJECTIVE PLANE MOTIONS
WITH INFINITELY MANY STRAIGHT TRAJECTORIES

ADOLF KARGER

(Received February 24, 1984)

1. INTRODUCTION

The elliptical motion in the Euclidean plane is characterized as the only Euclidean
plane motion with infinitely many straight trajectories (apart from a pure translation).
Another characteristic property is that all trajectories of this motion are affinely
equivalent (we again leave out translations). In the present paper we study the
connection between these two properties in the (obvious) projective generalization.
We define projective Darboux motions and show that they are motions with projecti-
vely equivalent trajectories. In the main part of the paper we classify all projective
plane motions with the property that each point of the inflexion cubic has a straight
trajectory. We also prove that they form a comparatively large class of motions.

Further on we show that the inflexion cubic of such a motion is in general irreduc-
ible and we give two examples. We also prove that these motions are in generai
Darboux motions.

Throughout the whole paper we suppose that the inflexion cubic is not trivial
(not all trajectories are straight lines). The method used in the paper is that of [3],
which modifies to the projective situation without any difficulties.

2. PRELIMINARIES

Let V,44(V,+1) be an n + 1 dimensional vector space over R, let i:V,; —
— {0} > P,(i:V,41 — {0} > P,) be the natural projection onto the corresponding
projective space P, (P, respectively). P, is called the moving space, P, is called the
fixed space. Let us fix a base Zy = {fo. .- fu} (%o = {Jo» - [u}) 0 Vo t(Vas1)s
respectively. Further, let G denote the group SL(n + 1, R), let ® be its Lie algebra.
By a frame we shall mean any base (%) in V,.((V,+) such that # = 2%, .7,
(Z# = A, - 12, respectively) for some 1, v2 € G-
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The group G acts as the group of projective transformations from P, into P,
by the rule g(%,) = %, - g for any g € G through i and i. A projective motion in P,
is by definition an immerson of an open interval I into G.

Let a projective motion g(t): I — G be given. If we replace the basic frame in
Voi1(Vys1) by 2y = Ro .11 (% = %y - 7,, respectively), 71, 72 € G, the motion
g(t) changes to g(t) =vi' g(1)v2, as g(%,) = g(Rov2) = Ro 92 = Y1 " 92
This means that the motions g(t) and §(t) have to be considered as equivalent and we
see that the group G has to be regarded as the homogeneous space G x G/diag G
with the natural action (g5, ¢,) (9) = 91995 ', theisotropy group diag G = {(g, ¢) |
| g € G} and the projection m: (g5, g2) = 9195 "

By a moving frame (%(t), Z(t)) of a given motion g(t) we mean any lift of g(?)
from G into G x G. It is any pair of frames (%(1), Z(1)) such that g(Z(t)) = %(1).
(Let 2(t) = R 94(t), (1) = Ao g5(1). Then g(1) (%(1)) = 9(t) (%o 92(1)) = R0 -
. g2(t) = &4 g4(t) and so g(1) = g4(1) 95 '(1).)

Let (%(t), %(1)) be a moving frame of a projective motion g(f). Let us denote
R =R, B = Ry, 0 —y = o,y + ) =n. Then ¢, ¥, 0, e 6 (Tro = Try =
Tr ¢ = Try = 0). Now we shall compute the operator of the k-th derivative of the
trajectory Z() of a point Z = Z(r) X(t) of the moving space. X(t) is fixed up to
a factor and it is called the representative of the point Z in the frame %(1). For the
trajectory we have Z(f) = A(t) () X(t). First we shall choose a fixed representative
of ', X = RoX, = %(1) X(¢) and compute the derivatives with respect to the repre-
sentative Z'(t) = (1) X(t) = 2(t) X(1) of the trajectory of Z". Then we have 2’ = 0 =
=AX + AX' = RWYX + X') and so X' = —yX. Let Q, be the operator of the
k-th derivative with respect to the chosen representatives. Then Z® = 2Q,X, Q, =
= E, where E is the unit matrix and Z%*" = 2'Q,X + X + AQX' =
= R(eQ — Q¥ + Q) X. So we have
(1) Qusr = 0Q — QU + Q,, Q =E.

