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INVESTIGATION OF PERIODICITY FOR DEPENDENT
OBSERVATIONS
ToMAS CIPRA
(Received May 10, 1983)
It is proved that Hannan’s procedure [9] for statistical test of periodicity in the case
of time series with dependent observations can be combined with Siegel’s improve-
ment of the classical Fisher’s test of periodicity. Simulations performed in the paper

show that this combination can increase the power of Hannan’s test when at least
two periodicities are present in the time series with dependent observations.

1. INTRODUCTION

The first exact test for periodic components in time series was proposed by Fisher
[5]. [6]. It deals with observations xq, ..., x, arising from the model

(1.1) x,=(+e, t=1,..,n,

where ¢, represents the deterministic unobservable component of the series and &, is
the normal white noise (i.e. ¢, ~ iid N(0, 6)) representing random errors due to
measurement or other sources. When investigating periodicity of the series we are
interested in periodic activity of {,. The null hypothesis is that there is no periodic
activity

(1.2) Hy:ly=0C=...=¢,.

Let f,(%, x) be the periodogram of x, defined as

(1.3) L(2, x) = a}(%, x) + ba(4, x),

where

(1.4) a,(2, x) = \/E Y x, cos it,
) nNe=1

b,(%, x) = \/% le, sin Af .
=
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Fisher’s test uses the values of this periodogram only for the frequencies
(1.5) Aj=2mjln, j=1,..,s,

where s is the integer part of 4(n — 1). These values must be normalized to the form

s

(1.6) Yy = 9,2 X)X Ik x)

i=1
to eliminate the effect of o. The hypothesis H, in (1.2) is rejected at the given signi-
ficance level o if
(1.7) max Y; > gi(n, a),

Jj=1,...,s
where gy(n, «) is the appropriate critical value calculated according to the exact
distributional formula for max Y; given in [1] or [5] and tabulated in [1], [5] or

J=1,..,s

[14]. The use of the rth largest value from Y, ..., Y, r > 1, in testing for periodicity
is discussed in [7]. Walker [15] demonstrated that the dropping of the normality
condition has little effect on the large sample distributions of the previous test sta-
tistics.

When there is a suspicion of activity at several frequencies in (1.1) (i.e., {, is com-
posed of several periodic components), Siegel’s extension of Fisher’s test can be used
(see [14]) since it has generally higher power for such compound periodicity. Its

test statistic has the form
S

(1.8) T = 2 (Y; — 2g(n, o)+ »

Jj=1

where (), denotes max (¢,0) and 2 is a parameter chosen between 0 and 1. The
exact distributional formula for T, under the null hypothesis (1.2) can be derived
and used for the calculation of the critical values t,(n, ) tabulated in [ 14], such that
H, 1s rejected for

(1.9) T, > t;(n, o).

Simulation studies demonstrate that the most advantageous value for A is 0-6 (see
[14]). It is shown in [13] that the asymptotic null distribution of T} is the so called
noncentral chi-squared distribution with zero degrees of freedom.

Bolviken (see [2] or [4]) has tried, similarly to Siegel, to increase the power of
Fisher’s test for the compound periodicity. He has suggested to replace Y; in (1.6)

by 1,(2;, x)/ Y. I(4) x), where a is a preselected constant and the periodogram
i=1

ordinates I1,(4,),...,1,(%,) are ordered so that I,(14,) < ...,< I,(4). Experience
shows that this modification of Fisher’s test consisting in putting away the largest perio-
dogram values in the denominator of Y; can further increase the power of the test
when more than one periodic component are present.
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Another improvement of the classical Fisher’s test is given in [3]. It is based on the
fact that the maximum among I,(4,), ..., I,(4,) is frequently much smaller than the
maximum of I,(4) forall -z < 1 £ =.

The test for periodicity in multiple time series based on the Euclidean norm of the
matrix of the periodogram is derived in [10].

All the tests mentioned have the common feature that the null hypothesis H,
supposes the independence of the observations of the series. In practice this demand
is often nonrealistic and therefore tests of periodicity for dependent observations
have been looked for. The most important of them are described in Section 2 of
this paper. However, the main purpose of this paper is to propagate the combination
of Hannan’s test from Section 2 with Siegel’s test described in this section as a test
suitable for dependent observations with compound periodicity in the alternative
hypothesis. The theoretical justification of this combination is given in Section 3
while the results of numerical simulations are reported in Section 4.

