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INTRODUCTION

At the beginning of our paper we consequently derive the vibration problem .
of a geometrically nonlinear plate in coupled thermoelasticity from the three-dimen-
sional equilibrium condition coupled with the three-dimensional heat condition
equation. The equations obtained here represent a novel result in coupled thermo-
elasticity and plate theory.

Thereby we consider boundary conditions in subdifferential form between the
bending moments, the shearing forces and the velocity w’ of the vertical displacement
and dw’'[dn, respectively, as well as between the in-plane stress resultants N and the
velocity {u}, u}} of the horizontal displacements'). Furthermore, we derive thermal
subgradient conditions on the boundary and in the domain (i.e. on the upper and

1) Condition upon w, dw/dn, u instead of w’, 0w’[on, 1’ seem to be more “‘natural”, but non-
linear hyperbolic problems with nonclassical boundary conditions of such a type present too hard
mathematical difficulties (certain monotopicity properties of the Yosida approximation for sub-
gradients cannot be used), so that we do not know any result of such a type.
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lower surface of the plate) including classical (free convexion, isolation) and non-
classical conditions (heat control). Some examples illustrate our formulations.

In Section 6 we prove an existence theorem for the problem in a weak variational
formulation. Furthermore, we show (Section 7) that the solution is uniquely deter-
mined and depends continuously on the given data. Thereby the consequent deriva-
tion of the problem appears to be very profitable. Thussome thermoelastic coupling
terms (strong nonlinearities and higher order time and spatial derivatives) can be
compensated.

Nonlinear isothermal plate problems with non-classical boundary conditions
(statistical and dynamical) for von Karman’s equations are considered in [8], [9]
and [13]. In the formulation without introducing a stress function, existence and
uniqueness results for the static problem with certain zero boundary conditions are
contained in [3] and [14]. In the dynamical case we do not know any result for
generalized boundary conditions between the horizontal stresses N and the horizontal
displacements velocity u’. In [4] classical zero boundary conditions between N and v’
and either for w’ of for ow’/on are assumed.

Statements of problem of thermoelasticity are derived in vaiious publications
(cf. for example [19], [7], [16]—[18], [1]) and are mathematically treated for the
three-dimensional case in [5] and [2]. For thermoelastic plates we only know un-
coupled problems with classical boundary conditions.

1. NOTATIONS

Let @ = R? be a bounded domain having a Lipschitz-continuous boundary I
(ie. Qe A%, cf. [15]). We denote by LP(Q) the space of all measurable functions
integrable to the power p with the usual norm. The norm and the scalar product
in I>(Q) is denoted by |.| and (., .), resp. W™P(Q) denotes the usual Sobolev space
of I7-functions which have generalized derivatives up to the order m in I(2), equipped
with the usual norm denoted here by ||«|,,, . W5*(T') (s = 0 real) is the well-known
Hilbert space of traces (cf. [15]), W™*%(I') denotes its dual. Given a Banach space X
we denote by C([0, T]; X), I7(0, T; X) (1 < p < + oo)the spaces of functions defined
on [0, T] with values in X, continuous or strongly measurable and integrable to the
power p on [0, T] (or bounded for p = + o), resp., with the usual norms.

Finally, let ¢ : X —» (— o0, + ] be a proper (i.e. ¢ * + ), convex and lower
semi-continuous (shortly written: ls.c.) functional. We denote by D(¢) = {ueX :
: @(u) < +co} the domain of ¢. The subgradient mapping d¢ : X — 2*" is defined
by

dp(u) = {u* e X* : ¢(v) — @(u) = (u*, v — u) for all ve X}

(Cux, u) denotes the value of the functional u* € X* at u € X).
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2. THE DERIVATION OF THE TWO-DIMENSIONAL PROBLEM
FROM THE SPATIAL SITUATION

1° Basic equations. Let Q describe the middle plane of the undeformed plate
having the thickness h. Then?) I’y = @ x {+1h} and I', = Q x {—1h} represent
the upper and lower surfaces and I’y = I' x [—3h, +4h] is the vertical boundary
strip of the plate. Thus I' = I'; U I, U I'; is the boundary of the plate cI = @ x
x [—%h, +1h] considered as a three-dimensional body.

To derive the dynamical problem we assume that all functions occuring in our
considerations are continuous and have continuous derivatives of any order we need
(for xe @, ze[—1h, +3h], 1 = 0). When formulating the generalized solutions
we will drop this assumption.

The three-dimensional equations of motion in Lagrangian coordinates (cf. [19])
take the form?) setting the density ¢ = 1)

(2.1) 4, +58;;=Jf on & for 120,

where d(x, z; 1) = {#,(x, z; 1), @,(x, z; 1), #is(x,z; 1)} denotes the displacement
vector, f is the density of the body-force vector acting on the undeformed plate and
§;; is the Lagrandian stress tensor. The latter is related to Kirchhoff’s tensor &;; by

(22) S0 = G0 + di) -
The strain tensor is defined by

(2.3) &y = 3(d;; + i, + iy iy ;) -

Denoting the temperature difference (related to an initial temperature Tp) by 6(x, z; 1)
we consider the linear thermoelastic constitutive law

(2'4) 61 = Aiju Ekl(“) — b0 ,4)
where the coefficients a;;, satisfy the usual symmetry and ellipticity conditions;
b;; is a symmetrical tensor which describes the coupling of the thermal and elastical
properties.

2) In all what follows we will equip objects (domains, functions, ...) depending on three
variables with a tilde.

3’) In all what follows, Latin subscripts have the range of integers 1, 2, 3 and Greek indices
take the integers 1 and 2. Furthermore, we will use the notation ﬁ,u(x) = 617()(),’8)(,,, [3:3(.r, z) =
= 0p(x,2)[0z and p'(x,z; )= 0p(x,z; 1)]ot for x= (x;,X,) €RQ, z€[—Lh,+1h), t =0.
Summation over repeated subscripts is applied.