Now let the representatives be arbitrary, so let us write X; = A(f) X. Then we
have X| = 2’X + X' = (VE — W)X = (VE — ¢) X, where v = A'A™ L. Similarly,
let X,(t) = u(t) X(t). Then X; = w'X + pX' = [(Wp™' +V)E — Y] X,. ¥ W =
= #0,X,, then &V = #GX, + AGX, + 20X, = R[o8, — QW + G, +
+ (w'p™* + v) @] X,. So we get the following

Lemma 1. The functions X(t) represent a fixed point of the moving space P, iff
X' = (AE — ) X for some function A; similarly, X' = (AE — ) X holds for the

representatives of the fixed points of the fixed space P,. The operator 3, of the k-th
derivative of the trajectory of a point is given by the formula

k
(2) Q= Z BiQ;
where By = 1, B; are functions and Q; are given by (1).
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Definition 1. A projective motion g(1) is called a D, motion (a motion with the
Darboux property of degree r) if there exist unique functions o(t), ..., o,(t), such
that

) Brot =Y ad;.

I

13

Remark. The D, property is a geometrical property of a motion (it does not
depend of the lift, representations and parameter) and according to Lemma 1 it
can be defined by the operators Q; as well. The number r is the least number with the
property (3) due to the unicity of «;. Similarly as in [3] we have the following charac-
terization of projective D, motions:

Theorem 1. A projective motion in P, has the D, property iff there exists a regular
curve in P, such that the trajectory of any point is a projective image of this curve.
Then the trajectory of any point lies in a subspace of P, of dimension at most r.

Proof. Each trajectory is a solution of the differential equation
XD Vg x® = 0.
&

Remark. The projective map in Theorem 1 need not be regular. By a regular _
curve we mean such a curve that the r-th osculating space has dimension r at each ¢.

. P, n+1
Let now vy, ..., v, be vectors in V1. By |vy, ..., 0,), j = 1, ,( . >we mean

all subdeterminants of coordinates of the vectors vy, ..., v, in some frame £.

Theorem 2. Let g(t) be a projective D, motion. Then the trajectory of any point

_ ; 1
X of P, satisfying |X, X', ...,X("l’ =0 for j=1,... (n +

- 1) lies in a subspace

of P, of dimension at most r — 1.

Proof. The proof is almost identical with the proof of Theorem 4 in [3].

3. PROJECTIVE PLANE MOTIONS

In what follows we shall prove the converse of Theorem 2 for projective plane
motions. So from now on we shall consider only projective plane motions. The matrix
w can be given the real normal Jordan form in a suitable lift of the motion and
in the following we shall restrict ourselves only to such lifts. Different Jordan normal
forms of w lead to 5 types of projective motions (Tr @ = 0):

Type 1. o = Diag {4, 4,, A3}, 4; mutually different.
Type 2. w = Diag{1, 1, —2}.
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1,1, 0
Type 3. ®=10,1, 0]},
0,0, —2
0, 4,0
Type 4. w={0,0, 41}, 2%0
0, 0,
A1, 0
Type 5. =1{-1,14, 0
0, 0, —24

(]n cases 2, 3, 5 we have chosen the canonical parameter).
First we shall prove a partial result showing that in the case of the general motion
the converse of Theorem 2 is always true. To do it we shall need some definitions.
The set of all points of the moving plane which satisfy the equation

F(X) = |X, X", X"| = |Q,X, 2,X, 2,X| = 0

is called the inflection cubic and will be denoted by F.

Definition 2. The inflexion cubic F is called simple if it has the following property:
Let G(X) be a homogeneous polynomial of degree 3 such that G(X) = 0 for all
points of F. Then G(X) = 2 F(X) for some % € R.

Remark. The inflexion cubic is simple in the following three cases:
a) it is irreducible;
b) it splits into a straight line and a regular real conic section:
c) it splits into three district real straight lines.

In the other cases F is not simple (a straight line and an imaginary conic section,
a straight line and a point, two lines and one line with the corresponding multi-
plicities).