2. SOME TESTS OF PERIODICITY FOR DEPENDENT OBSERVATIONS

Let observations xy, ..., x, arise from the model

(2.1) x,=(+u, t=1,..,n,

where u, = ) a;£,_; is a normal linear process with a positive spectral density f(4).
i=o

Since such a process u, under general assumptions fulfils the relation
(2.2) L2, u) = 2n f(2) 1,(2, &) + O(n~1/?)
(see e.g. [8]), Whittle [16] suggested to replace 1,(4;, x) in Fisher’s test by

(23) K, (2, x) =LA, x)[{2nf(4;)}, j=1,..s

(the corresponding distributional formula for the test statistic then holds, of course,
only asymptotically). However, we must know aprior: the spectral density f(1) for
this procedure.

In the case of an unknown spectral density Whittle [17], [18] recommended to use
an estimate f(2) instead of f(4) in (2.3) but this approach has a great disadvantage:
if the null hypothesis of nonexistence of periodicities in a time series is not true the
estimate of f(2) in the neighbourhood of the significant frequencies can be inflated
remarkably. This inflation of f(2) can reduce the values of (2.3), i.e. it can reduce the
power of the test. Therefore Hannan [9] modified Whittle’s approach in such a way
that the regression on the harmonic with the frequency 4; is taken out before com-
puting the estimate of the spectral density at that frequency. The regression mentioned
can be approximately carried out by using the corresponding value I,(4;) ot the
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periodogram: the previous estimate f(ij) 1s replaced by

_ fu(2;) — 2rny w,(0)1,(1;)
1 = (82%n) w,(0)

where w,,(/l) 1s the spectral window used for the construction of the estimate f,.
A certain version of this Hannan’s test is given in [11].

We must also mention the so called Bartlett’s grouped periodogram test described
e.g.in [12]. Here the periodogram values I,(4,), ..., I,(J,) are subdivided into several
groups so that the spectral density corresponding to the frequencies in any of these
groups can be considered approximately constant. Therefore it is possible to use
in each of these groups the classical Fisher’s test based on the usual periodogram
values for the frequencies in the considered group.

All the above mentioned procedures for the case of dependent observations are
certain generalizations of the classical Fisher’s test so that they may have rather low
power in the case of compound periodicity similarly as the classical Fisher’s test.
So far no procedure considering this fact has been proposed for testing periodicity
in dependent observations, although such a test would be desirable for practical
purposes (see e.g. [4]). This has motivated this paper in which we try to combine the
above mentioned Hannan’s test with Siegel’s improvement of Fisher’s test described
in Section 1. The numerical simulations in Section 4 show that this method can actual-
ly improve the power of Hannan’s test in the case of compound periodicity.

>

(2.4) (%)

3. THEORETICAL RESULTS

Let us consider the model (2.1), where the process u, fulfils the following as-
sumptions:

(3.1) u, = Z Ej€r—j»
i=o
(3.2) &, ~ iid N(0, ¢?),
(3.3) Y o]V < o0,
j=0
¢ =2 ..
(3.4) f(/:)=_|2a]e"’llz>0, —-n<A< .
) 2% j=o0

The convergence of the sum in (3.3) occurs when e.g. x; = o(j~*/?). If the spectral
density (3.4) is even uniformly greater than zero in the interval —n £ A £ = then u,
can always be expressed in the form (3.1) (see e.g. [1] or [8]). In particular, the
assumptions (3.1)—(3.4) are fulfilled for stationary normal ARMA processes which
are important for practical purposes.
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The following Lemma shows that in the case of dependent observations the expres-
sion Y; in Siegel’s statistic (1.8) can be replaced for large samples by the expression

K )] zl K, (4 ).

Lemma, Let the agsttmptions (3-1)—(3.4) be fulfilled. Then under the null hypo-
thesis (1.2),

(3.5) lim P { y (

n— oo

K, (A X)

— g g(n, oc))
Z K (’»n ‘C)

> t,(n, oc')} =qa.