4) This law has been obtained by considerations of the free energy assuming that the body
satisfies Hooke’s law under isothermal cooditions (cf. [16]). Here we suppose that also a;j;
and b;; are independent of z, i.e. that the plate is homogeneous along the perpendiculars to the
middle surface, which seems to be right in virtue of the linearizations we make in the following.
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From the general conservation theorems of thermodynamics we obtain the “three-
dimensional” heat conduction equation (cf. for example [19], [16])

(2.5) 20+ el + Toby#; =& in @ for 120,

u u

provided we restrict our considerations to small temperature differences @ (i.e.
I()[ < Tp)- Here 4;; denotes the symmetrical heat conduction tensor, c, is the specific
heat for constant strams and @ represents the heat sources density.

Let T < 0 be arbitrarily chosen and let § = {{3,, 7,, #3} be a virtual displacement
with #(x, z; 0) = ®(x, z; T) = 0. Multiplying (2.1) by & we get (after integration
over @ x (0, T)) the Hamilton principle (cf. [19])

(2.6) f U [65,(@, 8) — T — 5] d(x, z)—friji7j,d }dz 0,

which will be the starting point for the derivation of the two-dimensional problem.
Here we have used the notation

o (n o 1fx . I .
g1, 0) = 30, + By + B + OB ) -

Analogously, from (2.5) we get the equation

T
(2.7) J { J Le 07 + 20,5 + Tobyi(@) 1 — @] d(x, z) —
0o Q

- J 2,0 i df} dt=0
r

for any 7j(x, z; 1) satisfying the continuity properties stated above.

2° Certain linearizations. First we make the usual hypothesis introduced by von
Karmdn (using Kirchhoff’s Hypothesis and neglecting “certain” higher order terms
of strains):

(2.8) B (x, 25 1) = u(x, 1) — zw(x, 1) for a=12;
is(x, z; 1) = w(x, 1), '
(2.9) Eup=Ypp +Up, + W Wy) —zW, =0y —zew,, (x=1,2),

&;=0 for i=1,2,3;

(here &2y is the strain tensor in the middle surface of the plate).
For the temperature difference § we make the following “plate hypothesis” (cf.
[7]. [19])

(2.10) O(x, z; 1) = 04(x, 1) + z 0,(x, 1)°) .

5) Notice that, since h is small, (2.11) is a good approximation. In fact, set §; = 136, + o),
0, = Lh(8, — 6,), where 0,, 0, are the temperature differences on the upper and lower surfaces
of the plate (i.e. on J; or ).
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Using (2.4) and (2.10) we obtain

(2'11) Gop = (O’Sﬁ - baﬂol) - Z(aaﬂréw,yé + baﬂel) >

where 6,; = a,4,5t5, is the “elastic part” of the in-plane stress tensor.

3° The two-dimensional equations. We supposc®) that on the upper surface I’
a perpendicular load p = {0, 0, —p,} acts while on the lower surface I", we have
free boundary conditions. Thus we obtain (using (2.8)—(2.11), similar assumptions
for the testfunction 7 in (2.6) and integration over z) the two-dimensional equilibrium
conditions:

(212) W — Aw" + Alw — ;1—3 [(o9sw..) 5 — bap(01w ) g] + A, = F3,

(2.13) u — 095+ by y=F, on Qx (0,T).

Here we have introduced the following definitions:
Ais the Laplacian, AZw = (G,p,6W ;5) ap> D02 = bapls up s Fu = h™'f,, Fy = f3 — p3
In all what follows we assume that

(2.19) w=0 on I, and =0 on I, for t=0,

ow

n
where I'y, I', = I' are open subsets with mes (I, U I';) = mes I' (we use these
conditions to drop boundary terms generated by integration of Aw”). Multiplying
(2.12), (2.13) by testfunctions, integrating by parts over @ x (0, T) and comparing
the equation obtained with (2.6) we finally have the following variational principle,
which leads us to the generalized variational formulation of the problem:

T
(215) J~ {J‘ [W”q + W’,’aq,a{ + aaﬁyﬁw,}'éq,uﬁ + baﬂ92q,aﬂ +
0 Q

12
+ e (02w .a.45 — baﬂf)lw,aq,,,)il dx +
]

L 12 I:B(M)a—q + O(M.N) q:] dr} dr = ‘[T
h? on

r

fF3.qudt
0J0

and

T

r
(2.16) J {J (uiv, + ogpv, 5 — byglyv, 5)dx + J‘ N,v, dl"} dt =J‘ J F,,dx dt
o We r 0Je

6) We assume classical conditions on the upper and lower surfaces of the plate only to simplify
our considerations. It is possible to formulate non-classical conditions (for example obstacle
conditions, elastic clamping or supporting in the domain of the two-dimensional plate) in the
same manner as for the linear static case in [20], Part I.
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for all testfunctions g and v,, where g satisfies (2.14). Here B(M) = — M|, n,n,
represents the bending moments on the boundary related to the moments in the
middle plane M,; = dgg,s 5 The term Q(M, N) = By(M) + N,g| n,w ; denotes
the shearing forces on the boundary (cf. [19], [1]), where

oM.,

By(M) =

0
Ry — :3; l:nan(Mu - Mzz)lr + ("% - "%) M12‘r -
r

|

represents the part of the shearing force which is generated by vertical stress difference
on I';. Whashizu (cf. [19], Chap. 8.5) pointed out that, in general,in geometrically
nonlinear plate theory also the in-plane stress resultants

0
- "1"25; (Mu - Mzz)lr - (”% - nf)

M,
Js

+h/2
N =f 0,5 dz = (o9 — bye0,)
—h/2
contribute to the equation of equilibrium (also on the boundary) in the direction
of the z-axis due to the inclination w , of the middle surface; N, = N,4|, n, is the
in-plane stress resultants vector.
In the following we will consider generalized boundary conditions of the form

(2.17) B(M)e o9, <%‘§~>

O(M, N) € dg,(w') onI', for t=0
N €0h(u')

(91, 92, h are proper, convex, Ls.c. functionals on B' or R?, respectively) which leads
us to variational inequalities. We remark (cf. [3], [20]) that (2.17) includes the
classical as well as non-classical boundary conditions (e.g. friction).

