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I. FORMULATION OF THE PROBLEM

Let a system of linear equations over the field of real numbers be given,

(N

UpoXo + - + dpyx, =0
or in the matrix form

(2) Ax =0, A isoftype m x (n +1).

Let K be a fixed set of matrices of type m x (n + 1) with real-valued coefficients.
Our problem consists in finding the set

R(K) = {x e E""" : there exists 4 € K such that Ax = 0} .

We shall reformulate the problem to give it a more operative form.

Order all elements of a matrix 4 in a column (in an arbitrary ordering) and denote
this column-vector by a (a has m(n + 1) components). In this new notation we specify
the set K for which we shall solve the problem. Let two vectors a,, and a* of length
m(n + 1) with a, < a@* and a matrix C = (¢;;) of type r x m(n + 1) be given.
Then we define

(3) K = {aeE’"‘”“’:a*ga§a* and Ca = 0} .

Hence, to define K we use vectors of length m(n + 1) instead of matrices of type
m % {(n + l). This mapping 4 — a is one-to-one.

Our problem is to describe the set
(4) R(K) = {xe E""*") : there exists a € K such that Ax = 0} .
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Thus we are interested in finding all solutions of a system of linear equations with
inexact data, or more in detail, of equations whose coefficients are not given exactly,
but are dispersed in prescribed sets. The condition Ca = 0 in (3) follows e.g. from
the requirement for the sum of errors of the adjusted values to be equal to zero, as
it is in the flow separators in various chemical equipments. The requirement of finding
the set R(K) can be found also in various types of technical and economical problems.

The problem is solved by Theorem 1 (and its modifications — Theorems 2 and 3).
The result presented in Theorem | consists in reducing the description of X(K)
to solving a system of linear equations with coefficients depending linearly on non-
zero vectors 4 = 0. Thus from the computational point of view, it is very simple
to determine the vectors of R(K). This is the contribution of the present paper.

In [3] a similar problem is solved. Here the set R(K) is constructed as the meet
of a descending sequence of sets R(L,, ), where every R(L,)) is the union of sets
of the form R(I), I interval. Recall that the construction of the set R(I) is known —

see [3]—[6].
2. CONSTRUCTION OF R(K)

We solve the system
(5) Ca=0.

y

Suppose that a = (
z

) and that y is a vector of free indeterminates of (5). Then
for a matrix D, we have
(6) z =Dy, where y=(y;,...»n).

The vectors y and z are subject to restrictions

() Y

IIA

y<y* and z,<z<:%,

*
respectively, which follows from the requirement(y*> =a,<a= <)’) <a*= <y )

By (6) and (7) the set K can be expiessed in the following form:

(8) K — {a — <Y>€Em(n+!) . y* <
z

The domain over which the vector y ranges is

9) K, = {yeE" : there exists a = (Y>EK} ,
or by (8),
(10) Ky ={yeE‘:z, < Dy < z*,y, <y < y¥}
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or still in another manner,
(11) K, ={yeE':z, < Dy < z*} n [y, y*].

From (10) or (11) it follows that K, is a subset of the interval [y, y*] and so K,
is a bounded convex polyhedral set. Thus, it is the convex hull of its (finitely many)
vertices.

We may combine (2) and (6) into a single formula. Indeed, some entries of the
matrix A are components of the vector z, the other entries of A are components
of the vector y. Replace the components of z in (2) by means of (6). We obtain

(12) i ivﬁ , s=1,2,...,m.

Denoting
Vig «-- Uiy

(13) VS = ......... o s=1,2,...., m,
ko - - - Vkn

we can rewrite (12) as

(14) V%, y> =0, s=1,...m

or

(15) Py, xy =0, s=1,....,m,

where ( , > means the scalar product.
Thus we have got

(16) R(K)={xekE""':3yeK, suchthat (Vy x> =0,s=1,..,mj.

Lety', ..., y' be all vertices of the set K,. (Various methods for the calculation of ver-
tices of a convex polyhedral set are known — see e.g. [1] or [7]) An arbitrary
element y € K, is a convex combination of vertices of the set K, thus

i=1 i=1

1 1
(17) y =Y Ay forsuitable 1, 20, Y 4, = 1.

\ !
A vector x € E"*! belongs to R(K) iff for some 4 = (4, ..., 2) with 4 =2 0,% 1, = 1
i=1

the identity

1
V'Y lylxy =0, s=1,...m
=
holds, which can be written in another manner as

(18) Z(X?V"y}—() s=1,....,m.

i=1
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Denoting

(19) T5=|........ , o os=1,...,m,

then (18) can be written in the form
foAXo + ..o + 14X, +
(20) e +
+ odxg + ... F 04X, =0, s=1,...m
or in the matrix form
(21) T2, x) =0, s=1,...,m.

We arrive at the following conclusion

Theorem 1. A vector x € E""" belongs to R(K) iff it fulfils
(T2, x> =0, s=1,...m

for a non-zero vector 4 = 0.

Note that with respect to the homogeneity of equations of the system (21) it was
]

possible to substitute equivalently the requirement 4 =+ 0 for the condition ) 4, = 1.

i=1
1
But sometimes it may be useful to preserve the conditions for A : 4 = Oand Y 4; = I.
i=1
Conversely, if we wish to verify whether or not a vector x € E""! belongs to the set
R(K) we solve the system (21) with respect to 4 and we obtain

Theorem 2. A vector x € E"™! belongs to R(K) iff the system
(22) (Tx, 4 =0, s=1,...,m

has a non-zero solution 4 = 0.
!