Theorem 3. Let a projective motion have the following properties:

a) The inflexion cubic is simple. b) All points of the inflexion cubic satisfy the
equation G(X) = lX, X", X"'| = 0. Then all points of the inflexion cubic have at
most one-dimensional trajectories and the motion is a D, motion.

Remark. The condition that F(X) = 0 implies G(X) = 0 is obviously necessary
for a point X to have a straight trajectory.
In what follows, by a Darboux motion we understand a 2-Darboux motion.

Proof. Without any loss of generality, to any Q, we may add a linear combination
of the preceding ones, which we shall do without mentioning it. To prove the theorem
we shall consider each of the 5 types of the projective plane motions separately.
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Type 1. Q, = E, @, = Diag{0,1, 1}, pu # 0,1, Q, = (c}), where ¢{ = ¢3 = 0.
Coordinates in the moving plane with respect to a suitable moving frame will be
denoted by x, y, z. Then

x, 0, cay + ciz
F(X)= |y, y, ¢cix + 3z =
z, Uz, c?x + cgy + cgz

= ¢ix?y + aaxy? — cipx?z — cuxz® + (p — 1) esy?z + ey(p — 1) yz* + eixyz.

A similar expression is obtained for G(X) with Q; = (d}),d; = d5 = 0. As F is
simple, we have G(X) = 4 F(X), which immediately yields Q; = 1Q, and the state-
ment follows.

Type 2. In this case F is never simple, as we shall see later on.

0, 1 0
Type 3. Qo =E, 2, =10,0, 0], @, =(c)withef=c¢]=0
0,0, -3

E)

and similarly for Q; = (d}). Computation yields F(X) = —cixy* — ¢3° + (¢ —
— e3) zy? + (5 — 3e3) vz + 3eix?z + 3e3xz? + (3¢ + ¢}) xyz. From G(X) =
= 2 F(X) we get

T =Ac},d3 = Ac3,d} = Aci, di = A3, dy — 3¢y = A(c; — 3ci) and so dy =
= Jey, 3d5 + di = M3c3 + ¢}) and dj = Ac3. Finally, d3 — dj = A(c; — ¢3) and
d3 = Jc3. This gives Q, = 1Q, and the statement follows. Types 4 and 5 are treated
in quite a similar way.

Remark. If a projective plane motion satisfies the assumptions of Theorem 3,
then any part of the moving centrode belongs to the preimage of the inflexion cubic.
To see it, consider a pole X of the instantaneous motion. Then its preimage X belongs
to the preimage of the inflexion cubic, which is fixed in the moving system. But X
belongs to the moving centrode as well.

4. PROJECTIVE PLANE MOTIONS WITH F NOT SIMPLE

Now it remains to consider motions with inflexion cubic that is not simple. In the
course of discussion of reducibility of F we shall also prove the existence of Darboux
motions and give an example of a Darboux motion with irreducible inflexion cubic.

Type 1. First we shall prove the existence of Darboux motions. Denote
my, Q,, b2
o = 2 Diag {Ay, A5, A3}, n=2(a;, my, c; |,

by, ¢ m;
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=2 =) (A — 2)"", w*0,1, o=2ul; = 2A) + p,m —m, = ks,
my, — my = ky, my — my = ky.

We shall consider only the general case, when two of the products aa,, b;b,, ¢,c,
are different from zero. Then we may choose the moving frame in such a way that
a, = €ay, b, = vby, where ¢,v = +1. For simplicity let ¢ = v = 1. For Darboux
motions we get the following system of equations:

(4) 2a,ky + by(cy + ¢) (1 —2p) =0,
2a,25 + by(c; — ¢;) (1 = 2p) — 2ay = —2ya,,
—2ubky + ay(c; + o) (p—2)=0,
2uby Ay + ay(ey — ¢) (n — 2) — 2byo — 2(uby) = —2uyb,
ay by(t + p) — (L= p)(ky + 4) + [es(1 = )] =vei(1 — p) + ¢yo,
ay by(1 + 1) = ex(l = ) (ky = A1) = [ez(l = )] = =v e;(1 = 1) = ez0,
2ai(1 — 2u) + 2632 — p) + 2¢y (12 — 1) + 2043 + ¢’ =70