4° Projection of the heat conduction equation. Setting in (2.7) #(x, z; 1) =
= n4(x, 1) + z ny(x, t)and integrating over z € [ —1h, +1h] we obtain the equation

12 , , ) ,
(2.18) J {P [(%91 + Tobapa‘f,;)m + A3 0,m 4 + "vzﬁex,z’h.p] +
2
12,
+ [(Ce()'z — Tobypw o5 + ;1“2 "~3101,a> Ny +4 apoz,mz,a:]} dx —

—h f A0 d Al = J (Kyny + Kany)dx
r Q
with
+h/2 +h/2
Ky(x) = h J o(x, 2)dz, Ky(x) = h J (x, 2) .z dz.

—h/2 —h/2
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If the flux vector is given on the upper and lower surfaces of the plate, i.e. without
loss of generality @,(0) = 4,0 4i; =0 on I, UT,, we get from (2.18) (taking
1. € 2(Q + (0, T))) the two-dimensional heat conduction equations:

2
(2.19) e — Ay — Ass s + Tobyely = il—zKl

(2.20) 0y — A0y + 230y, — Ty AW’ = %KZ
1

on @ x (0, T) (under more general conditions on I'; U [, it is not possible to obtain
these equations).

In (2.18) we let the boundary integral in a three-dimensional form. We will consider
boundary conditions of the kind

(2.21) —ay(0)eof(f)r) on T,

where { - R* - (— o0, +00] is a proper, convex, L.s.c. function. In general, it seems
to be not possible to transform this condition into two separate conditions upon
6, and 6,. However, with the help of the linear (and in a certain space continuous)
mapping {0, 0,} — 6 = 6, + z0,, condition (2.21) represents indeed two-dimension-
nal boundary conditions. We will give an exact explanation in Section 4.

3. VARIATIONAL FORMULATION OF THE GENERALIZED SOLUTION

We define V = [W"*(Q)]* and H = [I*(Q)]* with the scalar products (u, v), =
= (uy,v); 5 + (U2, 05)1,2 and (u, v)y = (uy, vy) + (uy,v,) for u,veV or H,
respectively. Let ', I', < I' be open subsets with mes (I'; U I',) = mes I'. In connec-
tion with (2.14) we define the subspaces

X = {we W>(Q):wlp =0ae.only, ow
on|r

= Qa.e. on I'z}

and
Y = {we W"*(Q) : w|r = 0 almost everywhere on I',}

equipped with the scalar products of W*%(Q)and W' *(Q), respectively.
Furthermore, let proper, convex and Ls.c. functionals &, :[*0, T; X) —
- (—o0, + 0] and @,, ®; : I*(0, T; V) - (— o0, + 0] be given, shaped by

0

T
j pfo)dt it o 0)e X0, T)
'pj(”) =
+ o0 otherwise
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for j =1,2,3, where ¢, : X - (—0, +] and ¢;: V- (-0, + ] (i = 2,3)
are proper, convex and lower semi-continuous functionals.

In accordance with (2.15), (2.16), (2.18) we introduce the following notation of
bilinear and trilinear forms:

a(w, Q) = j‘ aaﬂyéw,)’aqﬂﬁ dx ’
2
12¢,
“1(9, '1) = 2 (04, ’11) + Ce(gz, ﬂz)y
" .
bl(’hs w, ‘I) = bW .9 pdx,
Jo
b2(”29 fI) = baﬁnzq,azﬁ dx s
Jo
dx(”ll: U) = baﬂ’h”a,p dx,
Jo
12
dy(n, 6) = ﬁ Lap 01,5 X + | Aygtiz 40, 5 dx,
Q o)

d3(92, '71) = J lsaezm,a dx
o)

forn, 8,ve V,w, q, € X. For the sake of simplicity, we suppose that all coefficients are
constants. Taking into account the boundary conditions (2.17), (2.14), (2.21) we give

Definition. The triple {w,u,0} e (0, T;X x V x V) with {w,u',0}el?.
(0, ;X x Vx H)and {w",u"} e I*(0, T; Y x H) is called a generalized solution
of the thermoelastic dynamical problem of the nonlinear plate theory if

(i) the inequality

T 12
(3.1) J {(w", q— W)+ alw,qg—w)+ ﬁj ogw (g — W) pdx —

o Q
12b 0, w ! b,(0 I%d
"El(la%q—w)‘*' 2(2:‘1““’) t+
T
+0,(q) — dy(w) 2 j (Fya — w)dt
0
is valid for all q € I*(0, T; X),
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(ii) the inequality

T
(3-2) ,[ {(u”, v—u)y + J. ooy(v, — uy) pdx + dy(0,, v — u’)} dt +
2

0
T
+ @,(v) — P,(u') gj (Fa v, — uy) dt
0

is satisfied for all ve I}0, T; V),
(ili) the inequality

(3.3) j ' {al(()’, 0= 0)+ do(0n — 0) = Ty bans — 0py w') +

0
12
+ e [d3(02. 1y — 01) + ds(n, — 0,,0,)] +
12 or
+ = To | bugegs(u, w)(n, — 0,)dx} dr +
h? o
AT
+ @5(n) — P5(0) = J (K, n — 0)y dt
0

is true for all n e I}0, T; V) and
(iv) the initial conditions w(0) = wo, w'(0) = wy, u(0) = uy, u'(0) = vy, 6(0) =
= {T,, 0} are fulfilled, where

o, W) = $(u, 5 + g, + w,wp) and o0y = a,p,s60(u, w).