+

Proof. Since |(y)+ — (2)+] £ |y — z| we can write
K, (4;, S L(2,¢€)
(3.6) Z =L 0 — Jgp(n, «) Z J — 2gp(n,®)) <
G230

1

ZK(},, u

i=1

|-

| K(Ap) L) | )
j; | ] i 8 ! 1 ’
IKew)  TL0e) | L0 |

li=1

I\

«

t s s s s
K, (A;u) Y I(Ae)—1,(2;,6) Y. L(Ai€) +1(A;,8) Y I(Ae)—1,(%;.€) Y K, (A u)
i=1 i=1 i=1 i=1

53 |
| [3 10 9T |

% [Ke) = 1))

i1+ =

; pACHS |

IIA

[K,,(/lj, u) — 1(7%;, e)

n\7"j>

%
’ | Zl(i.,s)

i=1

J s - In('{i’ 3)[
+ 25 ;
l i= Z L(%:, €) i;[,,(),,-, £)

LK) = 100 S IR ) = 160
I iglln(ii’ 8) ‘ i:ll,,(),,-, 8)

We have (see e.g. [1])

illn(/lia 3)/5 = Z":,ls,z/s
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so that
(3.7) Y L(4i €)[s > 207
i=1

in probability for n — oo according to the weak law of large numbers since s is the

integer part of (n — 1))2.
Further,

(3.8) max

Jj=1,..,s

K,(2u) = L4, 8)| = 0

in probability for n — oo according to [8]
Since K,(4;, x) = K,(4;, u) under the null hypothesis (1.2), we have due to
(3.6)—(3.8)

i (_Igﬁ,_i — Age(n, a)) - Z(I—('lf—e)— — igi(n, oc)) -0

= K, (4; x = I(2; ¢
Jj=1 P + Jj=1 x +

in probability for n — oo so that (3.5) holds because this formula holds for K,(4;, x)
replaced by I,(A;, €), i = 1,..., s (the critical values t,(n, a) converge to a constant
for n — oo since T has under (1.2) the asymptotic distribution described in Section
1). This completes the proof of Lemma.

On the basis of the previous discussion we suggest in the case of dependent observa-
tions with a suspicion of compound periodicity to use the test of H, with the critical

region

(3.9) Zs: (M_ — Agg(n, oc)) > t)(n, a),
TNY K (2 x) *

where -

(3.10) Ky(A;, x) = LA x){2n X2}, j=1,...5s,

and f(4;) 1s defined in (2.4).

4. SIMULATION STUDY

To verify the result ot our lemma we performed the simulations given in Table 2.
Some simple normal MA or AR models without periodicities were chosen and 100
replications were carried out for each of these models at the computer ADT 4130
at the Department of Statistics of Charles University. The constants A = 0-6 and o =
= 0-05 were chosen. We used critical values taken from [14], which are given in
Table 1. Since we have known the spectral density for each of these models we could
calculate directly the values K,(4;, x) according to (2.3) without the modification
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(3.10). The empirical significance levels corresponding to (3.5) are recorded in Table 2.
They are really in very good accordance with the used theoretical significance
level » = 0-05 so that our lemma is empirically justified.

Table 1. The used critical values gp(n, ) and #,(n, @)

n A % gp(n, o) ty(n, o)
41 04 0-01 0-330 0-222
41 06 0-05 0-270 0-116
51 0-4 0-01 0-278 0-194
51 06 0-05 0-228 0-:0997
81 06 0-05 0-157 0-0721

Table 2. The frequencies of rejections of Hy for models with known spectral densities and
without periodicities (¢, ~ iid N(0, 1), A= 06, o = 0-05)

Empirical significance

Model n level corresponding
to (3'5)
X, = ¢, + 06g,_4 51 0-06
x,= &+ 08,4 81 0-05
x, = 05x,_1 + ¢ 51 0-07
xy= l'lx,_; — 05x,_, + ¢, 51 0-07

Table 3 concerns the general case with unknown spectral density when the test
(3.9) is recommended. Parzen’s estimates of the spectral densities were used with
points of truncation ranging from n/6 to n/5 in accordance with recommendations
in the literature (see e.g. [1]). The power of the suggested test (3.9) can be compared
with the power of Hannan’s test by means of Table 3. One can see that the sug-
gested tests has systematically higher power than Hannan’s test in the case of com-
pound periodicity. Under the null hypothesis H, the empirical significance levels of
both tests exceed unpleasantly the theoretical level o (see first two rows of Table 3),
which is caused by the choice of relatively small n in the simulations (the previous
results are only asymptotical and, moreover, the estimates of spectral densities are
imperfect for small n); nevertheless, also in this case the suggested test gives slightly
better results than Hannan’s test.