From the 1st row we compute k3, from the 3rd row we get k,. This gives also ky,
as k; + k, + k3 = 0. We substitute the result in the other equations and choose
the parameter in sucha way that 2, — A; = 1. ThenZ; = —(u + 1)[3,2, = 4y + 1,
Ay = —2l; — 1. We add the equation p' = o — 2u(A; — 4,), thus getting
a system of 6 equations of the 1st order for unknown functions ay, by, ¢4, ¢, i, 0,
which are solved with respect to the first derivatives. This means that the solution
exists and as the moving frame was uniquely fixed, the solution depends on 6 arbitrary
constants and on an arbitrary function y. This shows that in the case of Type 1 we
have many Darboux motions. As there is apparently no sense in trying to find explicit
solutions of equations (4) for Darboux motions in general, we shall present an example
which proves the existence of Darboux motions with irreducible inflexion cubic.

Example . Put p= —1in (4). Then 4, =0, 4, =1, A3 = —1,¢; = ¢, =0,
k; = m; = 0. Write a; = a, by = b. Then we are left with the following equations:

a = aly—1), b =bl+5), 7=32a - b) - 2.
One of the solutions is

a=.@2)1 +exp(120))""*, b= (2)(1 + exp(—12¢))"1*.

The equations X' = —y/X for fixed points of the moving plane are
(5) X'=—ay—bz, y=—-ax+y, z'=—-bx —z.
Further,

F(X) = 4xyz + bx’y — ax’z — 2ay®z + 2byz”. '
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The derivative of F(X) with regard to (5) is
2xyz(a® — b*) + (a'[3 + a) (bx*y — ax’z — 2ay®z + 2byz?),

which after substitution gives a multiple of F. This means that each point of F deter-
mines a fixed point of the moving plane, which remains on F during the motion,
so that its trajectory must lie on a straight line. It remains to show that F is irreducible.
This is left to the reader.

Now we shall consider the cases when F is not simple, and we shall find all motions
with the property that all points of F have straight trajectories, The fact that F -
passes through all poles of the motion will simplify our considerations. Indeed, if
F is not simple, it contains at least one straight line. Let its equation be Ax + By +
+ Cz =0. Then if A £ 0, B & 0, C + 0, the remaining conic section contains at
least three distinct points and F is simple. So let the equation of the line be Ax +
+ By = 0 with A # 0, B = 0 (after a permutation of poles).

If the remaining conic section is regular, it has at least two different points and so
it is real and F is simple. If the remaining conic section is singular, it must be the
twice counted line z = 0. So we always have the line z = 0 as part of the inflexion
cubic. Its equation is '

—ub;x*y + (1 — p) xp* + ayux®z + cou(l — p)xz> + (n — 1) ayzy® +
4+ (u — 1) pbyyz* = 0.

As z = Ois part of F, we get by = ¢; = 0. Then z = 0 is an integral of X' = —yX
as well as of X' = —¢X since z' = (+4; — m;) z, and the line z = 0 is fixed
during the motion. This means that our motion is projectively equivalent to affine
motion.

The remaining conic section is

H=apx* + ¢, j(1 — p)xz + (u — 1) ary® + (u — 1) pb,yz + axy = 0
We have the following possibilities:

a) H is just the point (1, 0, 0). Then this point must be a fixed point of the moving
plane and it must satisfy X' = —yX,s0 b, = ¢, =0, 0% — 4a,a,u(p — 1) < 0.
The point (1, 0, 0) is fixed in the fixed plane as well as we get a special case of the
centroaffine motion — the inflexion set is trivial being only the center. This motion
is in general not a Darboux motion.