Remark. Let {u, w, 0} be a classical solution of our problem, i.e. (2.12), (2.13)
and (2.5) hold f01 6 = 0, + z0, and the boundary conditions (2.14), (2. 17) and
(2 21) are satisfied, where u, w, 0 are sufficiently smooth. Setting

ow’ '[ gl(a:v)d[‘ if gl( )eL(F\F)
N €0u<—;— >= Iy on on
rir + 0 otherwise ,
f G()dr it gy(w)e (TN Ty)
¢12(W’lr) = {JI\r;
+ 00 otherwise
fort = 0 and
v
(34) (PI(U) = (pll(vlr) + (,012<—“ > for veX
on|r
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and

hy(u|p)dr if  hy(u|r) e L(T)

(3.5) ‘%(u) = .f r

+ o0 otherwise,

we obtain from (2.14)—(2.17) the inequalities (3.1) and (3.2) (for the derivation
of (3.3) we refer to Section 4).

Conversely, if {u, w, 9} is a generalized solution we obtain the equilibrium equa-
tions (2.12), (2.13) in the sense of distributions and, under some slight smoothness
assumptions on the in-plane stress resultants, the boundary conditions (2.17) in the
sense of traces. For the interpretation of (3.3) we refer to Section 4. It is well known
that we C([0, T]; X), ue C([0, T]; V), w e C([0, T]; Y) and u’, 0 C([0, T]; H)
so that the condition (iv) of our definition makes sense.

4. EXAMPLES OF THERMAL CONDITIONS ON THE BOUNDARY AND
ON THE SURFACE OF THE PLATE

Let {u,w, 0} be a classical solution of our problem (cf. Remark, Sect. 3). The
mapping P : ¥V — W' Q) defined by

(4.1) [P(6;, 0,)] (x, 2) = 0,(x) + z 0,(x) = O(x, z)

fora.a. xe Q, ze[—1h, +1h] is obviously continuous and linear. By the continuity
of the trace operator defined on W**(Q) it follows that the functional defined by

(42) @3(0) = Y(P(0)|¢) forall 6eV

is convex and lower semi-continuous if § : W?2([") » (— o, + ] in (2.21) is.
We assume that ¢, is proper if ¥ is (ie.  is compatible with the linearization P;
there exists 0, € Im Pwith /(fo|r) + + 00). Thus we obtain (3.3) with ¢, defined by
(4.2).

Let Y be decomposable into

(4'3) '/7 = ‘/;1 + 1[’2 + ‘/73 >

where 1, is concentrated on I'; for i = 1,2, 3, (i.e. if &, 4 e WY**(F) with § = 4
a.e. on I; then J(?) = (it) (for example [, dl). Then for the functional ¢,
defined by (4.2) we have the decomposition @5 = @31 + @3, + @33 with ¢3,(0) =
= J(P(0)|¢) for OeV. But P(6)(x,z)|r, , = 0i(x) = $h 0(x) for a.a. x€Q, ze
€ [—%h. +1h]. Thus only @33 represents a (two-dimensional) boundary functional
(depends only on 0|), while @3, @5, characterize the thermal state in the domain
Q2 (exactly on the upper and lower surfaces of the plate).
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If {u,w, 0} is a generalized solution defined in Selection 3 we obtain the two-
dimensional heat conduction equation (2.18)—(2.19) in the sense of distributions
under the assumption that ¥, {/, are linear continuous on I*(I") (with additional
parts in K, K,). Furthermore, we then have w,(0];) = @y(P(6))|r, € IX(I') and
wb(Blr)e 5‘!//(9]r), where  is the boundary functional related ¢35. In the general
case of ¥, ¥, we have multivalued heat conduction “equations” in the subgradient
form.

We now give a typical example of thermal boundary conditions:

Example 1 (heat control with limited heat and cool capacity): The temperature
difference @ on the boundary of the three-dimensional plate should be held between
two limit temperatures ;. 7, € I*(F) with 1, €0 < 7, ae. on [. If 1, < 0 < 1,
a frec heat exchange with the surroundings (with a proportionality coefficient k, €
e L*(F)) occurs. If § exceeds the limit ,(,) the plate will be heated (cooled), the
additional outward heat flux —w, — koglr being proportional (with positive coeffi-
cients k,. k, € L*(I), resp.) to the value of excess. The heat and control capacity let
be limited, i.e. the additional heat flux can only reach certain quantities g, g, € I*(F)
with g, = 0,9, = 0a.c. on I. This situation corresponds to the functional

¥() = ‘Lgo(x, z; (x, z)) dI"

which is defined for # € IX(I"), where

kos* + g . s if s <71+ g,k

(ko + ky)s® — kyrys  if t, + g4/k; £ s S 7
go(x, z;5) = < kos? if 1,<s=<1,

(ko + ky)s* — kytas  if 1, £ s < 1, + g,/k,y

kos* + gss if s 21, + g,/k,

forse R.

Remark 4.1. The case k, = 0 (no heat exchange with the surroundings occurs
if 0 does not exceed the two temperature limits) is considered in [5] for a three-
dimensional body. In some cases we can drop the summability properties of k, k,,
T,, T,. For example, it makes sense to set either 1, = — o or 1, = +oc, i.e. the
temperature must stay either below or above a fixed limit. Also the classical boundary
conditions can be considered as a specialization of g,, for example we obtain

go(x, 23 5) = ko(x, z) s> for seR, aa. (x,z)el,
(free heat flux, and for ko = 0 Neumann’s problem) and
go(x,z;5) = {0 if s =0 or +oo otherwise}

(Dirichlet’s conditions).
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Remark 4.2. For extensive discussions of mechanical boundary conditions we
refer to [20]. In a similar way we are able to deal with mixed thermal conditions, i.e.
various conditions on certain parts of the three-dimensional boundary of the plate.

5. RESULTS

Theorem 5.1. Suppose that there exist minima of the functionals ¢; (i =1,2,3)
realized by the initial values, i.e.