Note that by the same argument as in Theorem 1, we replace ) 1; = | equiva-
i=1
lently by 4 # 0. The same reason (homogeneity of (22)) enables us to put 4 £ 0
in place of 4 = 0.
Furthermore, we can substitute another equivalent condition for the condition (22).
This is introduced in the following Theorem 3, in which

(23) Wi=(T'x,...,T"%), i=1,..,1,

where T7 is the i-th row of the matrix T°.
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Theorem 3. The system (22) has a solution 0 % 4 = O iff no solution g = {j1,....
oot ) of the system

(24) Wiy <0,i=1,...1
exists.

The assertion follows from Th. 22.2[2].

Example.
Let a system of linear equations

(2) UyoXe + a(X; + a;2X; =0,
Uy0%g + Uy (X{ + daX; =0

be given, whose coefficients fulfil the incqualities
() —1=ay £, -1 =a,, <-4 0= a;; £ 1 otherwise.

Furthermore, suppose these coefficients fulfil the cquations

(5) dyo — 2da,, — 3a,, =0,
Ay, — ayy + 2da5, =0,

ays + 2a,, =0,

a0 + 2a5y —a,, =0.

Evidently, the first four columns of the matrix C of the system (5) are linearly
independent. Thus the components of the vector y are a,,, 4,,. The components
Aag- cdyae dyy, dyg Of the vector z follow from (5):

(6) dyo = —2dy, + daz,
ay, = —2a,,,
ay, = 2a,; — 2d;, .
ayo = — dy -

The set K, (see (10)) is a convex polyhedral set with vertices
Y =LY, y=(3-. yY=(5L-1
(which are the intersection points of the straight lines

L Uyy = —%.

2a0,;, —dyy =0, a,, = —

hafpme

In more complicated cases, it is necessary to use a computer; analgorithm is given,
e.g. in [1] or [7]).

Therefore K, is the family of all vectors of the form
(=4 =1 + Aa(—4, =) + Ay(—4 —1)
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3
where 4; 2 0, Y 4; =

i=1 3
Evidently, we can omit the condition ) 4; = 1 (to simplify the numerical computa-
tion). =1
It follows that
(17) ay = —4k = o — 14y,
Ay, = =34 — ¥, — 25

The coeffiicients a;; for the remaining ij follow from (6):

(17) 30 = 3, .
Ay = 2y + 32, + 23,
a;, = 1, + A,

ayo = %A, + 3, + $s.

By Theorem 1, a “feasible” matrix A of the system (2) (in other words a vector
acK, see (8)) corresponds to every choice of 4, 0 & A = (1, 45, 43) = 0 — and
all elements of K can be found in this way. The entries of the matrix A (= the compo-
nents of the vector a) are given in (17) and (17"). Consequently, (2) will assume the
form

(20) (34 + 2o+ M) x0 4+ (BAy + A3)xg + (A + 2, + A3)x, =0,
Pxo + (=34 — 22, — $A3)x; + (=34, — 34, — 43)x, = 0.
Put 2 = (2,4,2)". Then
ao=3, a;,;, =4, a,, =6, a,=1, azl1 = =3, a5, = -5.

(Check: The coefficients ayq, ..., a,, have to fulfil the equations (5) and, divided
by 8, the inequalities ().)
The system (2) with these coefficients

3xg + 4x; + 6x, =0,

Xo — 3x; — 5x, =0
has the solutions
Xo:iXg:iX,= —2:21:-13.
Thus
x =(-2,21, —13) e R(K).

Conversely, if we wish to verify whether or not a vector x belongs to R(K), we aply
Theorem 2. By this theorem, a solution 4, 0 = 4 = 0, corresponds to every x € R(K).

First, we apply Theorem 2 to x = (—2,21, —13)" and find such a 4. Using (20)
we obtain
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(22) =34+ 4As + $A3) 2 4 (34, + 23)21 — (A + ¥, + 23)13 =0,
=342+ (=34 — 32, — 3A3) 21 — (=34, — 44, — A35)13 =0
or
—4i + A, + 243 =0,

—4l + 2, + 24, =0.

Clearly, 4 = (4, A2, 43) = (2,4, 2) is one solution of this system.
Then, we apply Theorem 2 to x = (4, 4, 2)". By the previous procedure, we obtain

(22) Wy = Ay — Ay, dhy=—i —21,.

Thus there exists no solution 4,0 # 4 = 0 and so x € R(K).
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Souhrn

RESENI SYSTEMU LINEARNICH ROVNIC
S NEPRESNE ZADANYMI KOEFICIENTY

FRANTISEK SIK

V préci je nalezena metoda pro stanoveni vSech feSeni systému linedrnich rovnic
s intervalové zadanymi koeficienty a za dodatecného pfedpokladu, Ze tyto koeficienty
spliiuji zadany systém homogennich linedrnich rovnic. Vektor x je feSenim této
dlohy, pravé kdyz jisty systém homogennich linedrnich rovnic tvaru (B4, x) = 0,
s = 1,..., m, je splnén pro vhodny nenulovy vektor 4 = 0. Véta 2 a 3 jsou modifi-
kace véty 1. Préci uzavird jednoduchy ptiklad.
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