b) H = z(Ax + By).Thena, = a, = ¢ = 0, theremaininglineis ¢c,x — b,y = 0.
The differentiation of the equation of this line yields the equation

bzc; - Czb’z + bZCZ(z‘l - 12 - k3) = 0,

which is exactly the equation for Darboux motions in this case. So in this case we get
a Darboux motion.
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¢) H = (Ax + By)*. Then ¢, = b, = 0, 6® — 4u(u — 1) a,a, = 0, the equation
of the line is

a;pux® + oxy + (u — 1) a,y* = (2aux + 0y)* = 0,

where a, = eay, 0 = 2a,[p(u — 1) &]"/*, ¢ = +1. The differentiation and substitu-
tion now leads to the equation 2k; = aj/a, — a}[a,, which is one of the equations
for Darboux motions. Substitution in the second equation shows that it is satisfied
as well. So this motion is a Darboux motion.

Theorem 4. Let all inflexion points of a projective plane motion of Type 1 have
straight trajectories. Then this motion either is a Darboux motion or is projectively
equivalent to a centroaffine motion with the trivial inflexion set.

Type 2. = 2 Diag {1, 1, —2}, 5 is the same as for Type 1.

Q =E, @ =/0,0,0\, =/ 0, 0, b,
0,0,0 0, 0, ¢,
0’ 0’ 1 —b17 —C1, 0

The inflexion cubic is F(X) = z*(c,x — b,y) = 0, so it is never simple. F is nontrivial
only if b3 + ¢3 # 0, so we can choose a special moving frame in which b, = 1,
¢, = 0. Then F(X) = yz*. The condition for a Darboux motionis by = ¢; = a; = 0,
which is at the same time the condition for the points of F to have straight trajectories.
Here the condition that F(X) = 0 implies G(X) = 0 is not sufficient for a Darboux
motion. The Darboux motion of this type is projectively equivalent to a centroaffine
motion which preserves one direction.

Type 3.
1,1, 0
=201, 0],
0,0, —2
n is the same as in the case of Type 1.
0,1, O 0, 0, —3b, — ¢,
Q=E,  =10,0, 0), @, =|0, 2a,, —3c, ,
‘0, 0, -3 3b1, 361 + bl’ 18 + a; + 3k3

F(X) =
= —(3¢cy + by) y® = 3byxy* — 9c,yz* + 9b,yz* + (ay — 18 — 3k3) ¥’z + 6a,xyz .

First we shall prove the existence of Darboux motions of this type.

a) Let b; # 0. Then we can change the moving frame to get by = 1, ¢; = 0. The
equation of Darboux motionsis Q; = yQ, + B2 + aQ,, where a, B, ¥ are functions
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of t. The explicit form is:

6by + ¢, = a, 201(1+az)+b2=ﬁ9
—2a} +6c, =0, 4a; + ¢, +2a) =2ay +a,
21 + 9my + 2a, = =3y, 2 — ky — 3a, =7, ‘

by(21 + ay — 3ky) + ¢y(ky — 2 — 3a,) — 3b, — ¢y = —y(3b, + ¢;),
c;(2a; — 21 + 9m,) + 3ayb, + 3¢, = 3eyy,
—6b, — 2c, — 4(18 + a, + 3k3) + a} + 3ky = (18 + a, + 3k3)y — 38 + a.
aa) Let a; # 0. Then we have an explicit solution
¢, =aif3, by = —ai[9, ks = —6 — ay[3, a, = —1,k, = 3 + ajfa, + 2a,[3,

The solution depends on one arbitrary function a(t) = 0.

ap) Let a; = 0. Then a, = 3 + 2k3[3, k5 = —3(6 + k) (1 + my), c; = b, =0,
my arbitrary.

b) Let by = 0. Thena; = 0.

ba) ¢, & 0. We specialize to b, = 0, ¢, = 1 obtaining a, = —3 — 2k;/[3, kj =
= 3(6 + k3) (m, — 1), ay, my. n, are arbitrary.

bB) ¢, = 0. We get the following equations:

by =by(y+7—ky), ¢t =ciy+7—ky), kiy=(y+4)(ks+ 6)— 6¢c,b,.

These equations always have a solution, a, is arbitrary. This proves the existence
of Darboux motions in all subcases.