(5.1 ¢1(wy) < ¢i(q) YgeX
(Pz(Uo) = (pz(v) YoeV
¢03({T0, 0}) < @a(n) VneV, T, =const.>0.
Furthermore, let .
(52)  FpFpK.K.e (0, T.IX(Q) for i=1,23 and a=1,2;
woe WaH(Q), wieX, uge[WiH(Q)]*, veeV.

Then there exists a generalized solution {w, u, 0} of the dynamical thermoelastic
plate problem in the sense of the definition given in Section 3 with

(5-3) w,w' e L*(0, T;X), w'eL”0,T;Y)
u, u' € L*(0, T; V), u" eL”(0,T; H)
0, 0’ e I2(0, T: V) ~ L*(0, T: H) .

Theorem 5.2. Under the assumptions of Theorem 5.1 the solution depends conti-
nuously on the given data {wo, Wy, ug, vo, F, K} and is uniquely determined by
a fixed set of data. More precisely:If {Wo, Wy, do, 0o, F, K} and {w§, wi, uy, vy, F*,
K*} are two sets of data possessing the properties given in Theorem 5.1 and {w, 4,

0}, {w*, u*, 0%} are the corresponding solutions, then we have
(5.4) (1) = w35 + W (@) = wo(@)]7 2 + [[a() — w5 +
@ (1) = w¥ ()] + [0() = 0%()]5 + [0 — 0% Zao,r) =

= Co{“w') - Wg”%,z + llWO - W(ﬂ;“?A + ”W1 - WT”f,z +

+

+ do — ugly + |po — vsli + |F = F*|Zao.nxans + [R = K*| 220,10

Remark 5.1. Duvaut and Lions ([4]) have shown an existence and uniqueness
theorem for the isothermal case (set formally 6 = 0, 5 = 0, K = 0in our considera-
tions) with @, = 0 and w = 0 on I'. Even for isothermal problems we do not know
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any results with boundary conditions for horizontal displacements (or in-plane
stresses) in the middle surface or between the perpendicular displacements velocity w’
and the shearing forces Q(M, N) in such a general form as we have just introduced.

Remark 5.2. The existence of minima of the functionals ¢; can be shown for all
examples of functionals known to the author (in the field of thermoelasticity). If
this is not directly satisfied then (in the known cases) the functionals (or the parts
of it which do not possess a minimum) are linear and continuous. In this case the
functionals (or their parts mentioned) can be handled without difficulties and without
any regularization by a smoother functional.

Remark 5.3. The conditions (5.1), (5.2) can be slightly generalized (as in [6]).

6. PROOF OF THEOREM 5.1

1° We prove the result stated in Section 5 with the help of two approximations.
First we “smooth” the functionals ¢; by the Yosida approximation of d¢; dependent
on a parameter ¢ > 0. Using Galerkin’s method for this regularized problem we
obtain by certain a-priori-estimates and by passing to the limit for ¢ — 0 the result
desired.

Thus we define for ¢ > 0 the approximating functional ¢, of a proper, convex
and Ls.c. functional ¢ : U — (— o0, + 0] (U is a Hilbert space) by

1 i
(6.1) olp) = Z lp — Jpllt + ¢(J.p) for peU,

where
Jo=(I + ¢dp)~* (Iis the identical mapping).
It is well-know that

(6.2) lim ¢,(p) = ¢(p) forall peU,
-0

(6.3) @, is Fréchet-differentiable and the derivative is monotone and
Lipschitz-continuous (with the Lipschitz constant 1/g) in U .

(6.4) If ¢ possesses a minimum in p, € U then J,p, = p, and
@(po) = 0po) < @a) = 0(q) YgeU, &> 0.

2° Approximate solutions
Let {¢,} € X be a basis in X and let {v;} € V' be a basis in Vin the following sense:

(i) {q,} ({v;})is a linearly independent system and (ii) the set of all linear combinations
of {¢;} ({v;}) is dense in X (in V, respectively).
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We now define the approximating solution {w,, u,, 0, by

5nlt) = 200 0 ) = 3l 00 000 = 3 Kanl) i,

so that

12
(65) (w;,',(r), qr)l.Z + a(wm(t)’ q’) + pj‘ 0-21(}”') W'",Iq’,ﬁ dx —
2

12 ’ ’
- h‘z bl(omla Wins qr) + b2(0m2’ qr) + ((ple(wm)s qr)2,2 = (F3> ‘]r) s

(66) (u;:v’ vr)" + J‘ Gg[gm)vm,ﬂ dx - dl(oml’ Ur) + (qDIZA:(ur/n)’ Ur)V = (Fw Uraz,

Q

and

(67) (11(0,/", Ur) + d2(9m9 U,) - TO b2(0r27 “);n) +

12
+ ﬁ l:d3(91n29 Url) + d3(l7,2, Bml) + TOJ

Q2

baﬂ{ig[;(um’ wm) Ury dx:l +

+ (99’36(6,,,), vr)V = (K, Ur)n

arevalidforr = 1,2,...,mand forallte [0, T] and the following initial conditions
are satisfied:  w,(0) = wo, w,,(0) = wy, u,(0) = up, u,,(0) =v,, 6,,(0)= T,
0,.2(0) = 0.