140



(u1 71 27) 05 +

780 760 01 50-0 9:0 1$
4 (uf1gxg) 500 + 12 + T7xg0 — Tixy =x

05-0 650 01 S0-0 9-0 IS (/171 27) 502 6.0 +
+ /1§ ug)s09 5.0 + 2 + TTxg0 — T ixpy =x

65-0 £9-0 01 10-0 0 1$ (uf3 71 27) 503 +
A (uf1 g ug) s05 6.0 73 + T7hxg0 — T x ) =x

€0 w0 01 $0-0 9:0 1s (171 27) $02 5.0 +
- (uf1 g 27) 509 6.0 4 *2 4 T x50 ='x

96-0 £9-:0 8 10-0 ¥-0 184 W[121 27) $096L-0 +
4 (u[1 6 2g) $0961.0 + 73 + T Tlxg.0 ='x

LS-0 £€9-0 01 S0-0 9-0 Is (uf171 27)s056L-0 +
+ (u/1g 27) $05 6.0 + Y 7?39.0 + T2 =’x

$9-0 0L-0 8 S0-0 9:0 187 (/171 27)S056L-0 +
+ (uf1g 27) 509 61,0 + F7?39.0 + 2 ='x
81-0 91-0 9 S0-0 90 18 3 4 Tixgg ="x
61-0 81-0 01 $0-0 9-0 I$ T=39.0 + %2 ='x

1891 S UBUURE] (6-€) 1591 (v) furuones
Jo Jomog Jo 1mog -c:<: Jo jurog ® 14 u 19PON

1591 s,uruuRH pue (6.€) 1831 3Yy) Jo 19m0d 3y} Jo uostredwod Y], ‘¢ S[qeL

141



References

[1] J. Andél: Statistical Analysis of Time Series. SNTL, Prague, 1976 (in Czech).

[2] E. Bolviken: New tests of significance in periodogram analysis. Scand. J. Statist. 10 (1983),
1—10.

[3] T. Cipra: Improvement of Fisher’s test of periodicity. Apl. mat. 28 (1983), 186—193.

[4] E. Damsleth, E. Spjotvoll: Estimation of trigonometric component in times series. Journal
of the American Statistical Association 77 (1982), 381—387.

[5) R. A. Fisher: Tests of significance in harmonic analysis. Proc. Roy. Soc. A 125 (1929),
54—59.

[6) R. A. Fisher: The sampling distribution of some statistics obtained from non-linear equations.
Annals of Eugenics 9 (1939), 238—249.

[7) R. A. Fisher: On the similarity of the distribution found for the test of significance in har-
monic analysis and in Steven’s problem in geometrical probability. Annals of Eugenics 10
(1940), 14—17.

[8] E. J. Hannan: Time Series Analysis. Methuen, London, 1960.

[9] E. J. Hannan: Testing for a jump in the spectral function. J. R. Statist. Soc. B 23 (1961),
394—404.

[10] J. B. Mac Neill: Tests for periodic components in multiple time series. Biometrika 61 (1974),
57—170.

[11] D. F. Nicholls: Estimation of the spectral density function when testing for a jump in the
spectrum. Aust. J. Statist. 9 (1967), 103— 108.

[12] M. B. Priestley: Spectral Analysis and Time Series. Academic Press, London— New York,
1981.

[13] A. F. Siegel: The noncentral chi squared distribution with zero degree of freedom and testing
for uniformity. Biometrika 66 (1979), 381— 386.

[14] A. F. Siegel: Testing for periodicity in a time series. Journal of the American Statistical
Association 75 (1980), 345— 348.

[15]) A. M. Walker: Some asymptotic results for the periodogram of a stationary time series.
J. Aust. Math. Soc. 5 (1965), 107— 128.

[16] P. Whittle: Hypothesis Testing in Time Series Analysis. Almqgvist and Wiksell, Uppsala,
1951.

[17] P. Whittle: Test of fit in time series. Biometrika 39 (1952), 309— 318.

[18] P. Whittle: The statistical analysis of a seiche record. Sears Foundation Journal of Marine
Research 13 (1954), 76— 100.

Souhrn

VYSETROVANI PERIODICITY PRO ZAVISLA POZOROVANI

TomAS CIPrRA

V &lédnku je dokdzéno, Ze Hannantv postup [9] pfi statistickém testovéni periodi-
city v pripadé Casovych fad se zdvislymi pozorovdnimi Ize zkombinovat se Siegelovym
vylepsenim [14] klasického Fisherova testu periodicity. Simulace, které byly prove-
deny, ukazuji, Ze tato kombinace muZe zvysit silu Hannanova testu, kdyZ fada se z4-
vislymi pozorovdnimi obsahuje alespoii dvé€ periodické slozky o riiznych frekvencich.

Author’s address: RNDr. Tomds Cipra, CSc., Matematicko-fyzikalni fakulta UK, Sokolovska
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