The inflexion cubic for motions of this type always splits. It is given by the follow-
ing equations:

an): F(X) = (3x + ) (y — ayz)*; aB): F(X) = y*[y + 3x + (18 + 3k;) z] ;
ba): F(X) = z[3xz + (6 + k;) ¥*]; bB): F(X) y[ciy? + (6 + k3) yz — 3b,z%]

Now we are going to prove the converse of Theorem 2. To this end let us suppose
that the motion is of Type 3 and that all points of F have trajectories on straight
lines. We may suppose that F is not simple, because in the opposite case the statement
follows from Theorem 3. We shall again consider separately several cases.

a) by =1, ¢ =0.F(X)=y>+ 3xp> + 9cpxz*> — 9b,yz*> + My*z — 6a,xyz,
with M = 18 + 3k; — a, . F splits, so let us write

F(X) = (Ax + y + Cz) (ax® + y* + yz° + Sxy + oxz + Yyd).
Comparison gives ‘
Ae=0,Cy=0,A+6=3, A0+a=0, Ay + Cop = 9¢,, Ap + Ca =0,
Y+ Cf = =9y, y + C =M, AY + ¢ + C5 = —6a, .
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Let o & 0. Then A = 0 and o = 0 is a contradiction. Hence always « = 0.
1) A+0.Thend = 0,0 =0,Cy =0,4 =3,y =3¢c,, ) = =2a,C =M + 2a,.

Io) C # 0. Then y = ¢, = 0, F(X) = (3x + y + Cz) y(y — 2a,z), which is not
simple only for a; = 0,¥ = Oand b, = 0. The equation X' = —yX is

’

x'=(1—=m)x+ (1 —a,)y— byz,

4

Vi=—ax+ (1 —=m)y—cyz,

2= =x =2+ my)z.

As a consequence of y = 0 we have ¢, = 0. Further, C = 18 + 3k, and the differen-
tiation of 3x + y + Cz = 0 gives the condition for a Darboux motion.

IB) C=0. Then F = (3x + y)(y* + ¥yz +72%), ¥ =3¢y, = —2a;, M =
—2ay, ¢, = —3b,. The differentiation of 3x + y =0 gives a; = —18 — 3k;,
a, = —1. F is not simple iff > — 4y < 0.

Let first * = 4y, so a} = 3c,. The conic section is (y — a;z)* = 0, the differen-
tiation gives a Darboux motion of the case ao) for a; = 0 and of the special case
ky = —6 of ap) for a; = 0.

Further let > — 4y < 0. Then the conic section y* 4+ Yyz + yz? = 0 has the
only real point y = z = 0, which is an isolated point of F. Hence it must satisfy
X' = —yX, which is impossible. So such a motion does not exist.

IT) Let A = 0. Then the case C = 0 gives a motion from Ip), the case C = 0 gives
a Darboux motion from ap).

The case b) is treated in a similar way; we also get only Darboux motions. The
detailed computation is omitted.

Theorem 5. Let all points of the inflexion cubic of a projective plane motion with
a double characteristic root have straight trajectories. Then this motion is a Darboux
motion.

Type 4.
0, 4, 0
w=2(0,0, 4], #isthe same as for Type 1.
0,0, 0
0, 1, 0 —ay, k3 2+02"‘02
Q=E, Q =[0,0,1|. Q,=|~by, a; — ¢y, ky
0,0,0 0, b, €1

The formula for Q5 is too complicated to be presented here. Let us write only the
terms necessary for the specialization:

(93)21 = b](ks - kl) - 01(2a1 - Cl) — b’l ) (93)31 = —-2b1(a1 -+ cl) s
(@3)32 = by(ks — ki) + ¢i(ay — 2¢4) + b} .
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We shall first prove the existence of Darboux motions. The specialisation of the
frame is more complicated for this type and therefore we shall present more detailed
computations. The isotropy group preserving o is

>
~

S, U
0,1, s , r+0,s,ueR.
0,0, r
The formulas for coefficients of # in the new frame are:
I=27Y, 4 =ayr—bsr*, by=0by?, & =bsr* + cir.