By the theory of ordinary differential equations a solution of this problem with
absolutely continuous time derivative of the highest order is obtained (at least for
[0, 1,.] = [0, T], 3° and 4° yield 1,, = T);

3° A-priori-estimates, A

First we multiply (6.5)—(6.7) by gr..(t) — grm(0), hru(t) = 11(0), kym(t) — k,(0),
respectively and sum over r = 1, 2, ..., m. Adding now the three equations obtained
we have (here we drop the fixed index m)

(69 2 5 IO + o009 + w0l
a,(6(2), 6(1)) + f Gyt dx} ;
+ 1—]21:T0 dy(0(t), (1)) + Uy = U, + il—; (F3(r), w(t) — wy) +

+ (F(1), ug(1) — vos) +

e (K. 00) = (7,0),
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where
U, = (<PI1£(W'), w - WI)Z,Z + ((PVZe(“')a u' = vo)y +
+ (¢540), 0 — {T5, 0})y — by(0y, w, w') +

2

h , n_ I .
+ —2b2((92, w') — dy(0,,u') — Ebz(f)z, w') +

Q

+%%@ﬁﬂ+[%%@mﬁ&x
0

(here w, w', u, u’, 0, 0, depend on ¢ while the initial values wy, vq, Ty of course do not)
and

0 =3 {5 00w + @ e + 00, T} + o) ¢
+ J aos() W () Wy 5 + Vo, p) dx —
_m@@m@mg+gm@@mg—m@@¢@—

B2 d .
"E“%®”J+%EL%M@M“

(here we used the identities T, = const. and d;(0, const.) = d,(6,, const.) = 0).
Furthermore, we have

(6.9) a,(0,0) = ¢;|0; forall 6eH
and
(6.10) dy(0,0) + |0|f = c.|6]7 forall OeV

(1, ¢, = const. > 0). Moreover, ¢}, (i = 1,2, 3) are monotone mappings and by
(5.1) these parts of U are greater than zero; the b,-terms in U cancel each other and
the d;-term can be estimated as follows:

" (6.11) |d5(02, 0,)| =

J A3,0,04 o dx
Q

<6.00)7 + cs - |0|%

with 6 > 0 arbitrary. The sum of the remaining parts of U vanishs (since b,z is sym-
metrical). Thus we have, integrating (6.8) over € [0, T and using (6.9)—(6.11)

IIA

(6.12) W@z + w2 + W@ + j 060 dx + 0003 + j ;no@nadr

= {uwlnf.z + [wol2o + [oof3 + j £2,(0) (0 dx +

Q
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¥ j [Us@) + (Fa(0), wie) = wa) + (Fi(e), w(e) — vo) +
+ (K(r), 0(1) — {To, 0} )H + []w (r)H1 , + ]9(r)|f, + 5”6(1)”3,] dr} .

Since W?'*(Q) is continuously imbedded into W*'*(Q) we have

0.0
J‘ azﬂyaﬁyaﬁuﬂ dx
Q
and analogously

(6.14) J;IUZ(T)I dr <6 (

(6.13) < c(July + |w]3..)?

W12 + W)+ 00 + j 2yl dx) "

+ f{l!“’olli,z + [z +lvolli + Juolly + 1+ f;[llW(T)H%,z + (0[] dr}

for 6 > 0 arbitrary. Using (6.13), (6.14) and choosing § = 1/2¢, we compensate
these terms with the left hand side of (6.12) and obtain by Gronwall’s lemma:

615) w02 + [wml®2s + Jun(0lz + j S0 (1) e297(1) dx +
100 + j ;“ 6,()]2 dr < const.

forallm = 1,2,...;te [0, T] and all ¢ > 0. Adding |u,()|7 on both sides of (6.15)
we conclude by Korn’s inequality (cf. [10]) that

(6.16) [un(®)]v < const .

4° A-priori-estimates, B
Setting ¢+ = 0 in (6.5)—(6.7) and multiplying g;,,(0), h},(0), k/,(0) we obtain
using (5.1), (5.2), (6.4)
(6.16) [Wi(0)]|1,2 < const .,
]u::,(O)IH < const .,
0,(0)]x = const.
foralle > 0,m=1,2,...
We now differentiate (6.5)—(6.7) (with respect to t), multiply it by gn,(t), k1),

k1), respectively and sum over r = 1,2, ..., m. Adding the three equations ob-
tained we have (here we drop again the index m)

I e

2 dt

+ + " +——— 0',0) +
1,2 a(w W) W l !H T, al( )
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+ f (a2w ) wpdx + J Oopliy 4 dx} + L d,(0',60) + Uy =
) 0 T

[

= (Fy, w") + (F,uy) + (K, 0)y,

d d ’ d
Us = [—o@) (W), w + [ — 5 u)u") +(—5(0),0) —
? <d’(pl ™) )2.2 (dt ) >V (dt 0:(0) )v

12 , p . coon 12,
~ [6,(65, w, w") + by(0,, w', w")] + by(05, w") — ;idl(el’ u") —

where

24 Y 12 p ,
T d;(05, 07) + —h—z-j bpedy (u, w) 07 dx .
0 2

- bz(()' , w”) +
h

An easy calculation shows that
(6.18) J (a2w,0) w7y dx + J ogpuy 5 dx =
2 Q

1d 0/,0 0 ’ 30 o
=-— Aupro€aptqas A% + | O W W dxy — =1 g oW’ w'y dx .
2 de {fn Br6%ap®ys R ap”,a B ZJQ ap” 2", p

The first term on the right hand side can be handled as in (6.15)—(6.16), while the
remaining are estimated with the help of the following interpolation inequality:

1/2
(6-19) < c|nllzz |nlls,. for neX.

f (1. (1)

By the monotonicity of Yosida’s approximation, the ¢)-terms in U, are greater
than zero and the b,-terms cancel each other. Furthermore, we have

(620) 0x(05,67)] = < 403 + clofi

J A3.050' , dx
2

for all 2 > 0. It suffices to consider the remaining terms of Us;:

- b1(6’1» w, W”) - b1(01, w, w") - dl(gll’ u’) + j baﬂs%(); dx =

Q

= J bg(w/,w'g07) dx — %J b0y (W, w'p) dx =
2

Q

1
= %J bop(w' W' ,01) dx — E&d_J bW/ W, dx .
2 t)o
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Thus we obtain from (6.17) with the help of (6.9), (6.10), (6.15), (6.16), (6.18)—(6.20)
after integration over (0, t) the inequality

(6.21) W@l + [wOlze + Ol + 0@k +

t
n j £05(1) £%5(1) de + J
(2]

0

0'()]s dr <

t
< %j 0|7 dr + ¢y + ¢, +

0

j bugw'a(1) Wy(1) 04(1) dx

v [ L@ + @l « W+ |[ b v o o

}df‘

Estimating the b,g-terms with the help of (6.19), (6.15) and using the same argument
for the £”-terms as in Section 2° we obtain from (6.21) by Gronwall’s lemma

(6.22) [wn(ll 1.2 + |
+ Jun(®ly +

W:,n(t)uz,z + “;;.(t)lu +

0,,,(1)[,, + [|0m]l 20,75y < const.

forall m=1,2,...; ¢ >0 and a.a. te (0, T). Since the Yosida approximation is
Lipschitzian, it follows from (6.22) that

(6.23) “‘P'Ie(win(’))“z,z + ‘|(/’Zz(“:n(’))‘|v + “‘PSe(Qm)“LZ(OJ;V) < cfe

(¢ = const. > 0) forall m = 1,2,...;1€(0, T).

59 Passing to the limit for m —

From the estimates (6.15), (6.16), (6.22) it follows that a subsequence {w,, #,, 0,} <
S { W Uy 0.} (as well as {w}, uj, 0;}) converges weakly* in L°(0, T; X) x L*.
0, T V) x [L°(0, T; H) n IX0, T V)] to {w, u, 0.} (resp. {wl, ul,0;}) and
{wy, uy} in L*(0, T; Y) x L*(0, T; H). Then (6.23) yields that there exist 1, € L” .
(0, T: X), 12, € L*(0, T; V), 13, € (0, T: V) which are weak* limits of {¢}(;)},
{@2u)} {95.00,)}-

Let g€ I*(0, T; X ) be arbitrary. Since the space Z = {w e I*(0, T; X) with w'e
€ I}(0, T; X)} is compactly imbedded into I*(0, T; W'*(Q)) it follows that

T T
(6.24) J J‘ Oos" W, o 5 dx di — J’ J. OosW, q 5 dx dt
0Jo 0Jo .

and in a simiand in a similar way

T T
(6.25) . '[ J oos v, 5 dx dt ﬁj J oo, 5 dx dt
0 2 Q

0
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for every ve I*(0, T; V). Since for fixed g€ X, veV, by(s,+, q) is a continuous
bilinear form on I*(Q) x X, b,(+, q) and d(-, v) are linear, continuous functionals
on [#(2)and H, respectively, we obtain from (6.5), (6.6) (noting that w,———>w, strongly

1X(0, T; X) 0, —=—=> 0, strongly in I? in (0, T; H)) by (6.24), (6.25) the identity

T 12
(6.26) j {(W'E', q9)1.2 + a(w, q) + PJ og;f) W, g gdx —

0 o
12
- P bl(eel’ W, Q) + bz(Osza ‘1) + (Xm (/I)z,z—(F3a ‘1)} dt =0

for all g € I*(0, T; X) and

T
(6.27) J‘ {(ua’, V)y + J‘ 0952055 dx — dy(0,1, 0) + (x2e 0)y — (Fo v,)} dt=0
0 2

for ve IX(0, T; V).
In (6.7) all terms, except the ¢j,-term, are linear and continuous in V with respect
to 0, and a,(+, ) is linear and continuous in H for fixed 7 € V. Thus we can easily

pass to the limit in these terms. For fixed n €V, b,(n, +) is linear and continuous
on X, and the expression

J byye® (uty, w,) 1 dx
Q

is linear and continuous in V with respect to u, and bilinear and continuous in X x Y
with respect to {w,, w,}. Thus we obtain from (6.7):

T
(6.28) J {a,(o;, n) + dy(0,, 1) — Ty by(na, w') +
0
12 N
+ ;l; d3(052, ’71) + ds(’h, Oan) + Ty baﬂgaﬂ(ue’ Wa)”h dx | +
Q

+ (ae v — <1<,n),,} dr = 0

for all n e I*(0, T; V). By the usual monotonicity argument (cf. [6], Chap. 1, 5.6.1)
we finally have

(629) ch = (/)lla(wiz) > XZc = (P,Ze(u;) > X3r. = (ng(eg) .

6° Passing to the limit for ¢ — 0

As in 5° we obtain (turning, if necessary, to subsequences denoted also by {w,},
{u.}, {0.}) for ¢ - 0 the weak* limits w, u, 0 in the same spaces as w,, u,, 0, (with
the same convergence properties of their time derivatives).
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Replacing now in (6.26) g by ¢ — w; (g € I*(0, T; X)), in (6.27) v by v — u; (ve
€ L0, T; V)) and n by n — 0, in (6.28) (n € L*(0, T; V')) we have

T
(6.30) I {(w;’, 9)1.2 + a(w,, q) + EJ 0N W, oq 5 dx—
2

0 hl

12 ,
2 b0 0) + b0, 0) + 010) = (Favq = w )} dr =

T 12
gj {(w;f’ W12 + a(wg, wy) + ——2‘[ oosPW, W, dx —
0 h* Jq

_ —lh—ibl(()“, oy W) + ba(0ps W) + <p15(wé)} dt,
T
(631) j {(uz, D + f 0290, dx — dy(0,0) + 920) — (s = u;,)} ar =
0 2]

T
gJ { uy, u)y + J. oos(uy), p dx — dy(0,y, up) + (pZE(u;)} dt
o .

0
and

T
(6.32) I {al(e;, n) + a0 n) — To ba(a W) +
0

12
+ ZE [613(082, 711) + d3(’]2’ 051) + TOI

bgegp(ue W) 1y dx:| +
o

T

+ os(n) — (K, n — 98),,} dt gj

0

{al(OL, 0) + dy(6,.6,) — Ty by(0,2 W) +

12
+ F I:st(gsz’ 081) + Toj

Q

bagens(u, w,) 0,4 dx] + (p;s(f)e)} dr.