a) Let by = 0. Then we may specialize the frame to b; = 1, ¢; = 0. Then a; = 0.
The equations for Darboux motions now simplify considerably and the solution
isk, =ks, by =1,a, =¢; =0,a, = —1, ¢, = 1. So m, = 0 and we may further
specialize to m; = m3 = 0; b, is arbitrary, the frame is uniquely fixed.

b) by, = 0. If ¢; & 0, we immediately see that such a motion does not exist. So
¢; = 0 and this implies a; = 0. We get equations

—ky(3 + ay — ¢3) + kya, — kye, + a5 — ¢ =2 + a; — ¢3),
k3 — ki + Ky — ki =v(ks — ki),

which always have a solution.
Now we are going to prove the converse of Theorem 2. We have

F(X) = byy* + (2 + a5 — ¢3) 2° — (ay + c1) x2* + (2¢; — ay) ¥’z +
(k3 - kl) yzz .

a) by =1, ¢; = 0. The inflexion cubic is reducible only if a; = 0. Then F(X) =
=3+ 2+ a, — ¢;)2° + (ks — ky) yz*. It contains a real line of the form
¥y + Cz = 0. From the equation X' = —yX weget C=0,¢c, =1and a, = —1.
Now F(X) = y(y* + yz?). Lety < 0. Then we have two reallines y & /(—y)z = 0
and differentiation gives y = 0 which is a contradiction. So y = 0. Then the real
points of F form only the line y = 0 and the motion need not be a Darboux motion.
Specialization to m; = 0 finally yields

(6) by=c,=1, ¢, =a,=m; =0, a,=—-1, my=0.

b) Let by = 0. Then F contains z = 0 and this implies ¢; = 0. The conic section
from F is Fy(X) = (2 + a, — ¢;) 2> — a;xz — a;y* + (ks — k) yz, which con-
tains the point (1, 0, 0). So if F is not simple, it is singular. But F, is singular only
if a; = 0. The derivative now gives the condition for a Darboux motion.

Theorem 6. Let all points of inflexion cubic of a projective plane motion with
a triple characteristic root have straight trajectories. Then it is either a Darboux
motion or is given by (6).
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Type 5.

AL, 0
wo=2|-1,4 0], nisasin Type 1.
0,0, =2

Here we may always specialize the moving frame to have m; = m, = m. The equa-
tions for Darboux motions will be

(22 = v)(a, + a;) + 3Mcic, — byby) + (a, + a,) =0,
a2 — a% + 3Mcyby + byey) =0,
—6A(byb, + cic3) + 3(1 4 32%) (byey — bycy)) — (@A +y)(n — 1) + ¢’ =
= =3a; + a,)*.
(32by — ¢1) (A + 3m) + by(u + 2a; + a,) + 3%ci(1 + a,) — (34b; — ¢y)' =
= —y(32b; — ¢,),
—(3%¢y + by) (A + 3m) + ey(—p + ay + 2a,) + 32by(1 — ay) + (3¢, + b)) =
=vy(34c; + by),
(34by + ¢3) (A = 3m) + by(u + ay + 2a;) — 3hcy(1 + a;) — (32b, + ¢,) =
= —y(32b, + ¢,),
(=3¢, + by) (=4 4 3m) + cy(u — 2ay — az) + 34by(1 — a;) + (=34c, + b,) =

=vy(=32c, + b,),
where u = 184% — 3)/ + 3.
From these equations we see similarly as in Type 1 that in the general case of a; +
+ a, =0, ¢; = ¢, + 0 Darboux motions exist. The solution depends on one
arbitrary function m and six constants of integration.
The next example shows that also in this case we have Darboux motions with an
irreducible inflexion cubic.

Example 2. Put a; = a, = m = A = 0. Then u = 3 and we get
byey — byey = 2y[3,3by + ¢} = ¢y, —3¢; + by = by,
3b, — ¢y = —cyy, 3¢y + by =byy.