On the left hand sides of (6.30)—(6.32) we 'to the limit for &¢ — 0 as in Section 4°
(using (6.2)). In a similar way as in Section 5° we get the limit for ¢ — 0 for all terms
on the right hand side, except the ¢,,-terms (noting that {w,, u,, 0,} converges strongly
in I(0, T; X) x X0, T; V) x L¥0, T; H) and w,in I*(0, T; W"%(Q))). If the follow-
ing inequalities are satisfied we obtain from (6.30)—(6.32) the inequalities (3.1)—(3.3)
of the definition of the generalized solution of the thermoelastic dynamical problem
(considering the lim inf on both sides of (6.30)—(6.32)):

£—=0

(6.33) lim inf j T(p,»e(z,-a(t))dt > oz,

£=0 0

- ’ - — ’ —_ ’ —
for i = 1,2,3; where z,, = W,, z,, = U, 23, = 0, 2, = W, z, = u', z3 = 0.
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It remains to prove (6.33). We only show the validity of the first inequality of
(6.33). From (6.30) it follows that

T T
f @1 (wi(1)) dr < J {qm(q) — (Fs.q — w) + J- ogsW, (g — w;)dx +

0 0 Q
12

e = )+ 00 = s B0 g ) = 2 (0o = )
for all g € I*(0, T; X). We have
|b1(01, W @ — w))| + |b2(0,2, g — w))| <
Ouli [well2,2 (1 [pwill2,2) + [0 + [will3.2) -
Thus we find from (6.15), (6.16), (6.22) using again (6.19) that

<«

T
f @1.(w)(1))dt < const. forall &> 0.
0

With the help of (5.1) we obtain

| (T
2,
and, finally, the inequality (6.22) yields

Ji(wy) - w weakly in I*0, T: X)

T
wy(1) = Jy(wi(1))]3,, dt é_[ ¢1,(wi(t))dt — T.¢4(w;) < const. forall ¢ > 0
0

and by the definition of ¢,
r
lim ian‘ @1 (w'(1))dt = liminf @,(J,,(w))) = D,(w').
£—=0 0 £=0

The other inequalities of (6.33) follow similarly, q.e.d.

7. PROOF OF THEOREM 5.2

We define w = w — w*, u = &t — u*, § = 0 — 0* and analogously w, — W, —
— wg, F = F — F* ... Substituting now,{w, @, 0} or {w*, u*, 0%} for {w, u, 0} or
{q, v, n}, respectively, in the inequalities (3.1)—(3.3) of the definition of the solution,
we obtain by adding then the three inequalities (using the form not integrated over 1,
which is equivalent to (3.1)—(3.3)

2
(7.1) 1d {h— (
2de |12

W,

fﬁ+aWw%MM§+%a@ﬂ%+
0

+id?_(9,9)+R+R1 <0,
To
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where R is defined hy

R QJ [(&Sﬂw.a — TapWe) Wi + (8 — 05p) g 5] dx
2
and R, by
R, =b (0* w* ' I ’ 2
1= by(03, w5, W) — b,(0,, W, W) + dy(0,, u) + Fd3(02’0‘) =
0

—f bugllas = %) 0, dx + (F3,w') + (Fo ) + (K, 0)y .

Denoting @(e) = [q dupysystay dx for ¢ [I*(2)]* we have

1d 1
R=z—-—1 6w w dx——f&o’ww dx +
ap™ ot ,p ap' 2", p
2de ), 2)a

jm—aa,, ¥y dx o+ S a0 - )

and by (6.19), (5.3)

(7.2) '[ 0w vy dx
(2]

AO/
j GgpW oW g dx
2

J (Gaﬂ aﬁ) W Ty dx

< j(:uw'@u e + w2
(7.3)

<c

v+ H Hl 4 “W It.) HW“1 4= ‘33HWH2 2>

(74)

< a8’ — &%) +J (W) (W) dx =
Q

< A = &™) + calwls -

Now we transform the strongly nonlinear terms of R;. We have

by(0% wh W) — by(0y, W) + dy(0y, ') — f byt — €22 0, dx =

2
= J bup(0yw 075 — Oyw w'p)dx <
Q

1d ~
<. {lf)(r)]H + w32} — oq Qbaﬁ01w,aw,l, dx .

Using this and (7.2)~(7.4) we obtain by integrating (7.1) over (0, 1)
(7:3) [W(I.2 + alw(e) w(®) + [w(O)ff + a.(00), 0()) +
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+ J:dz(ﬂ(r), 6(r)) dt + a(8(r) — (1)) <

|volz + [uol? + [wollt.e +

s co{Imlt
fb”9®w<0w0”x+fﬂwan + |@1F, + a6 - ) +
+ l“'(f)llzf + 0(D)|F] d7 + [Fleao,ri2ans + IK | Z2o, 7500y + %”W(‘)[B,Z}'

The remaining b,,-term are estimated in the usual way with the help of (6.19). Thus it
follows from (7.5) by Gronwall’s lemma that

@32 + w22 + [l + 607 +
{106 0+ a0 - () =

< er{|woll3.2 + [wellta + [williz + [uol¥ + |ooli +
+ [ Fllico.rizan + [1K|zao.rm) -

Using again Korn’s inequality (cf. (6.15), (6.16)) we obtain the inequality (5.4) q.e.d.
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Souhrn

O SDRUZENYCH TERMOELASTICKYCH VIBRACICH
GEOMETRICKY NELINEARNICH TENKYCH DESEK,
SPLNUJICICH ZOBECNENE MECHANICKE A TEPELNE PODMINKY
NA HRANICI A NA POVRCHU

HaNs-ULLRICH WENK

Prace se zabyvd termoelastickou ulohou pro vibrace tenké desky a tim navazuje
na sérii ¢ldnklt o von Kdrmdnovych rovnicich. Prdce obsahuje odvozeni varia¢ni
formulace ulohy, dikaz existence a zdvislosti feSeni na podteCnich a okrajovych
podminkdch a n&kolik pfikladi riznych ,netradi¢nich® okrajovych podminek.
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fiir Rechentechnik, Rudower Chaussee 5, 1199 Berlin, DDR.
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