Let us denote w = (C — Asin (6t + 9))™'/?, where 9, 4, C are constants. Then the
solution is

¢ =/(2)weos3t, by = /(2)wsin3t, by = /(2) weos (3t + 9),
¢, = +/(2) wsin (31 + 9) = 34w? cos (61 + 9).
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The proof of irreducibility of F can be done by direct computation and is omitted.
Easy computation also shows that the derivative of F(X) is

Y(—cyx* + byy® — exxy® + byx?y + c;xz% — byyz?) +
+ 3(y*z + x?2) (byc; — bycy).

Substitution shows that this is a multiple of F and this completes the example.

Now we would like to prove the converse of Theorem 2. To this end we have
to discuss the cases when F is not simple. A rather long computation shows that
in the case when F is not simple we do not get a Darboux motion in general. (Here
we have the case when F consists of a straight line and an imaginary conic section
or of a straight line and a point. This means that the differentiation of the real part
of F gives only few conditions, which are too weak to guarantee the motion to be
a Darboux motion.)

In the end we present a projective characterization of the elliptical motion from the
Euclidean plane kinematics to show that this motion is distinguishable even among
projective motions.

Theorem 7. Let g(t) be a projective Darboux motion with one real and two imagin-
ary poles for each t. Let the inflexion cubic be a regular real conic section passing
through the imaginary poles, and a straight line connecting them. Then if the
instantaneous motion has conic sections as trajectories, the motion is projectively
equivalent to the Euclidean elliptic motion.

Proof. The conditions for the instantaneous motion give A = b, = ¢, = a = 0.
Then b3 + ¢2 + 0, as otherwise the inflexion conic section would be singular.
So we may specialize to b, = 1, ¢, = 0. Then we get a, = —3,a, = 3, m = 0 and
this motion is the elliptic motion in a suitable Euclidean structure on P,.

Example 3. For illustration we shall present a typical example of a projective
Darboux motion. Let us consider the projective plane motion given (up to a multiple)
by the matrix g(t) = E + At + Bt?, where E is the unit matrix, 4 and B are arbitrary
3 x 3 matrices. Then g(t) is a regular matrix in some neighborhood of 0 and so it
determines a projective motion. This motion is a 2-Darboux motion, as g”(t) = 0.
Further, all trajectories of this motion are conic sections, as every trajectory X(t)
of X, is given by X() = g(f) X, = X, + AX,t + BXt*, which is a parametric
form of a conic section. The inflexion cubic is given by the equation [X, X', X"l =0,
which is

|(E + At + Bi?) X,, (4 + 2Bf) X,, 2BX,| = |Xo, AXo, BX,| = 0.

This means that the preimage of the inflexion cubic in the moving plane is a fixed
cubic which contains the preimages of all poles of the motion. Hence we see that all
moving poloids of the motion are parts of the cubic |X0, AX,, BX0| = 0. It is easy
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to see that any irreducible cubic can be written in the form |X, 4X, BX| = 0 for
suitable matrices 4 and B (for instance, the choice A = Diag {0, 1, 2}, B arbitrary
will do). This means that the inflexion cubic of the motion considered is in general
irreducible, as A and B can be chosen quite arbitrarily. We also see that the inflexion
cubic of a 2-Darboux projective plane motion has no special properties, as any
irreducible cubic is the inflexion cubic of a certain motion of this kind.
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Souhrn

PROJEKTIVNI POHYBY V ROVINE
S NEKONECNE MNOHA PRIMKOVYMI TRAJEKTORIEMI

ADOLF KARGER

Cldnek je vénovdn jednoparametrickym pohybiim v projektivni roving majicim
tu vlastnost, Ze vSechny body inflexni kubiky maji pfimkové trajektorie. Je ukdzdno,
Ze tyto pohyby maji v obecném piipad¢€ irreducibilni inflexni kubiku a projektivng
ekvivalentni trajektorie. Dédle jsou podrobné diskutovdny pfipady téchto pohybl
s rozpadlou inflexni kubikou. Diskutuje se téZ souvislost s Darbouxovskymi pohyby.

Author’s address: RNDr. Adolf Karger, CSc., Matematicko-fyzikalni fakulta UK, Soko-
lovska 83, 186 00 Praha 8.
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